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TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO

y J J J

LO'I NOI BbAU
Quy thay c6 dong nghiép than mén!

Tham thoét d3 hai nim chung ta ciing nhau budc vao hanh trinhgiang day theo Chwong trinh Gido duc phd
thong (GDPT) 2018. Hai ndm qua 1a khoang thoi gian chung ta khong ngimg thir nghiém, diéu chinh va
cung hoc tro Iam quen v&i mdt tu duy Toan hoc hoan toan mai.

Nhin lai ching duong d6, chic han nhiéu thay c6 ciing c6 chung mdt trin trd: Viée cd ging truyén tai dan
trai, day quéa dai va bao quat moi ngoc ngach 1y thuyét nhu cach tiép can cta chwong trinh cii dang dan t6
ra kém hiéu qua. Cach day nay khong chi lam hoc sinh qua tai ma con khién gido vién vét va trong viéc
phan bb thoi luong trén 16p.

Dumng trude sy thay doi cdu tric ciia Ky thi tot nghiép THPT Qudc Gia va dic biét hon 14 hai dé thi chinh
thirc mon Toan 2025 va 2026, noi dé cao nang lyc giai quyét van dé va tinh ing dung — t6i quyét dinh thay
d6i hoan toan triét 1y bién soan trong bo tai liéu m&i nay: “Tinh gon — Trong tim — Thue chién”.

Trong bo tai liéu 6n thi THPT Qudc gia 2027 nay, nhitg phan 1y thuyét han 1am va cac dang bai tap cii dai
dong da duoc cit bo hoan toan. Thay vao do, tai liéu di sau vao cac gia tri cbt 15i:

o Rén luyén qua h¢ thong dé trong tim: Hoc sinh s& khong hoc 1y thuyét suéng. Cac em s& dugc
co x4t ngay véi cac hé thong bai tap, dé rén luyén duoc thiét ké bam sat ma tran cau tric méi. Hoc
dén dau, thuc chién giai quyét van dé dén do.

e Téap trung manh vao cic dang Toan thue té: Bat kip xu hudng tit yéu cia GDPT 2018, hé thong
cdu hoi duge xody sdu vao viéc ung dung Toan hoc dé giai quyét cac bai toan thuc tién, giup hoc
sinh rén luyén k¥ nang "mé hinh hoa" thay vi chi biét tinh toan may méc.

e Téi wu héa thoi gian dirng 16p: Toan bo hé thdng dugc thiét ké dudi dang tai liéu giang day chuyén
sau (ban thuan van ban, khong bao gém cac video bai giang di kém). Khung ndi dung dugc dan
dung sin sang dé quy thay co c6 thé tryc tiép mang 1én buc giang hodc in 4n phat ngay cho hoc sinh,
tiét kiém hang tram gid' dong ho soan gido an.

T6i tin réng, bo tai liéu nay khong chi 1a mot tap hop cac bai toan, ma sé 1a mot “nguoi tro 1y déc luc. No
gitip quy thay co giam bt thoi gian bién soan, ganh ning chuyén mén, dinh hudng bai giang sat véi thuc
té dé thi nhat va mang lai su but pha vé diém s6 cho cac em hoc sinh khoa 2027.

Xin kinh chuc quy thay c6 that nhiéu strc khde, luon gitt tron ngon lra dam mé va c6 mdt mua
thi thanh cong ruc rd cung cac hoc troé cia minh!

Tran trong,
Phan Nhét Linh

Thdy cé can dang ky ban word c6 day dii 161 gidi chi tiét lién hé Zalo: 0817 098 716
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CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl
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BUOI 01: TINH PON DIEU CUA HAM SO

Chuyen d@ tinh don diéu cua ham sb goém ly thuyet va vi dy minh hoa

............................................................................................................................

_' LY THUYET CAN NHO

1. Tinh don di€éu ctiia ham so
Nhac lai vé tinh dong bién, nghich bién ctia ham so

Cho hamsb y= f (x) xac dinh trén K, véi K 1a mot khoang, nira khoang hodac mot doan
Ham sb y :f(x) dong bién (tang) trén K néu Vx,, x, e K :x, <X, :>f(x1) <f(x2)
Ham sd y =f(x) nghich bién (giam) trén K néu Vx,, x, e K:x, <x, = f(xl) > f(xz)

X Y1

f ()
f(z1)

f@n)p---

I
. T
O T T2

O
Ham s6 dong bién Ham s6 nghich bién
Néuhamsb y=f (x) dong bién trén K thi d6 thi cia n6 di 1én tir trai sang phai
Néuhamsb y=f (x) nghich bién trén K thi d thi ctia n6 di xudng tir trai sang phai
Ham s6 dong bién hoic nghich bién trén K dugc goi chung 1a don diéu trén K
Tinh don diéu ciia ham sb
Cho ham s6 y= f (x) c6 dao ham trén khoang K
Néu f'(x)>0, Vxe K thi ham s dong bién trén khoang K
Néu f'(x)<0, Vxe K thi ham s6 nghich bién trén khoang K
Chu y:
Néu K 1a mot doan hodc nira khoang thi phai b6 sung gia thiét “Ham sb y = f (x) lién tuc trén doan hoac

ntra khoang do”

Chiing han: Néu ham s6 y = f'(x) lién tuc trén doan [a;b] va c6 dao ham f'(x)>0, Vx € (a;b) thi ham

) déng bién trén doan [a;b]
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Chu y:
Cho ham sb y = f(x) c6 dao ham trén khoang K .
a) Néu f'(x) >0, VxeK va f'(x) =0 chi tai mot s6 hitu han diém thi ham s6 dong bién trén K
b) Néu 1 '(x) <0,VxeK va f '(x) =0 chi tai mot s6 hitu han diém thi ham s6 nghich bién trén K
¢)Néu f"(x)=0, Vx e K thi ham s khong d6i trén K
Nhén xét:
Néu ham sb dong bién trén K thi f’(x)>0, Vxe K
Néu ham s6 nghich bién trén K thi f '(x)<0,VxeK
2. Céc buée xét tinh don diéu ciia ham sé
Dé xét tinh don diéu ciia ham s y = f (x) , ta thuc hién cac budc sau:
e Budc 1: Tim tap xac dinh D cua ham sb.
e Budc 2: Tinh dao ham ' = f"(x) cia ham s6. Tim cac diém x € D ma tai 46 dao ham 1'(x) bang
0 hoic dao ham khong ton tai.
e Budc 3: Xét dau f'(x) va lap bang bién thién.

Buée 4: Néu két luan vé cac khoang dong bién, nghich bién ciia ham sb.

_I" vi DU MINH HOA

Cau 1:  Xét tinh don diéu cta cac ham s6 co ban sau day:
a) y=2x"—9x" +12x-5
Loi giai
Tap xac dinh: D=R

Dao ham )’ =6x —18x+12 va giai phuong trinh ' =0 < {

Bang bién thién:

L |—00 1 2 —+o00

1N

Ham s6 ddng bién trén céc khoang (—oo;1)va (2;+0)

Ham sb nghich bién trén khoéng(l;2) .
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b) y=x'—4x"+2
Tap xac dinh: D=R.

x=0
Dao ham ' =4x’ —8x va giai phuong trinh ' =0 < [ H
x=t
Bang bién thién:
T |—oco —v2 0 V2 too
v | — 0 4+ 0o — 0 +

Budre 3: Xét ddu y':

Tathdy ' <0 trén (—oo;—ﬁ) va (o; JE); 3> 0 trén (— 2;0) va (JE;+oo) .
Buérc 4: Két luan

Ham sb dong bién trén (—ﬁ;o) va (JE; +oo)

Ham s6 nghich bién trén (—oo; 2 ) va (0; 2 )

Buée 1: Tap xéc dinh: D=R\{1}.

2x—2)(x—1)—(x*=2x+3 2 _9y—
Bu’é’cZ:Daohamy':(x ) )(x al ):x 2% 1.

(x-1)° (x-1)°
=1-+/2
Cho y=0&=x"-2x-1=0& * V2
x=1+\/§
Bang bién thién
r |—o0 1-+2 1 1++v2 +oo
/
y + 0 - — 0+
—2+v2 +o0 400

Buéc 3: Xét diu y': Dau ciia y' phu thude vao tir thire x> —2x—1 (vi mau s ludn dwong).
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Ta théy y' >0 trén (—oo;l—\/i) va (1+\/§;+oo); ' <0 trén (l—x/i;l)vé (1;1+\/§).

Bude 4: Két luan

Ham s6 dong bién trén cac khoang (—oo;l—\/z ) va (1+\/§; +oo) .

Ham s6 nghich bién trén cac khoang (1 —\/E;l)vé (1;1+\/§).

!

u

2JE)

Buée 1: Diéu kién: 4x—2x* 20 < 2x(2-x)20< 0<x<2. Tap xac dinh: D =[0;2].

d) y=+/4x—2x (nhic lai cong thirc dao ham ham hop (JZ ) =

(4x-2)  4-4x  2-2x
WAx—2x*  24x—2x*  JAx—2x°

Budrc 2: Dao ham y' = voimoi x € (0;2) )

Cho y'=0<2-2x=0< x=1 (théa man)

Bang bién thién:
€T 0 1 2
y’ + 0 —
2

” \
0 0

Buée 3: Xétdau y', tathiy )" >0 khi xe(0;1) va y'<0 khi xe(1;2).

Budc 4: Két luan

Ham sb dong bién trén khoang (0;1)

Ham sb nghich bién trén khoang (1;2)

e) y=sin2x—2cosx—2x voi xe(—%;%j

Budéce 1: Tap xéac dinh trén khoang dang xét D = (—%,%) .

Buwdc 2: Dao ham y' =2cos2x+2sinx—2.
Str dung cong thirc cos2x =1-2sin” x, ta c6:
y’=2(1—2sin2x)+2sinx—2=—45in2x+2sinx=—2sinx(231nx—l).
sinx=0=>x=0
Cho y'=0<

. T
sinx=—=>x=—
2

6
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, Y n T 1. L Cn
Buédce 3: Xét dau y' trén (—E,Ej va c6 bang bién thién nhu sau:

T iy
a:—E 0 2

INVZAN

Trén —%;OJ:Sinx<0:>y'<0

ole y

Trén | O; j:0<sinx<%:>y'>0.

N

Trén z;Z :sinx>l:>y'<0
6 2 2

Bude 4: Két luan

Ham sb dong bién trén(O;%J

Ham sd nghich bién trén cac khoang (—%;0) va (%,%j
f) y=x"—2cosx

Buwée 1: Tap xac dinh: D=R

Buéc 2: Dao ham )’ =2x+2sinx

Xétham so g(x)=)"=2x+2sinx, cd g'(x)=2+2cosx=2(1+cosx)>0,VxeR.

Ding thuc g’ (x) =0 chi xay ra tai cac diém roi rac x =7 +k27, do d6 y' dong bién trén R .
Nhén thdy »'(0)=0, ma y' 1a ham dong bién nén x =0 1a nghiém duy nhat cia y'=0.

Buée 3: Xét diu ' va 1ap bang bién thién

+
8

L |[—o0
/

y —

o=
+

Yy

Véi x<0,do y' ddng biénnén )'(x)<)'(0)=0=)'<0
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Véi x>0, do y' ddng biénnén »'(x)>)'(0)=0=)'>0
Budc 4: Két luan

Ham s6 nghich bién trén (—o0;0) va dong bién trén (0;+x).
g) y=3x" —sin2x

Buwéc 1: Tap xéc dinh: D=R.

Budéc 2: Dao ham )" =6x—2cos2x

Xétham g(x)=)"=6x—2cos2x, cod g'(x)=6+4sin2x
Visin2x>-1=g'(x)=6-4=2>0,VxeR.

Suy ra ¥’ 12 ham sd lién tyc va dong bién trén R

Taco y'(0)=—2<0 va y'(%j:%>0

Tbn tai duy nhat mot nghiém x, € (O; %) sao cho )’ (xo) =0

Buée 3: Xét dau y' va thiy rang ' dong bién trén R, cat truc hoanh tai x,
Bang bién thién:

mo —+ 00

y\/

Ta thy y'<O0 trén (—o0;x,) va »' >0 trén (x,;+o0)

8
I
3

Buéc 4: Két luan

Ham s6 nghich bién trén (—oo;xo)
Ham sé dong bién trén (x0;+oo) (v6i x, 1a nghiém duy nhat ctia phuong trinh 3x = cos 2x).

h) y=x—-2sinx

Buée 1: Tap xac dinh: D=R.
Buée 2: Pao ham )’ =1-2cosx. Cho y'=0<:>cosx—;<:>x 3 +k27r(keZ)
Buwéc 3: Xét ddu y':
, 1 Sr
V>0 cosx<—<xe +k27z—+k27z
2 3 3
y'<0<:>cosx>%@xe(—§+k2ﬁ;§+k2ﬂj

Bude 4: Két luan:
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Ham s dong bién trén cac khoang (% + k27z;5?7z +k27zj
\ £ . - A A s ) T V4
Ham s0 nghich bién trén cac khoang (—E + k27z;§ + k27zj Vkel.

1) y:x—cos(2x—zj
3
Buée 1: Tap xac dinh: D=R.

Budc 2: Dao ham )’ =1+2sin(2x—§).

Cho y'=0& sin(Zx—%j = —% = sin(—%)

2x—z=—z+k27r x:£+k7r

o . o 12 (keZ).
2x—z:—ﬂ+k27z x=—ﬂ+kﬂ
3 6 4

Budre 3: Xét ddu y':

y'>0<:>sin(2x—zj>—l<:>2x—ze(—z+k27z;7—ﬂ+k27zj<:>xe(£+k7z;3—”+k7rj.
3 2 3 6 6 12 4

1
V<0< xe 3—ﬁ+k7f;z+kﬂ'
4 12
Buée 4: Két luan
Ham s6 dong bién trén cac khoang (% +k7z;377[ + kﬁj

Ham sb nghich bién trén cic khoang (37” +k7z';1f—27[ + kﬂ') véi ke

X

. e
Dy=—
X
Buée 1: Tap xéc dinh: D=R\{0}.

e'x—e'.l_e(x-1)
S

Buéc 2: Dao ham )’ =

Cho y'=0&e'(x—1)=0=x=1 (vi & >0Vx)

Buéc 3: Xét ddu »' va 1ap bang bién thién:
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x |—occ 0 1 oo

Y — - 0 +

Yy
Ta thdy: y' <Otrén (—o0;0) va (0;1); »' >0 trén (1;+00).
Budc 4: Két luan
Ham s6 nghich bién trén cac khoang ( —OO;O) va (0;1)
Ham s6 dong bién trén khoang (1;+00).
k) y=2x" —4x—ln(x—1)
Buwéc 1: Diéu kién: x—1>0 <> x> 1. Tap xac dinh: D= (l; +OO) .

4(x-1) -1
Budéc 2: Dao ham )’ =4x—4- L _ (x-1) :
x—1 x-—1
| x—lzl x:E eD

Cho y':0<:>4(x—1)2—1=0<:>(x—1)2=Z<:> 21<:> |

x—1l=— x=—¢gD
2 2

Bude 3: Xét dau ' trén (1;+0): MAu s luon duong va ta c6 bang bién thién:

40

(el | A

y J—

JERN

Ta thay, trén (l;%j = »'<0 vatrén (%ﬁoo) =y'>0

_|_

Buéc 4: Két luan
Ham sd nghich bién trén khoang (l;%j
< A A <K A 5 3
Ham s6 dong bién trén khoang §;+oo .

1) y:|x+2|+|x—3|
Budc 1: Tap xac dinh: D=R.

Buéc 2 va 3: Pha diu gia tri tuyét dbi dé tim cac khoang don diéu va co bang bién thién:
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y J J
x [—oo —2 3 +o0
Yy’ - 0 - 0 +
]

o
-

Véi x e(—0;-2) thi y=—(x+2)—(x—3)=—2x+1= ) =—2<0 nén ham s6 nghich bién.
Véi xe(-2;3) thi y=(x+2)—(x-3)=5=)"=0 nén ham s6 khong ddi (hing s)

Véi x e (3;+0) thi y=(x+2)+(x—3)=2x-1=>)'=2>0 nén ham s dong bién

Buée 4: Két luan

Ham s6 nghich bién trén (—o0;—2)
Hiéng s6 trén (-2;3)

Ham s6 dong bién trén (3;+00).
m) y =[x —5x+4|+[x—2]

Buéce 1: Tap xac dinh: D=R.
Buéc 2 va 3: Cac diém 1am biéu thirc trong tri tuyét d6i bang 014 x=1,x=4 va x=2.

Ta xét trén timg khoang va lap bang bién thién nhu sau:

T |—o0 -1 3 4 o0

’

Y 0 +

Vi xe(—o0;1] thi y=(x"=5x+4)—(x-2)=>y'=2x—6<0 nén ham sb nghich bién.

Voi xe[1;2] thi y=—(x"—=5x+4)—(x-2)=y'=—2x+4>0 nén ham sb dong bién.

Véi xe[2:4] thi y=—(x’=5x+4)+(x-2) =y =-2x+6< ) =0 x=3.

Vay y'>0 trén (2;3) va y' <0 trén (3;4).

Véixe[4;4+) thi y=(x"=5x+4)+(x—2) < ' =2x—4>0 (vi x 2 4) nén ham s dong bién.

Buéc 4: Két luan
Ham s6 dong bién trén céc khoang (1;3) va (4;+0)

Ham s6 nghich bién trén céc khodng (—o0;1) va (3;4).

- GV. Phan Nhat Linh - & SDT: 0817 098 716
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x* +3x
n) y=
x—1
. L. ‘. x> +3x
Budére 1: Xét ham s6 bén trong dau tri tuyét doi u(x) = o
Y

Tép xéc dinh cia ham s6 1a D =R\ {1}

(2x+3)(x—1)—(x2 +3x) X' -2x-3
= .
x=-1

x=3

Budre 2: Pao ham u'(x)=

Cho u'(x)=0<:)x2—2x—3=0<:{

x=0

Nghiém cua u(x):0<:>x2+3x:0<:>{ 3
xX=-

Buéc 3: Sy bién thién cia ham y = ‘u(x)‘ phu thudc vao tinh don diéu va dau cua u(x), ta c6

bang bién thién:

— 00 -3 -1 0 1 4 +oo
y - 0 + 0 — 0 +0 — o0 +

Tir bang bién thién, ta thay:

Trén(—o0;—3) thi u(x) ddng bién va nhan gid trj am, do d6 |u(x)|nghich bién
(=3;-1) thi u(x) ddng bién va nhan gia tr dwong, do d6 |u(x)| ddng bién.
(~1;0) thi u(x)nghich bién va nhan gia trj duong, do d6 |u(x)| nghich bién.

Trén (0;1) thi u(x) nghich bién va nhén gia trj am, do do |u(x)| ddng bién.

Trén (1;3) thi u(x) nghich bién va nhan gia tri duong, do d6 |u(x)| nghich bién

Trén (3;+0) thi u(x) dong bién va nhan gia tri dwong, do d6 |u(x)|ddng bién

Bude 4: Két luan:

Ham s6 dong bién trén céc khoang (-3;-1), (0;1) va (3;+)

Ham s6 nghich bién trén céc khodng (—o0;-3), (-10) va (13)

GV. Phan Nhat Linh - @& SDT: 0817 098 716 “




*

CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

y J J/J J

Cau2: Chohamsd y= f(x) lién tuc trén R va c6 dao ham f'(x) =x (x — 1)()6—2)4 (x — 10). Co tat

ca bao nhiéu bd s6 nguyén (a; p ) sao cho hamsd y = f (x) nghich bién trén khoang (a; p ) ?

Tra loi:

Loi giai
Tap xac dinh cia ham sbla: D=R
=1
Ta c6 dao ham: f'(x)z(x—l)(x—lO)zO@{x 10
X =

Bang bién thién:

L |—oo 1 10 +0o0
f'(x) — 0 +

+ 0
f () /

Hamsb y=f (x) nghich bién trén khoang (1; 10).

S6 cach chon bo sd nguyén (a;ﬁ) 1a ta chon cac bd sb [1;10] saocho 1<a < <10 la: C, =45
cach.
Cau3: Chohiamsd y= f(x) =x’ —6x” +9x—1. Hoi c6 tit ca bao nhiéu gia tri nguyén ciia tham s6 a

déham sé y = f(x) nghich bién trén (3a—1;a’ +2)

Tra loi:
1
Loi giai
Tap xéac dinh ciia ham s 1a: D=R
Ta ¢6 dao ham: f’(x)=3(x2—4x+3)=0<:>{ j
Bang bién thién:
L |—o0 1 3 —+ o0
f'(x) + 0 — 0 +
o0
3 T
_Cx) —
2_
, 3a-1<d®+2 @’ =3a+3>0 [ 2 5
Yéu cau bai toan < o . =1<3a-121 = 3 <:>§Sa31
(3a—l,a + )c(,3) 2 an<a 1<a<l

Ma a €7 nén gia tri cua a =1 suy ra chi c6 mét gia tri nguyén ctua tham s6 a thoa man.
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Cau 4:

V J/ J £

Cho ham s6 y = f(x) c6 dao ham f'(x) = (x—m)(x—n)(x—p) véi moi x € R. Mdi gia tri
a,b,c duoc xac dinh doc 1ap bang cach gieo ngau nhién ddng thoi ba 1an hai con suc sic can ddi
ddng chat rdi liy tong sb chdm xuét hién trong mdi 1an d6. Hay tinh xac suat dé ham s nghich
bién trén khoang (3;4) (Két qua 1am tron dén hang phan trim)

Tra loi:

Loi giai
Ham s6 y = f(x) nghich bién (giam) trén khoang (3;4) khi va chi khi dao ham ctia n6 khong
duong trén khoang nay nénsuy ra f"(x) <0 véimoi x € (3;4) < (x—m)(x—n)(x—p)<0 véi
moi x €(3;4)
Mbi giatri k (dai dién cho m,n,p )la téng s6 cham khi gieo mat cap suc sdc
Do dé ke {2,3,...,12}
Véi x e (3;4) , ta xét dau ciia mot thira sb bat ky (x - k) :
Néu k<3 (tic 1a téng s6 cham 1a 2 hodc 3) thi x >3 >k =>x—k >0 va thira sé ndy mang dau
duong (+)
Néu k >4 (ttrc 1a tong s6 chim tir 4 dén 12) thi x <4<k => x—k <0 va thira s6 nay mang diu
am (-)
Dé tich (x —m)(x — n)(x —p) <0 thi phai c6 mot sb 1é cac thira sb am
S6 phan tir ciia khong gian mau khi gieo hai con stc sic n(Q) =6.6=36

Xac sudt dé tong <3 (thira s6 duong): Cac cip co tong bang 2 1a (1,1); céc cdp co tong bang 3

la (1,2),(2,1)
1 1 11

Vay P(Tong£3):%=E:>P(Tong24)=l—ﬁ=E

Truwong hop 1: C6 dung mot thira sé 4m va hai thira s6 dwong (mét tong >4 va hai tong < 3)

2
Chon 1 trong 3 1an gieo c6 tong >4 c¢6 C) =3 cach chon= P =3. 1 . 133
12 )\ 12 1728

Truong hop 2: C6 dung ba thira s6 4m (ca ba tong m,n, p déu >4)

3
Suyra P, = P(TongZ 4 )3 = [%j

Vay x4c suét can tinh 1a: P(A) =P+P = 33 + 1331 _ 341

_ =27 20,78935...~ 0,79
1728 1728 432

Cho ham s y =f(x) c6 dao ham f'(x) =(x—a)(x2 —12x+b) véi moi x € R . Hoi c6 tat ca
bao nhiéu cdp sé nguyén duong (a;b) v6i didu kién b<40 déhamsd y=f (x) ddng bién trén
khoang (6;+ 00) va nghich bién trén khoang (O; 2) ?

Tra loi:

Loi giai
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y J J J

Xét tam thirc bac hai g(x)=x"—12x+b ¢4 A'=36-b

Ta chia thanh 2 truong hop dé bién luan déu cua f*(x)

Truwong hop 1: A'<0&b5>36

Vi gi¢i han cta d& bai 1a <40 nén b €{36;37;38;39;40}

Khi A'<0 thi g(x)>0,VxeR.

Déu cia f '(x) lac niy hoan toan phy thudc vao nhi biéu thirc (x - a)
Taco: f'(x)20=x—a>0cx>a

DPé ham sd thoa man ca hai diéu kién 1a:

DPong bién trén (6; +00) = (6; +oo) C [a;+oo) =a<b6.

Nghich bién trén (0;2) = (0;2) = (—0;a] = a>2

Két hop lai ta dugc: 2<a<6 ma aeZ nén ae{2;3;4;5,6}

Cr mdi gid tri ciia a s& ghép dugce voi mot gia tri cia b nén cd 5.5=25 cip (a;b) thoa man
Truong hop 2: A'>0<b<36

Luc nay g(x) =0 c6 hai nghiém phan biét x, <x,

Theo dinh ly Vi-ét, ta c6: x, +x, =12 ma x, <Xx, nén chac chan x, <6<x,
Pao ham f"(x)=(x—a)(x—x)(x—x,)

D¢ ham s6 dong bién trén (6;+00) thi f'(x)>0,Vx>6.

Tuy nhién, ta lai c6 mot nghiém x, > 6.

Néu f(x) khong c6 nghiém kép tai x,, dao ham s& doi dau khi di qua x, va s& khong théa méan
diéu kién dong bién.

Do @0, bat budc phai c6 a =x, dé tao thanh nghiém boi chan

Khi a=x,,tacod f'(x)=(x—x)(x—a)

Dau cua f'(x) bay gi¢ chi phu thudc vao (x - xl) nén f’(x) 20 x2x
Ham s6 dong bién trén (6; +oo) = X, <6 (luén dung vi x, <6)

Ham s6 nghich bién trén (0;2) = x, >2

Suyra: 2<x,<6.Vi a=x, eZ" nén x, =12 —a ciing phai la s6 nguyén
Céc gid tri c6 the cia x, 1a {2;3;4;5}

Ta lap bang céc cdp sb turong tng (nhé diéu kién b = X,.X,

Véi x, =2=>a=10=b=2.10=20<36 (thda man)

Véi x, =3=a=9=b=3.9=27 <36 (thoa man)

Véi x, =4=>a=8=b=4.8=32<36 (thda man)

Véi x, =5=a=7=b=5.7=35<36 (thoa man)

Truong hop 2 c6 thém 4 cap ( a;b) thoa min nén tong ca hai trudng hop co 29 cip thoa min

Ciu 6: MOt cira hang ban Tivi véi cac s6 liéu kinh doanh nhu sau: Gia ban ban dau 1a 14 triéu dong mot
céi, tai mic gia nay cira hang ban dugc 100 cai mdi thang. Cr mdi lan giam gia 500 nghin dong
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thi s6 luong tivi ban ra s& ting thém 10 cai mdi thang. Hoi ctra hang c6 thé thuc hién t6i da bao
nhiéu lan giam gia dé dam bao rang doanh thu van dang trong giai doan ting?

LG v P :
OLEDTY P ThTch OLED gy gy DAUTY L‘M

Q — R ﬁ @’ ;

Tra loi:

Loi giai

Goi x 1a 50 lan gidm gia v6i mdi lan giam 1a 0,5 triéu dong thi gid ban 1a: P(x)=14-0,5x

S6 lugng tivi ban ra 1a Q(x) =100 +10x nén doanh thu nhan dugc la
D(x)=(14-0,5x)(100+10x)

< D(x)=-5x"+90x+1400 . Xét ham s6 D(x) c6 dao ham D'(x)=-10x+90

Ham doanh thu luén tang tirc 1a ham dong bién khi va chi khi:

D'(x)20<—10x+90>0<10x<90 <> x<9

Bang bién thién:
T |—oo 9 +o0
D'(x) + 0 —
1805
D(z)
-8 =00

Vay s6 lan giam gia t6i da dé doanh thu van con trong giai doan tang (ttrc 1a chua bat dau giam)
1a 9 lan.
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cac dang de thuc té nam 2027.

@ ceoe

.

han Nhat Linh - SDT: 0817 098 716

:



*

CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

y J J J

( S ~ ~ Ve ~ ? ~ ~ 2
DE REN LUYEN 01: TINH PON BIEU CUA HAM SO CO BAN
Chuyén dé tinh don diéu ctia ham s gom 1y thuyet va vi du minh hoa
Suwu tam va bién soan: Phan Nhét Linh KET NOI TRI THU'C
Tai lieu khoa hoc luyén thi THPT Quoéc Gia theo chuong trinh maéi
| J

PHAN I. Cau tric nghiém nhiéu phwong an lya chon. Thi sinh tra 10i tir cdu 1 dén cau 12. Mdi cau hoi
thi sinh chi chon m¢t phuong an.
Caul: Chohamsé y=f(x) c6 dd thila duong cong nhu hinh vé& sau. Ham s6 da cho nghich bién trén

khoang nao dudi day?

—-----
S
- f-----
-———._—'-_—

A. (-1,0). B. (—oo;—1). C. (0:1). D. (0;+0).

Loi giai

Dua vao do thi ta c6 ham s6 nghich bién trén khoang (—1,0) va (1;+o0).

Cau2: Hamsb y=—x+3x dong bién trén khoang nao dudi day?
A. (-L1). B. (—o0;—1). C. (0;\/§). D. (I;+x).
Loi gii
Tap xac dinh: D=R.
Tacod:y=—x +3x =)' =-3x"+3 vagiai ) =0 x==1.

Bang bién thién:

40

T |—o0 —1

f’(w)

EANVZAN

Tir bang bién thién ta thiy ham sé dong bién trén khoang (—1;1) .

=

Cau3: Chohamsd y=—x"—3x’+9x—1. Ménh dé nao dudi day ding?
A. Ham s6 dong bién trén khoéng(—OO; —3). B. Ham s6 dong bién trén khoang (—3;1).
C. Ham s6 nghich bién trén khoang (—3;1). D. Ham s6 nghich bién trén khoang (—3;+oo).

Loi giai
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x=1

Ta co y':—3x2—6x+9:0<:>{ 3
x=-

Bang bién thién:

—00 -3 1 “+oo
y — 0 4 0 —
+o0
y
A28 —0o0

Ham sb da cho dong bién trén khoang (—3;1).

Cau4: Chohamsb y=f (x) c6 do thi 1a dudng cong nhu hinh v& sau. Ham s6 di cho dong bién trén
khoang nao dudi day?
by

A. (-1,0). B. (—o0;—1). C. (0;1). D. (L+).
Loi giai

Duya vao d0 thi ta c6 ham s6 dong bién trén khoang (—1;0).

Ham sb da cho nghich bién trén cac khodng (—oo;—l) va ( 0;1).

Cau5: Chohamsd y=/f (x) ¢6 db thi 1a dudng cong nhu hinh vé& sau. Ham s6 di cho nghich bién trén

khoang nao dudi day?
v

0 z
- 1~"2 4
A. (-L1). B. (—0;—1). C. (0:1). D. (1;,2).
Loi giai

Dua vao d6 thi ta c6 ham sé nghich bién trén khoang (0;1)

Cau 6: Hamsb y=x’ —3x> —9x+7 dong bién trén khoang nao sau day?
A. (L +). B. (-5 -2). C. (-3 1). D. (-1 3).
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Loi gidi
Tap xac dinh: D=R.
x=-1

Ta co: y':3x2—6x—9=0<:>3x2—6x—9:0<:{ 3
X =

Bang bién thién:

r |[—oo -1 3 +oo

+ 0 — 0 +
12 ;o0
NS
— 00 —20

Tir bang xét dau ta thdy ham sé dong bién trén khoang (—OO; —1) nén ham s6 dong bién trén

khoang (—5; - 2).

Cau7: Chohamsb y=f (x) ¢6 bang bién thién nhu sau:

T |—o0 2 3 +oo

f'(=)

+o0 2
F(x) \ / \
—1 — 00

Khiang dinh nao sau day 1a ding?

A. Ham s6 nghich bién trén khodng (—o0; 3)U(3; +0).
B. Ham s nghich bién trén khoang (—oo; 2] U [3; + oo) .

C. Ham s déng bién trén doan [—l; 2] .
D. Ham s6 dong bién trén khoang (2; %j
Loi gidi

Duya vao bang bién thién ta c6 ham s dong bién trén khoang (2; 3) .
B A A + A A 5 5
Suy ra ham s6 dong bién trén khoang | 2; 5 )

x—2024

. Ménh dé nao sau day la dung?
x+1

Ciau8: Chohamsb y=

A. Ham s6 nghich bién trén khoang (—00;—1) . B. Ham s6 dong bién trén khoang (—00; +OO) .

C. Ham s ddng bién trén khoang (—00;—1) . D. Ham s6 nghich bién trén khoang (—1;+00) .
Loi giai

2025

Téap xac dinh: D=R\ {—1} va co dao ham ' = ( l)
X+
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Vay ham s6 dong bién trén cac khoang (—00;—1) va (—l; +00) .
A \ £ x*=3x+5 . N , \ A
Cau9: Ham s0 y =——— nghich bién trén cac khoang nao sau day?
A. (—4;—1) va (—1;2). B. (—oo;—4) va (2;+oo).
C. (—4;2). D. (—oo;—l) va (—1;+oo).
Loi giai
2
Tép xéc dinh: D=R\{~1} va dao ham y' = > F*2X~8
(x + 1)
J ' 2 |:x = 2
Tacd: Y=0=>x"+2x-8=0=> .
x=-4
Bang bién thién:
T |—c0 —4 -1 2 4o
Y + 0 - -0 +
—+11 T +o0
Y
Vay ham s6 nghich bién trén cac khoang (—4;-1) va (-1;2).
Cau 10: Cho ham s6 y = f(x), ham s6 y = f"(x) c6 do thi 1a dudng cong nhu hinh bén dudi. Ham s6
y = f(x) nghich bién trén khodng nao duéi day?
by
\ —1 () 1 / T
Ll N i
A. (-10). B. (—o0;-1). C. (0;+). D. (L;+x).
Loi giai
Dua vao d6 thi ham sb y = f'(x), ta co trén khoang (—1;0) f'(x) <0 nén ham s y =f(x)
nghich bién trén (—1;0)
Céu 11: Cho ham s6 y=f(x) ¢6 f'(x)=(x+2)(x+1)(x*~1). Ham s6 y=f(x) ddng bién trén

khoang nao sau day?
A. (-L1). B. (0;+0). C. (—;-2). D. (-2;-1).

Loi giai
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y J J LS
x=-2
Ta c6 f’(x):0<:>(x+2)(x+1)2(x—1)=0<:> x=-1.
x=1

Bang xét dau cia dao ham va két luan

Viy ham sb dong bién trén khoang (—00; —2) va (1;+OO) .

Cho ham s6 y =+/x* —4x . Ménh & nao dudi day ding?

A. Ham sb dong bién trén R . B. Ham s dong bién trén khoang (4;+ 00) .
C. Ham s6 nghich bién trén R. D. Ham s6 nghich bién trén khoang (—00;4).
Loi giai

x—2

\x® —4x

Tap xéc dinh ctia ham sb 1a (—00;0] U [4;+ OO) va co dao ham y' =

Véi x €(—0;0) thi »' <0, v6i x €(4;+00) thi )" >0.

Bang bién thién:
T |—o00 0 4 +oo
y = —
H 00 +o00
Yy
0 0

Tir bang bién thién suy ra ham s6 dong bién trén khoang (4;+ OO) .

PHAN II. Céu tric nghiém ding sai. Thi sinh tra 10i tir cau 1 dén céu 4. Trong mdi ¥ a), b), ¢), d) & mdi
cau, thi sinh chon diung hoac sai.

Cau 1:

Chohamsb y=f (x) lién tyc trén R va c6 bang bién thién nhu sau:

L |—oC —3 —2 +o0

f(z) + 0 + 0 —

53
f(z) —

— OO — OO

a) Ham s6 da cho dong bién trén cac khoang (—o0;—5) va (-3;-2)
b) Ham s6 da cho ddng bién trén khoang (—o0;5)
¢) Ham s da cho nghich bién trén khoang (—2;+)

d) Ham s6 da cho ddng bién trén khoang (—o0;—-2)
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Loi giai
a) Bng: Ham s6 di cho dong bién trén cac khoéng(—OO; —5) va (—3;—2)
b) Sai: Do tir (—2;5) ham s6 nghich bién
¢) Pung: Ham s6 da cho nghich bién trén khoang (—2;+00)
d) Dang: Ham sb da cho dong bién trén khoang (—00;—2)

x’ +3x
x—1

CAu2: Chohamsé y=f(x)=

a) Haim sé f(x) ddng bién trén khoang (—oo l)

) d
x) dd ong bién trén tap xac dinh
¢) Him sé f x)
) do

(

b)Hamsb f (
( nghich bién trén khoang ( 1;3)
(

d) Ham sé f(x) ddng bién bién trén khoang (—oo;—l) ) (3;+ )

Loi giai

2 = —
Tap xac dinh: DzR\{l} va dao ham y'=f'(x)=%=0<::{x_3l
X — X =

Bang bién thién:

T |—o0 —1 1 3 “+ o0

AN AWA

a) Sai: Tir bang bién thién suy ra ménh dé sai.

b) Sai: Ham s6 don diéu trén timg khoang xéac dinh
¢) Sai: Ham s khong ton tai dao ham tai x =1
d) Sai: Ham s khong don di¢u trén khoang roi rac

Cau3: Chohamsé y=f(x)= x+2

—x* —x—2
a) Him s6 f (x nghich bién trén khoang ( 3;1)

)
b) Him sé f x) ong bién trén khoang ( 5;— 4)

) n

) @

(
¢)Ham sb f (x) nghich bién trén khoang (0'4)
d) Him s6 f (x ong bién trén khoang (—oo —4) va (0 +00)
Loi giai

Tap xac dinh: D=R
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x(x+4 x=0
Pao ham: f’(x)z(—)2= c{
(—xz—x—2) x=—4
Bang bién thién:
—0o —4 0 +oco

1A

a) Sai:
b) PBung:
¢) Sai:
d) bung:

Cau4: Cho ham s y=f(x)=2— X’ +5x+6
a) Haim sé f (x) ddng bién trén khoang (—1;6)
b) Him s6 f'(x) nghich bién trén khoang (—1;2)
¢) Him sé f (x) ddng bién trén khoang (§;6j

d) Ham s f (x) nghich bién trén khoang (—oo;%j

Loi giai
Tap xac dinh: D = [—1;6]
2x—5 5
bao ham: ' = 0>y ==
20X +5x+6 2
Bang bién thién:
-1 2,5 6
Yy’ - 0 +
)

a) Sai:

b) bung:

c¢) bung:

d) Sai: Ham s khong xac dinh khi x <—1.
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PHAN III. Cau tric nghiém tra 1o ngin. Thi sinh tra 10i tir cau 1 dén céu 6.
L , £ .
Cau 1: Mot chat diém chuyén dong theo phuong trinh s(7) = —3t 9¢* —17¢t +10, trong d6 ¢ tinh bang

gidy va s tinh bang mét. Trong 30 gidy dau tién, chat diém c6 van tdc tirc thoi giam trong khoang
thoi gian (a;b). Gid tri cua biéu thire P =3b—4a 1a bao nhiéu?

Tra loi:

Loi giai
Van toc tie thoi ciia chat diem 14 v(r) =s'(r) =—> +18-17.
Gia toc tire thoi ciia chat diem 14 a (1) =v'(r)=-2¢+18.
Vi van tdc tirc thoi ctia chat diém giam nén a(t) <0 2t+18<0&=1>09.
Do d6, trong 30 gidy dau tién, chat diém c6 van tdc tic thoi giam trong khoang thoi gian (9;30)
Suyra a=9, b=30 nén P=3b—-4a=54.
Cau 2: Mot chat diém chuyén dong trén truc Ox theo phwong trinh x = 2sin(%t + %), trong d6 x lali

d6 ctia chat diém tai thoi diém ¢ gidy. Trong 10 gidy dau tién, & thoi diém nao chat diém bat dau
chuyén dong theo hudéng duong cua truc Ox ?
Tra loi:

Loi gidi
Chét diém chuyén dong theo huéng duong khi li 6 x ting hay ham s6 x =2sin [%t + %j dong
bién.
Xét ham sb x = 2sin(%t + %) trén [0;10] c6 dao ham x'(¢) = %cos(%t + %)

Xét phuong trinh x’(t)=0<:>cos(%t+§j20<:>%t+§:§+k7z ot=4k, (keZ).

Ta co: OStSlO@OS4kSIO<:>OSkS§.D0 keZ=k=0k=1k=2 :>te{0;4;8}

t 0 4 8 10
x'(t) 0

+ 2
—2 0

Vay chat diém bat dau chuyén dong theo chiéu duong tai thoi diém ¢ =4 gidy

Cau 3: Hang ngay myc nudc cua mot con kénh 1én xuong theo thily tricu. BJ sau £ (m) clia myc nude

trong kénh tai thoi diém t(h) (0St£24) trong ngay dugc xdc dinh bdi cong thuc
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h=2cos [Zt + %) +5.Goi (a;b) 1a khodng thoi gian trong ngay ma d¢ sau cua myuc nudc trong

kénh ting dan. Tinh gi4 tri cua a+b

Tra loi:
2| 8
Loi giai

Taco h(r) =2cos[ﬁ+zj+5 :h'(t):—zsin(ﬂ+zj.

12 3 6 12 3
, . (#wt 1w Tt
W(t)=0<sin| —+= =0+ =kr ©t=—4+12k (keZ).

12 3 12 3

Ma 0<¢<24 nén O£—4+12k£24<:>%£k£g:>ke{1;2}.

, =28
Do dd A (t) =0=
t=20
t Jo 8 20 24
h'(t) - 0 + 0 -
6 7
h(t)
3 6

Do d6 ham s A(t) dong bién trén khoang (8;20) hay trong khoang tir 8h dén 20h d6 sdu cua
muc nude trong kénh ting dan.
Vay a=8;b=20 va a+b=28.

Cau4: Gia si s6 lugng quan thé nAm men tai modi trudng nudi cdy trong phong thi nghiém dugc mo

. : 2 . .
hinh héa bing ham s6 P(7) = TS_W, trong do thoi gian ¢ dugce tinh bang gio. Toc d¢ sinh
,z)t+e”

trudng ctia quan thé ndm men & thoi diém ¢ dwoc tinh theo cong thirc P'(t) .S6 lwong quan thé

nam men c6 thé tang 1én nhung khong vuot qua bao nhiéu?

Tra loi:
1100
Loi giai
, , 18, 75- 670’7& e A 2k A A ~
Taco P'(1)= >0,Vt>0. Suy ra so lugng quan thé nAm men dugc nuoi cay luén
(0.25+¢°7)
tang va lim P(¢)= lirnLO =100.
t—>+00 1>+00,25+ e a

Do d6, s6 luong quan thé ndm men tang nhung khong vuot qua 100.
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Cau5:  Xét chét diém chuyén dong doc theo truc Ox. Toa do cua chat diém tai thoi diém ¢ duoc xac

dinh béi ham sé x(¢) = gﬁ - %ﬁ +13¢+1 v6i £ > 0. Khi d6 van téc v(¢) cla chat diém tai thoi

diém ¢ 1a x’(t) . Biét van tdc cua chit diém ting trén khoang (a;+00) v6i a 1a s6 thuc duong

nho nhit. Tim a (Két qua lam tron dén hang phan tram)
Tra loi:

Loi gidi
Ta co: v(t)=x'(¢)=4¢> =17t +13 c6 dao ham v'(7) =81 —17

Giai phwong trinh dao ham V(1) =08 -17=0<1¢ :%7 .

Bang xét dau ctia V/(¢) la:

t | o 2,125 +00

' (#) - 0 i

\ A A < A A 17 A A A 5 A < R - A 5 17
Ham so v(t) dong bien trén [§;+ooj nén van toc cua chat diém tang trén khoang £§;+ooj

nén a=£z2,13.
8
Cau 6: Chohamsd y= f(x) lién tuc trén R va c6 d0 thi nhu hinh v& duéi day:
\y

[l\;u——————
Q
DN === ==-

Mot hoc sinh gieo mot dong xu can ddi va dong chat 5 lan lién tiép. Goi S 14 sb 1an ddng xu d6
xuat hién mat sap. Tinh xac suat dé ham s y = f (x) nghich bién trén khoang (S -3;5- 2).
A3 , Ay or \ A AR o a ) * ; -2 ,
Biét rang xac suat tinh dugc 1a phan so to1 gian p = 3 (vo1 a,b e N ). Tinh gia tri cia bicu thic

T=a+b
Tra loi:

Loi giai
Ham s6 dong bién trén cac khoang (—o0;—2) va (0;2)
Ham sb nghich bién trén cic khoang (—2;0) va (2;+oo)

Gieo ddng xu 5 1an nén s6 phan tir cta khong gian mau la: n(Q)=2"=32.
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Goi S 1a s6 1an xuat hién mét sap thi gi tri ¢6 thé nhan cua S la: S €{0;1;2;3;4;5}

Déhamsé f(x) nghich bién trén khoang (S —3;5 —2) thi khoang (S —3;5 —2) phai la tap con
ctia cac khoang nghich bién
Trwong heop 1: (S =38 —2) c (—2;0)

N S-3>-2 S>1
biéu nay xay ra khi va chi khi { {

s-2<0 ©
Vi S 14 s6 nguyén nén ta nhan céc gid tri S e{1;2}

Trwong hop 2: (S -3;8 —2) c (2;+oo)

Diéu nay xdy ra khi va chi khi S-3>2<85>5

Két hop voi diéu kién S <5 thi ta nhan duoc gia tri duy nhat S =35

Céc gia tri ciia S thoa mén yéu cau bai toan 1a S € {1;2;5}

S6 két qua thuan loi cho bién ¢ (g v6i cac trudng hop tung duoc 1 sap, 2 sip hodc 5 sap) la:
n(A)=C;+C; +C; =5+10+1=16

A
n( )—EzésuyraaIIVébzz nénT:1+2:3-

X4c sudt can tim 1a: p= =
P n(Q) 32
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BUOI 02: CU’C TRI CUA HAM SO

Chuyén d& tinh don diéu cua ham sé gdm 1y thuyét va vi du minh hoa

Y WY .Y THUYET CAN NHO

1. Tinh don diéu ciia ham s6

Mot vi du mé dhu: Cho ham s6 y = f(x) 6 d6 thi nhu hinh v& duéi day:

NF-----

Khai niém cue trj cia ham s6
Cho ham s6 y = f(x) x4c dinh trén tap hop D va x, € D.
Néu ton tai mot khoang (a;b) chtra diém X, va (a;b) < D sao cho f(x) < f(xo) vOimoi x € (a;b) \ {xo}
thi x, dugc goi la mot diém cuc dai, f(x,) duge goi la gid tri cuc dai clia ham sé y = f(x), ki hiéu la
Yep -
Néu ton tai mot khoang (a;b) chtra diém X, va (a;b) < D sao cho f(x) > f(xo) vOimoi x € (a;b) \ {xo}
thi x, duoc goi la mot diém cuc tieu, f(x,) dugc goi la gia tri cuc tiéu ciia ham s6 y = f(x), ki hiéu la
Yer -
Chuy:
a) Piém cuc dai va diém cuc tiéu duoc goi chung la diém cuc tri ctia ham sd. Gia tri cuc dai va gia tri
cuc tiéu duoc goi chung 1a gié tri cuc tri (con goi la cuc tri) cua ham sb
b) Néu X, 1a mot diém cuec tri (diém cuc dai, diém cuc tiéu) ctia ham sb yv=f (x) thi ta cling n61 ham
s6 y=f (x) dat cuec trj (cuc dai, cuc tiéu) tai X,
c) Ham s6 co thé dat cuc dai va cuc tiéu tai nhiéu diém trén D

d) Néu x, la diém cuc trji cia hamsd y = f (x) thi diém M (xo; f (xo)) 12 mét diém cuc tri cua dd thi

ham sé y = f(x).
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Gia tri cwc dai

y2 e —————— -
\\
AY
Y AY i ..
DPiém cwec tiéu \ biem cwc dai cia DPTHS .
Fre-mmmm o R Rl « (225 ys)
Ay 4
1 \ //
1
" -
]
' '
' I
1
iy O . R
T -
! Ty
1 ‘\‘
1 ~ o
. Diém cyc tiéu cia PTHS ' i ~~._ Diém cwc dai
(m17y1)" ——————————————————— ————-c\ ____________
~
Y
.
~
~
~

Tim cwe tri ciia ham s6
Cho ham s6 y = f (x) lién tuc trén khoang (a;b) chira diém x, va c6 dao ham trén cac khoang (a;xo) va
(x,;) . Khi do:
e Néu f'(x)>0 véimoi xe(a;x,) va f'(x)<0 véimoi x e(x,;b) thi ham sé y = f(x) dat cuc
dai tai diém x,.
e Néu f'(x)<0 véimoi xe(a;x,) va f'(x)>0 véimoi x &(x,;b) thi ham sé y = f(x) dat cuc

tiéu tai diém x,,.

T |a Tg b T |a Zp b
f'(x) + _ f'(x) — n
Yoo
f(z) f(z)
Yer,

Chu y:

a) Néu f'(x,)=0 va f'(x) khong doi dau khi x qua diém x, thi ham s6 khong c6 cyc tri tai x;.
b) Néu f '(x) khong d6i diu trén khoang K thi f (x) khong c¢6 cuc tri trén khoang do.

Dinh Iy

Gia sirham sb y = f(x) ¢ dao ham cap 2 trong khoang (a;b) chtra x,;. Khi do:

Néu { thi X, 1a diém cyc tiéu cua ham so.

"(x

0)>0
e Néu { ”( ) thi x, 1a diém cuc dai caa ham sé.
f (XO)

Iml GV. Phan Nhat Linh - @& SDT: 0817 098 716 _




*

CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

/ £

Chii y: Chiéu dao cua dinh Iy nay khong chic dung. Nhung ddi v6i ham s bac ba, chiéu dao cua dinh 1y
ludén dung.

2. Cac quy tic tim cue tri
Quy tic 1:
— Budc 1: Tim tap xac dinh D ciia ham sd.
— Buéc 2: Tinh dao ham )’ = f’(x) clia ham s6. Tim céc diém x e D ma tai d6 dao ham f'(x)
béng 0 hodc dao ham khong tdn tai.
— Buée 3: Xétdau f'(x) va lap bang bién thién cta ham so
— Buwdc 4: Tur bang bién thién, néu két luan vé cuc tri ciia ham sb
Quy tic 2:
— Buwdc 1: Tim tap xac dinh D cia ham $6.
— Buéc 2: Tinh dao ham )’ = f’(x). Giai phuong trinh /"(x)=0 va ki hiéu x, (i=1,2,...) 1a céc
nghiém cua n6
— Buérc 3: Tinh dao ham cap hai f"(x) va tinh cac gia tri /"(x,)
— Buérc 4: Dya vao dau f"(x;) suy ra tinh chat cyc trj ciia diém x, nhu sau:
f”(xl.) >0 : ham sd dat cuc tiéu tai x= X,
/" (x,) <0: ham s6 dat cuc dai tai x=x,

/" (x,)=0: chua di co s¢ dé két luan x =, ¢6 1a diém cyc tri hay khong
- WA viou MINH HOA

Caul: Tim diém cyc tri cua cac ham so sau day:

a) y=4x —2x" —8x+3

Loi giai
Tap xac dinh: D=R
x=1
DPao ham: y'=12x" —4x-8. Cho y'=0< 2
)
Ta c6 bang bién thién:
T |[—oo 3 5 +oo
y' + 0 - 0 +
169 400
y 27
—od -3
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Tir bang bién thién ta c6 :
Ham s6 dat cuc tiéu tai x =1, gia trj cuc tiéu la Ver =3

. 2 1
Ham s6 dat cuc dai tai x = 3 gidtricucdaila y., = g
b) y=—x"+4x* —5x+1
Loi giai
Tap xac dinh: D=R
x=1
Dao ham: )’ =-3x*+8x—5.Cho y'=0& 5
X==
3
Ta c6 bang bién thién:
x |—oc 1 5 +oc
3
v - 0 + 0 -
+o0 —23
27
] \ / \
—1 )

Tir bang bién thién ta cé:
Ham s6 dat cuc tiéu tai x=1, gia tri cuc tiéu la Ver =—1

, 9 )
Ham so dat cyc dat tai x = g gid tri cyc tidu 14 y,, = _2_§
Y 2x+1
Loi gidi
Téap xac dinh: D=R\ {_%}
; / =5
Pao ham: ' =——— <0VxeD
(2x + 1)
Ta ¢ bang bién thién:
T —oo _ 1 +oo
2
Y — B
1 +oo
y
\_ )

Tir bang bién thién ta co:
Ham s6 nghich bién trén ting khoang xac dinh, khong c6 cuc tri
2
x —=3x+1
d) y=—"7—
x-=3

Loi giai
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Tap xac dinh: D= ]R\{3}
2x=3)(x=3)—(x* —3x+1 2 _ x =
Pao ham: y':( J(x=3) (2 ):x 6)CJ;8.Cho y'=0<:{
(x—3) (x—3) X =
Ta c6 bang bién thién:
f'(x) + 0 - -0 +
1 - o0
f(x)
— o — 00 5

Tir bang bién thién ta thiy:
Ham s6 dat cuc dai tai x=2, gid tri cyc dai la y, =1
Ham s6 dat cuc tiéu tai x =4, gia tri cuc dai 1a Yer =5
e) y=+10x—x".
Loi giai
Tap x4c dinh: 10x—x* >0 < x €[0;10]
10—-2x 5—x

2W10x—2  \10x—x
Ta c6 bang bién thién:

Pao ham: ' = .Cho y'=0<=x=5

10

5
Yy — 0 —
5
y / \
0

Trén [0;10], ham sb dat cuc dai tai x=35, gié tri cuc dai la y,, =5.

Tir bang bién thién ta thiy:

(Khéng ¢6 cyc tri trén [0;10])
f) y=vx+1.(3x-2)
Loi gidi
Tap x4c dinh: D =[—1;+wx)
1

(Bx=2)+/x+1.3=

3x—2+6(x+1
Pao him: y = x (x+1)  9x+4

. Cho y'=0<:>x=—g

2\x+1 2x+1 2Jx+1
Ta c6 bang bién thién:
4
T —1 9 +oo
Yy’ - 0 +
—+o0

0
y \ /
105
9
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Tir bang bién thién ta thdy

1045

Ham so dat cuc tiéu tai x=——, gid tri cuc tiéu la y., =—

g) y=sin2x—2cosx—2x voi xe(—%;%j

Loi giai
Dao ham: ) :2(:os2x+2sinx—2=2(1—25in2 x)+2sinx—2=—4sin2x+25inx

sinx=0 x=0
Cho y'=0<2sinx(1-2sinx)=0<| | 1< T
sinx =— x==
6
Ta c6 bang bién thién:
1y u )
2 0 6 2
y' - 0 + 0 -
_V3 _w
2 3
Y /
—2

Tir bang bién thién ta thay :
Ham s6 dat cuc tiéu tai x =0, gia tri cuc tiéu 1a Ver =—2

NG

N £ .. T . .2 R T
Ham s0 dat cuc dai tai x = o gid tri cyc titu la y., = Y _E

X

e
h) y=—
X

Loi gidi
Tap xac dinh: D=R\ {0} .

e'x—e e(x-1)
X’ X’
Ta c6 bang bién thién:

Pao ham: y'= .Cho y'=0<=x=1

T | —o© 1 +oo
Y — 0 +
Y

[

Tir bang bién thién ta thay
Ham s6 dat cuc tiéu tai x=1, gia tri cuc tiéu la Vor =€

i) y=log, (6x—x2)

Loi giai
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6x—x° _
Dao ham: y' = ( . ) ___6 fx .Cho y'=0=x=3
(6x—x )1113 (6x—x )1113
Ta c6 bang bién thién:
r 10 3 6
y' + 0 —
2
Y /
Tir ban bién thién ta thiy
Ham s6 dat cuc dai tai x=3, gid tri cyc daila y., =2
j) y=2x —4x—1n(x—l)
Loi giai
Tap xac dinh: D = (1; +0)
=— loai)
1 4(x=1 -1 4x*—8x+3 x=—(
Dao ham: y'=4x—-4- = (x-1) =22 70T Cho y=0&
x—1 x—1 x—1
xX= —(nhan)
Ta c6 bang bién thién:
3
T 1 2 +o0
v - 0+
Y \ /
n2 — §
2
Tir bang bién thién ta thiy
Ham s6 dat cuc tiéu tai x =% , gia tri cuc tiéu 1a Ver =In2 —%

Cau 2: Hay lap phuong trinh dudng thang di qua hai diém cuec tri ciia cac ham sé:

+x+1
a) y=—x" +3x—2 by y=2 10
x+1

Loi giai
a) y=—x" +3x-2
Tap xac dinh: D=R
Cich 1: Pao ham thuén tiy

x=1

DPao ham: y'=-3x"+3. Cho y'=0<:{ .
x=-

Ta c6 bang bién thién:
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T |—oo —1 1 +o00
f'(x) L + 0 -
+og 0
f(z)
_4 —00

Tir bang bién thién ta thiy
Ham sb dat gia tri cuc tiéu tai x=-1, gia tri cuc tiéu 1a Vor =—4

Ham sé dat gid tri cuc dai tai x=1, gia trj cuc dai 1a Yep =0

=y, =2x-2

—-a+b=-4 a=2
—
a+b=0 b=-2

Phuong trinh dudng thang di qua hai diém cyc tri 1a: {

Cach 2: Sir dung cong thirc

D6i v6i ham s6 bac 3 y =ax® +bx* +cx+d , duong thang di qua 2 diém cyc tri ¢6 phuwong trinh

_y/'y” .
18a

1a phan du ctia phép chia y cho y'. Meo giai nhanh: |y, =y

Taco: Yy =-3x"+3; )" —6x

(327 +3)(~6x)
18(-1)

ydt=(—x3+3x—2)— =—x3+3x—2+(x3—x)=2x—2

X +x+1
b) y="——
x+1

Cich 1: Pao ham thuin tuy
Tap xac dinh: D=R\{-1}

Dao ham: y’=(2x+1)(x+1)_(x2+x+1)‘1:x2+2x Cho y'=0<:>{ -
' ' (x+1)2 (x+1)2 . x==2
Ta c6 bang bién thién:
PR —1 0 +oo
' + 0 - -0 +
-3 o] o
— o0 — 00 1

Tir bang bién thién ta thay
Ham sb dat gia tri cuc tiéutai x=0, gia tri cuc tiéu la Yer =1

Ham sb dat gid tri cyc dai tai x=-2, gid tri cuc dai la y., =-3.
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. i L i 0a+b=1 a=2
Phuong trinh duong thang di qua hai diém cuec tri 1a: = =y, =2x+1
—2a+b=-3 b=1

Cach 2: Sir dung cong thirc

Dbi v6i ham phén thirc y = a , phuong trinh dudng thang qua 2 diém cyc tri 1a y = 2
v v

Tacoé u'=2x+1 va v' =1 nén phuong trinh dudng thang 1a y =2x+1.
Cau3: Chohamsd f(x) c6daoham: f'(x)=2026.x(x—1)(x+2) (x—3)"(x+4) (x—5)" véi moi

x € R. S0 diém cuc tri cia ham so da cho 1a bao nhiéu?
Tra loi:

Loi gidi
Diém cyc trj cia ham s6 1a céc nghiém boi 1é cua phuong trinh f7(x) =0
Céac nghiém boi 1é bao gdbm: x =0 (bac 1), x =1(bac 1), x =2 (béac 3), x =—4(bac 9).

Vay ham s6 ¢6 4 diém cuc tri
Cau 4:  Thé tich nudc cia mot bé boi sau ¢ phut bom duoc tinh theo cong thirc:

4
V(r)=—|30f - | véi 0<r <90
100 4

Tdc @ bom nude & thoi diém ¢ duogc tinh theo cong thirc v(¢)=¥"(¢). Tim thoi diém toc do

bom nude 13 1én nhit va tinh toc dd bom nude 16n nhit do.
Tra loi:

Loi giai
. 1
Toc do b e v(t)=V'(t)=—(90¢ —).
6c do bom nude v(1)=V"(¢) 100( )
Pé tim tdc do bom 16n nhat, ta tim gia tri lon nhét cua v(t) trén doan [O; 90]

Pao ham: v’(t):ﬁ(lSOt—?atz):l?thO(@—t). Cho v’(t)=0<:{t _:600

Ta c6 bang bién thién trén [0;90]:

t
v'(t) + 0 —

0 /1080\
0

T bang bién thién ta thiy v(¢) dat cuc dai va cling 1a gia tri 16n nhét tai ¢ =60,

Tai t=6O:v(60):$(90'602—603):1080

Téc d6 bom 16n nhat 1a 1080 (dvtt/phit) tai thoi diém ¢ = 60 phit.
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DE REN LUYEN 02: TINH PON BDIEU VA CU'C TRIHAM SO
Chuyén dé tinh don diéu ctia ham s gom 1y thuyet va vi du minh hoa
Suwu tam va bién soan: Phan Nhét Linh KET NOI TRI THU'C
Tai lieu khoa hoc luyén thi THPT Quoéc Gia theo chuong trinh maéi
| J

PHAN I. Cau tric nghiém nhiéu phwong an lya chon. Thi sinh tra 10i tir cdu 1 dén cau 12. Mdi cau hoi
thi sinh chi chon mgt phuong an.

Caul: Chohamsd y=f(x) xac dinh véi moi x#—4 c6 bang bién thién nhu hinh v& duéi day. Ham

s0 dong bién trén khodng nao trong cac khoang sau?

T | o0 -7 —4 4 +o0
v - 0 + + 0 -
+o0 +oo 6
Yy
14 —od —oQ
A. (<T;490). B. (-7;-4). C. (6:+0). D. (-7:4).
Loi giai

Tacd: Yy =0=x=-T7,x=4.

Ham s6 dong bién trén cac khoang (—o0;—=T7) va (4;+0).
Ham s6 nghich bién trén céc khoang (—7;-4) va (—4;4).
Do d6 ham s6 da cho dong bién trén khodng (—7;-4).

Cau2: Chohamsb y=f (x) xéac dinh trén R va c6 bang bién thién nhu hinh v& sau.

T |—oo 6 7 +o0
Yy —
’ / \ /
Tim diém cuc dai cua do thi ham sb y = f la:
A. x=6. B. (7;-2). C.x=7. D. (6;0).

Loi gidi
Diém cyc dai cia ham s6 y = f(x) la x=6.

Cau3: Hamso y=-3/x* c6 tat cd bao nhiéu diem cyc trj?
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Cau 4:

Cau 6:

Cau 7:

TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO
y J J
A. 0. B. 1. C.2. D. 3.
Loi giai

Tap xac dinh: D=R. Tinh dao ham y:%/x_2:>y'=i (x#0)

R

Xét dau y' taco: y' >0voi xe(0;+%) va y' <0 véi x (—0;0).
Vay ham s6 ¢ 1 cuc tri.
Mot vat ¢6 phuong trinh quang duong tinh theo thoi gian 1a S(t) =5+8¢—2¢79 Tai thoi diém
nao, vat cach mdc tinh quing duong khoang 16n nhat?
A. 1 gidy. B. 2 giay. C. 3 giay. D. 4 giay.

Loi giai
Do v(t)=s'(1)=8-4=0=8-4r=01=2.
Vay tai thoi diém 2 gidy vat cach mdc tinh quang dudng khoang 16n nhét.

3

Cho ham s6 y = _x? +x” +4. Ham sb dong bién trén khoang nao trong cic khoang sau day?
A. (0;2). B. (2;+00). C. (0;+). D. (—;0).

Loi giai
Taco: f'(x)=—x"+2x=0=x=0,x=2.
Ham s dong bién trén khoang (0;2) .

Ham s6 nghich bién trén cac khoang (—o0;0) va (2;+00).

Cho ham s6 y = % . Khang dinh nio sau day la ding?
x —
A. Ham s6 luon dong bién trén tap xac dinh
B. Ham s6 ludn nghich bién trén tap xac dinh
C. Ham s luén dong bién trén timg khoang xac dinh
D. Ham s6 ludn nghich bién trén timg khoang xac dinh
Loi giai
-58

Taco: y'=——— <0,Vx = 2 nén ham sb da cho nghich bién trén khoang (2;+oo).
(5x—9) 5

—x>+11x-1
x—11
A. (—oo311). B. (10;+00). C. (815). D. (—;6).

Loi giai

Cho ham s§ y = . Ham s nghich bién trén khoang no trong cac khoang sau?

2
Ta co: y'=—M=O<:>x:IO,x:12.

(x—11)

Ham sb dong bién trén cac khoang (—o0;10) va (12;+00).
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Cau 8:

Cau 9:

Cau 10:

Cau 11:

y J J J

Ham s nghich bién trén cac khoang (10;11) va (11;12).
Do d6 ham s6 da cho nghich bién trén khodng (—0;6).

Cho ham s6 y = f(x) c6 d0 thi nhu hinh duéi ddy. Ham s6 y =2008 f (x)+2026 da cho dong

bién trén khoang nao dudi day?

I O[ 1z
A. (L;+). B. (0;1). C. (—032). D. (—30).
Loi gii

Ham s6 da cho dong bién trén khoang (1;+00).

2
Phuong trinh dudng thang di qua hai diém cuc tri ctia d6 thi ham s6 y = 2x—2)1c+2 la:
x—
A y=4x-2. B. y=2x+2. C. y=4x+1. D. y=2x-2.
Loi giai

Phuong trinh duong thang di qua hai diém cuc tri ctia do thi ham s 1a:

(20 —2x+2)

=4x-2

(x-1)
Cho ham s y = f (x) c6 dao ham va lién tyc trén R . Biét raing ham s y=—f (x) +2026 dong
bién trén khoang (2;5) va nghich bién trén khoang (—00;2). Khang dinh nio sau day 1a ding vé
ham s6 y = f(x)?

A. dong bién trén khoang (2;3) . B. nghich bién trén khoang (—00;2).
C. nghich bién trén khoang (3;5) . D. ddng bién trén khoang (2;5).
Loi giai

Ham sé y = f(x) nghich bién trén khoang (3;5)

Cho ham s6 y = f(x) c6 biéu thirc dao ham Ia y = f(x)=(x*~1) véi Vx € R. Khi d6 ham s
¥ =2026f(x)+2027 ¢ bao nhiéu diém cyc tri?
A. 1. B.2. C.3. D. 4.
Loi giai
Ham s y =2026f(x)+2027 c6 hai diém cyc tri
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yV J/ J /4

Cau 12: Mot vat dao dong c6 phuong trinh 14 x(7) = 2sin(§t —%) cm, t ¢6 don vi 1a gidy. Ménh dé nao

sau day dung? Trong khoang 2 gidy dén 3 gidy, véan tc cia vat ting hay giam?
A. Trong khoang 2 gidy dén 3 gidy, van toc cua vat khong doi.
B. Trong khoang 2 gidy dén 3 gidy, van tdc cta vat ludn ting.
C. Trong khoang 2 gidy dén 3 gidy, van toc cta vat ludn giam.
D. Trong khoang 2 gidy dén 3 gidy, van toc cua vat giam, sau do ting.
Loi gidi

Van toc clia vat 1a: v(¢) = (x(t))' = (2s1n( > t— %D = ﬂCOS(%Z‘ - gj

o C ' . zY & . (7 =«
Gia toc cua chuyén dong 1a a(t) = (v(t)) = (ﬁcos(at —ED = —7sm(§t —;j

_z Iz

6

é\
k)

2<t<3=>—
6 2

wla

Khi d6 sin| -7 | duong khi Z<Z¢—% < 7 va sin| Zr—Z | amkhi z<Zi-Z <7
2 3 6 2 3 2 3 2 376

Do do a(t)<0 khi zSzt—z<7z' va a( )>0 khi 7r<—t—£<7—ﬂ
6 2 3 2 3 6
Vay luc dau van tdc giam, sau d6 van tdc tang.
PHAN II. Cau trac nghiém ding sai. Thi sinh tra 10 tir cdu 1 dén céu 4. Trong mdi ¥ a), b), ¢), d) & mdi
cau, thi sinh chon ding hodc sai.

Caul: Chohamsb y=f (x) xac dinh trén R va c6 bang bién thién nhu hinh vé:

f'(z)

YAV

a) Ham s dong bién trén khoang 7 +oo

b) f(1)< f(3)
c) Ham ) nghich bién trén khoang (1;7)

d) Piém cuc dai ciia d6 thi ham sd 1a x=3
Loi giai

a) Pung: Ham s6 y = f(x) dong bién trén cac khoang (1;3) va (7;+%).
b) bung: f (1)< f(3)
c) Sai: Him s6 y = f(x) nghich bién trén cac khoang (—o0;1) va (3;7)

d) Sai: Piém cuc dai cia d6 thi ham sb 1a (3;—13)
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Cau 2:

Cau 3:

Cau 4:

y J J J

2x+1

—x+1

a) Ham sé dong bién trén tap xac dinh cta nd
b) Ham s khong c6 cuc tri

¢) Ham s6 dong bién trén khodng (2025;2026)

d) Ham s6 dong bién trén R\ {1}

Cho ham s§ y =

Loi giai

Tap x4c dinh D =R\{1}. Ta c6 y'=ﬁ>ovéimoi x#1.
-x+

a) Sai: Ham sb dong bién trén timg khoang xac dinh
b) bung: Ham ) khong c6 cuc tri
c) Diing: Ham s6 dong bién trén khoang (2025;2026)

d) Sai: Khi xét tinh don diéu, khong dung R\ {1} ma chi dung “va”. “hodc”
Cho ham s6 y = f(x) xac dinh trén R va c6 dao ham la f'(x) = (x—3)(x—7)(x—1 1) véi moi
xeR

a) Piém cuc tiéu ciia ham sé da chola x=7
b) f (7) 1a gi4 tri cuc dai ciia ham sé dé cho

¢) Ham s6 dong bién trén khodng (7;+0)
d) Ham s6 y =—2026f(x)+2027 ddng bién trén hai khoang (4;6) va (2025;2026)

Loi giai
x=3
a) Sai: Taxét f'(x)=0<|x=7
x=11

Ham sb nghich bién trén khoang (—00;3),(7;1 1) va d@)ng bién trén khoang (3;7),(1 1;+oo) .
Nhén x =7 lam diém cyc dai va 2 diém cyc tieu 1a x=3,x=11

b) Ping: f (7) 1a gia tri cuc dai ciia ham s6 di cho

¢) Sai

d) Xét y =-2026f(x)+2027 c6 y' =-2026f"(x). D& ham s6 déng bién 3’ >0 < f'(x)<0.

Véi xe(4;,6)=(3;7)= f'(x)>0=>)'<0 (ham s6 nghich bién)
Véi x €(2025;2026) = (11;+%) = f'(x)>0=)'<0 (ham s6 nghich bién)

Cho ham s6 y = f(x) x4c dinh va lién tuc trén R 6 bang bién thién nhu hinh v& dudi day:

T |—o0 0 2 +oo

I'(x) — 0 +
—+o0

+ 0
2
f(z) / \ /
— o0 —2

a) Ham s y =f(x) dong bién trén khoang (—00;0) va (2;+oo)
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b) Ham s g(x) =-3f (x) nghich bién trén khoang (0;2)

. 3

¢) f(sin’x)< (—j

) f(sinx)<f|
d) Téng gia tri cuc dai va gia tri cuc tiéu caa ham sb béng 0

Loi gigi

a) Diing: Quan sat bang bién thién, ta thy f’(x)> 0 (dong bién) trén (—0;0),(2;+00).
b) Sai: Xét g'(x)=-3f"(x)>0Vxe(0;2)=> g(x) dong bién trén khodng (0;2).
¢) Sai: Pé y rang sin’ x<%<:> f (sin2 x) > f [%) do f(x) nghich bién trén tap gid tri cua

sin®x 1a T =[0;1]

d) Ding: Gia tri cyc dai y.,, =2 va gia tri cuc tiéu Ver ==2=YVop+Ver =0.

PHAN III. Cau tric nghié¢m tra 1oi ngin. Thi sinh tra 10i tir cau 1 dén céu 6.

Cau 1:

2
Cho ham s y =f(x) =L61§+18 ¢ diém cuc tiéu X=Xx va diém cuc dai ba‘ing X=Xx,.
x+
Tinh P=-2x, +x,.

Tra loi:

Loi giai

Tap xac dinh: D= R\{—B}

(4x+26)(x+13)—(2x2+26x+18)_2x2+52x+320_0©{x:—10
(x+13) o (x+13) T x=-16

J'(x)=

Ta c6 bang bién thién:

T |—o0 —16 —13 —10 +o0
() -0 +

+ 0 -
1 0G, + o0
—38
—o0 —og —14

Tir bang bién thién, ta thay diém cuc tiéu x,=-10 va diém cyc dai la x, =-16.

Suyra P=-2x, +x,=4.

Cho ham s6 y = f(x) c6 dao ham laham sé y = f’(x) lién tuc trén R va y = f"(x) c6 dd thi
nhu hinh v& duédi day. S6 khoang dong bién ctia ham s 13 bao nhiéu?

\Y

3

\
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Cau 3:

Cau 4:

y J J J

Tra loi:

Loi giai
Quan sat do thi ham s6 y = f(x), ta thiy d0 thi cét truc hoanh tai 3 diém phan biét.
Gia str cc diém d6 1a x=a € (~o0;—1),x=b e (-11),x=c e(I;+o0).
Trong d6 ton tai 2 khoang x € (a;b) va x € (c;+oo) ma f’(x) >0Vx (nghia 12 dong bién).
Nén ta néi c6 2 khoang dong bién ciia ham sb da cho.
Cho ham sd y= ‘xz —ax+b‘ va tién hanh gieo ngau nhién hai con suc sic can d6i va dong chat.
Goi a 12 s6 chiAm xuAt hién trén con stc sic thir nhat va b 13 sd chAm xuét hién trén con stc séc
thr hai. Tinh x4ac suat dé ham sé nay dong bién trén khoang (5,+00) (Két qua 1am tron dén hang

phan chuc)
Tra loi:

Loi gii
Tung 2 con xiic xic dong thoi, ta c6 khong gian mau: 6.6 =36,

<6
Xéthamsd f(x)=x"—ax+b c6 f'(x)=2x—a.Ma {a = f"(x)>0Vx e(0;+00).

2x>10
Vi f(x) luon dong bién nén dé y =‘ f (x)‘ ciing dong bién trén (5;+0) thi phan do thi ciia
f (x) trén khoang nao khong duoc 1iy ddi ximg qua truc hoanh.
Nghia la f(x)>0Vx e(5;+0) < [(5)20<5 —5a+b>0<5a—b<25.
Ta xét cac truong hop kha dicua a e {1'2' 3;4;5; 6} détim be {1;2;3; 4;5; 6} thoa 5a—b<25.
Trudng hop 1: Néu a € {1;2;3;4;5} < 5a—b<25-b—1525-b<24<25.C6 5.6 =30 ciip
(a,b) thoa man.
Trudng hop 2: Néu a—6>5.6-b<2530-b <25 bh> 5 LW, p (561,
Suy ra c6 2 cap (ab) = {(6;5),(5, 6)} thoa man.
30+2

Vay x4c suat cua bién co: ~0,9.

Cho tap hop S = {1;2;3;4} . Goi m,n 1a hai sb khac nhau duoc chon ngau nhién tir S. Xét ham
sd bac ba y=x’ —3mx’ +3nx+2 . Tinh x4c suat & ham s6 c6 hai diém cuyc tri, dong thoi dudng

thang di qua hai diém cyec trj d6 c6 hé sé goc bang —14 (Két qua lam tron dén hang phan trim)
Tra loi:

Loi gigi
Chon ngiu nhién 2 s6 m,n €S co thir tw, khong gian mau : A2 =12 (cach).
Tacod y =3x" —6mx+3n=0<x"—2mx+n=0.
Biét thuc delta A'=m*> —n>0.
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Cau 6:

yV J/ J /4
y

Thuc hién phép chia da thuc — ta duoc y = Z(n —m’ )x +mn+2 13 dudng thang di qua hai diém
y

cuc tri véi Y =0=x" —2mx+n=0.
Theo dé bai, 2(n—m’)=-14<m’ —n’ =7. Lan luot thir céc gia tri thudc tap hiru han S, ta

thiy chi co cip (m,n)=(3,2):3>-n=T<n=2¢€S8.
Viy x4c suat cua bién cb: % ~0,08.

Kinh vién vong khong gian Hubble dugc duwa vao vii tru ngdy 24/4/1990 bang tau con thoi
Discovery. Van tdc cta tau con thoi trong st ménh ndy, tir lic cat canh tai thoi diém =0 gidy
cho dén khi tén lira ddy dwoc phong di tai thoi diém ¢=126 gidy cho boi ham sé sau day:
v(1)=0,001302¢* —0,09029* + 23, (v dugc tinh bang fi/s, 1 feet = 0,3048 m)

Goi (a;b) 1a khoang thoi gian gia toc cia tau con thoi s& ting tinh tir thoi diém cat canh cho dén
khi tén ltra ddy dugc phong di. Tinh T=a+b?
Tra loi:

Loi giai

Tacé a(t)=v'(t)=> a(t)=0,003906¢ —0,18058¢ .

Khao sat ham gia toc, ¢6 a’(t)=0,007812¢—0,18058. Theo dé bai yéu cau a(t)>0.

Xét bt phuong trinh 0,007812¢—0,18058 >0 <> ¢ >23 =t €(23;126) = a+b=23+126=149

Mot phﬁn duong chay cua tau lugn siéu tdc khi gén hé truc toa d0 Oxy dugc md phong ¢ hinh
bén. Biét duong chay cia n6 c6 dang dd thi ham sb bac ba y=ax +bx* +cx+d,v6i 0<x<90

, don vi mdi tryc 1a mét. Biét tau luon xuat phat tir diém A dong thoi di qua cac diém B,C,D

nhu hinh vé. Hay tinh d¢ cao 16n nhat ma tau luon siéu tée dat duoc so vai mat dat (xem Ox la
mit dat, tinh theo don vi mét va két qua lam tron dén hang phan muoi)
y
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Tra loi:
319,19
Loi giai
___1
o - . (30)=10 _ 3

Do do thi ham so6 di qua cac diém A, B,C,D ta co6 h¢: & 150 S

y(SO) =30 2

y(80) =30 c= 3

d =30
Suyra: y= L e B 83
1500 150 3
200
Khi do: y’:—Lx2+£x—§:O<:> T3y
500 75 3
x=20
Do cao 16n nhat ma tau lugn siéu tdc dat duge so véi mat dat 1a y(?j = % ~39,9.
----------------  § | D | —
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y J J LS
BUOI 03: CU’C TR| CUA HAM SO NANG CAO

Chuyen d@ tinh don diéu cua ham sb goém ly thuyet va vi dy minh hoa

............................................................................................................................

_' LY THUYET CAN NHO

Sir dung quy tic thi hai tim cwe tri

Quy tic 2:

e Budc 1: Tim tip xac dinh D ctia ham sd.

e Buéc 2: Tinh dao ham y' = f’(x). Giai phuong trinh f'(x)=0 va ki hiéu x, (i=1,2,...) 1a cac
nghiém cua n6

e Buwéc 3: Tinh dao ham cép hai f "(x) va tinh cac gia tri f"(x;)

e Buwéc 4: Dya vao dau f "(xl.) suy ra tinh chit cuc tri cia diém x, nhu sau:
f”(xi) >0 : ham sb dat cuc tiéu tai x= X,
f"(xl.) < 0: ham sb dat cuc dai tai x =X,

/"(x)=0: chua di co s& dé két luan x=x, c6 1a diém cyc tri hay khong
I :WA N vi oy MINH HOA

Cau 1: [PNL] Tim diém cyc tri ctia cac ham s6 sau ddy bang quy tic thir hai:
a) y=x —6x" +9x+1
Loi gidi
x=1

Pao ham cap 1:y’=3x2—12x+9=0<:{ ;
X =

Pao ham cip 2: )" =6x—12
y”(l):_6<0:>CuC daitai x=1y., =5
y"(3)=6>0:>C1_rc tiéu tai x=3,y,=1

b) y:x2+x+2
x+1
Loi giai
x=—1+2
x=-1-2

2
(x+1)
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yV J J J
Pao ham cap 2: )" = -
(x+1)
y"(—1+\/§)= 4 3 >0= Cuc tiéu tai x=—1+2
2
Y (-1-42)= 0= Cycdaitai x=-1-V2
(~2)

¢) y=x\y4-x

Loi gidi

) 2 A2 -
DPao ham cap 1: ' =4—-x" — x4 0| V2
\/4—x2 \/4—x2 x=—2
~4xy4-x* —(4-227) = .

Dao ham cép 2: )" = 4-x | 2x —12x
. 4-x° (4—x2)\/4—x2
y"(ﬁ)z _28\}/; < 0= Cuc dai tai x=\/§,yca =2
y"(—\/z):%>OZ>Cuc tiéu tai x=—\/§,yCT =-2
d) y=x’e™

Loi giai

=0
'=2xe  —xe = (2x—x*) =0 *
Y =2xe " —xe =e (x x) L=2

Y'=—e" (2x—x2)+e_x (2-2x)=¢" (xz —4x+2)
y"(0)=2>0:>C1_Ic tiéu tai x=0, Yer =0

y”(z):e*2 (4—8+2)=—26*2 <0=Cuycdaitai x=2, y., :iz
e

e) y=2sinx—x trén khoang (0;272')

Loi giai

=
[l
Wy

y':2cosx—1=0<:>cosx:%:>

w|§

y'=-2sinx
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y J J J

y”(%):— 3 < 0= Cuc dai tai nga Yep :\/g_g

yn(%ﬂj:ﬁw:&;e tiéu tai x—S3 > Yer = \/_

Cau 2: [PNL] Hay xac dinh s6 diém cuc dai, s6 diém cuc tiéu ctiia cac ham s sau:
a) y= x(x—2)(x—3)2 ()c—|—4)3 (x —4)4 b) y=x’ (x— l)(x—3)3 (x+4)4 (x— 5)5
K¥ ning phéc hoa do thi:
Nguyén tic phac hoa:
Nghiém bdi 1é (NBL): Db thi cit truc Ox (ddi dau).

2

Nghiém bdi chin (NBC): D6 thi tiép xtic véi truc Ox (khong d6i dau, tai day db thi “quay dau
tao thanh cyc tri).

Xét bac va hé s6: Da thirc bac 1é, hé sd cao nhat duong — d6 thi di tir —o0 1én +oo
a) y= x(x—2)(x—3)2 (x+4)3 (x—4)4

)
)

x=3(NBC)
x=—4(NBL)
| x=4(NBC)

NB
NB

&~

r=0(
r=2(

~

A

Céc nghiém:

Phac hoa:
D0 thi bt dau tir dudi (—o0), di 1én cit Ox tai x=—4 (NBL)

Di 1én dén mot diém cuc dai, rdi quay xubng cat Ox tai x =0 (NBL)
Di xubng dén mot diém cyc tiéu, roi quay 1én cit Ox tai x=2 (NBL)
Di 1én dén mot diém cuc dai rdi di xudng tiép xtic voi Ox tai x =3 (NBC)

Tiép tuc quay 18n, tiép xtic voi Ox tai x =4 (NBC) rdi di thang 1én +o

—4/\ . L -
u\/z 3 4 Og
Do thi ¢6 3 diém cuc dai va 3 diém cuc tiéu

b) y=x’ (x—l)(x—3)3 (x+4)4 (x—5)5
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x=0(NBC)
x=1(NBL)
Céc nghiém: | x=3(NBL)
x=—4(NBC)
| x=5(NBL)

Phac hoa:

D0 thi bt dau tir dudi (—o0), di lén tiép xtic v6i Ox tai x =—4 (NBC) rdi di nguoc xubng (tao
thanh 1 diém cuc dai trén truc Ox)

Pang & dudi, vong 1én tiép xtc véi Ox tai x =0 (NBC) rdi lai doi nguoc xudng

Dang & dudi, di vong 1én cit xuyén qua Ox tai x =1 (NBL) dé 1én phan duong.

Pang & trén, di vong xudng cit xuyén qua Ox tai x =3 (NBL) dé xubng phin 4m

Pang ¢ dudi, di vong 1én cit xuyén qua Ox tai x =5 (NBL) rdi di thang 1én +oo

=

Qua phan tich d6 thi, ham so6 c¢6 3 diém cuc dai va 3 diém cuc tiéu.

[PNL] Hay lap phuong trinh dudng thang di qua hai diém cuc tri ciia cac ham sé:

2
+x+1
a) y=—x +3x-2 by y=2 2T
x+1
Loi giai
a) y=—x +3x-2
Ciach 1: Ty luan truyén thong
TXD: D=R
xX=
Dao ham y'=—3x2+3.Choy'=0<:>—3x2+3=()<::{ E
X=-
Ta c6 bang bién thién:
T [—oo —1 1 +o0
ff@ - o + 0 -
+og 0
@ \ / \
—4 —0oQ

Véix=1=y=0.Taco diém cyc tri 4(1;0)

Véi x=—-1= y=—4.Ta cb diém cuc trj B(-1;,—-4)

GV. Phan Nhat Linh - @& SDT: 0817 098 716 _



*

CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

Phuong trinh duong thing di qua hai diém cyc tri ciia ham s6 ¢6 dang y =ax+b . Thay toa do

L ] a+b=0 2b=—4 a=2

hai di€m cuc tri vao, ta c6 h¢ phuong trinh : i <
—-a+b=—-4 a=-b b=-2

Phuong trinh dudng thang di qua hai diém cuc tri la y=2x—2
Cach 2: Sir dung cong thirc gidi nhanh
Puong thang di qua 2 diém cuc tri cia ham bac ba y = ax® +bx* +cx+d c6 phuong trinh 1a phan
y!.yﬂ .
18a

du cua phép chia y cho ', hodc ap dung cong thuc y,, =y—

Taco: y'=-3x"+3; )" =—6x

(32 +3)(—6x)
18(—1)

yarz(—x3+3x—2)— :—x3+3x—2—(x3—x)=2x—2

Phuong trinh duong thang di qua hai diém cuc tri la y=2x-2

X +x+1
b) y="—
x+1

Cich 1: Ty luin truyén thong

TXD: D=R\{-1}

(2x+1)(x+1)=(x" +x+1).1 3?42y
(x+1)’ (x+1)"

x=0

x=-2"

Dao ham )’ = Cho y':0<:>x2+2x=0<:{

Ta c6 bang bién thién:

T [—oc0 =2 —1

I'(x) 0

_'_ p—
-3

Vo6i x=0=y=1.Taco diém cuc tri A(O;l)

0 +oo
-0 +
_|_

N/

oo

Véi x=-2= y=-3.Ta c6 diém cyc tri B(—2;-3)
Phuong trinh duong thiang di qua hai diém cyc tri ciia ham s6 ¢6 dang y =ax+b . Thay toa do

. , 0a+b=1 a=2
hai di€m cuyc tri vao, ta ¢6 h¢ phuong trinh : &
—2a+b=-3 b=1

Phuong trinh duong thang di qua hai diém cyc tri la y =2x+1

Cach 2: Cong thire gidi nhanh ham phan thire
u(x)
v(x)

qua cac diém cuyec tri luén c6 dang y =

(ttr bac hai, mau bac nhét), phuong trinh duong théng di

!(x
(%)
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Ta c6 dao ham tir s6: u'(x)= (x2 +x+1), =2x+1 va dao ham mau s6 V'(x) = (x+1)' =1

Phuong trinh duong thang can tim la: y = 2xtl

S y=2x+1.

Cau4: [PNL] Mot trang trai c6 300 mét ludi thép dé 1am mot hang rao hinh chit E doc theo mét con
song nham muc dich bao quanh hai khu dt trdng trot hinh chir nhat bang nhau (nhu hinh). Phia
giap v6i b song khong can phai rao.

| i _ I
Pt e TR ey

Hoi tong dién tich hai khu dét thu duoc 10n nhat bang bao nhiéu mét vuong?

Tra loi:

Loi giai
Goi x (mét) 1a chiéu dai cia mdi doan hang rao vudng goc voi bo song. Piéu kién: x > 0.
Goi y (mét) 1a tong chiéu dai cia doan hang rio song song voi bo song. Diédu kién: y > 0.
Theo dé bai, tong chidu dai ludi thép 1a 300 mét, do d6 ta c6 phuong trinh chu vi:
3x+y=300= y=300-3x
Pé y>0<300-3x>0=0<x<100
Tong dién tich cua hai khu dét 1a: S =x.y < S(x)=x(300-3x)=-3x" +300x
Cach 1: Sir dung dao ham
Xét ham s6 S(x)=-3x"+300x trén khoang (0;100)
Ta c6 dao ham: §'(x)=—6x+300
Cho §'(x)=0<—6x+300=0=>x=50 (thoa man diéu kién).

Vi hé s6 a =-3<0nén day 1a mot parabol bé 16m hudng xudng, ham s dat gia trji 16n nhat tai
dinh x =50 . Ta 1ap dugc bang bién thién:

r | 0 50 100
C'(x) + 0 —
7500
C(x)

Dién tich 16n nhat 1a: S, = S(SO) =-3.50" +300.50 = 7500

Cich 2: Str dung Bét ding thitce AM-GM / Cauchy
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”1’_

Bién d6i ham dién tich mét chut dé xuat hién tong khong d6i: S = x(300—3x)= 3 3x(300—3x)

Ap dung bét dang thirc AM-GM cho hai s6 dwong 1a 3xva 300—3x

22500

=7500

2
3x(300_3x)g(3x+300—3xj :(300

2
_J =150> =22500 = S <
> 2

Déu "=" xay ra khi 3x =300-3x < 6x =300 = x = 50 (thoa mén).
Khi d6 y =300 —3.50 =150

Vay tong dién tich hai khu dét thu dwoc 16n nhat 13 7500 m? (khi cac canh vudng goc véi song
dai 50m va canh song song v6i song dai 150m).

Cau 5: [PNL] Mot cong ty ban 1¢ dién thoai di dong du bao s& ban dugc 1440 chiée dién thoai mau méi
ra mat trong nam t&i. Chi phi cho mdi lan dat hang (bao gom phi van chuyén, xir Iy, hanh chinh.)
12 2500000 VND. Chi phi luu kho cho mdi chiéc dién thoai trong mot nim (bao goém tién thué
kho, bao hiém, rui ro hu hong.) dugc tinh 1a 500.000 VND. Cong ty muén xéac dinh sb luong
dién thoai can dat trong mdi lan hang (kich c¢& 16 hang) dé tong chi phi ton kho hang nam 1a thap
nhét. Hoi mdi 1an cong ty nén dat bao nhiéu chiéc dién thoai dé tdi wu hoa chi phi?
Tra loi:

Loi giai
Goi x 1a s6 lugng dién thoai can dit trong mdi don hang (kich ¢& 16 hang). Piéu kién: x e N"va
x <1440 Tong chi phi ton kho hang nam C (x) bao gom hai thanh phén:

Tong chi phi diit hang: S6 1an dat hang trong nam 13 1440 (lan)
x
Chi phi dat hang mdi ndam: C,, = 1449 500000 = 2000000000 (VND)
x x

Téng chi phi luvu kho: Luong hang t6n kho trung binh 1a g (chiéc)

Chi phi luu kho mdi nam: C,, = g.sooooo =250000x (VND)

3600000000

Ham tong chi phi cn t6i wu la: C(x)=250000x +
X

Cich 1: Pao ham truyén thong

3600000000

Xétham s6: C(x)=250000x +
X

trén nita khoang (0;1440]

3600000000

2

Dao ham: C'(x)=250000—
X

. Cho C’(x):O:x:120

Ta c6 bang bién thién :
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r | 0 120 1440
C'(x)

— o0 ¥
C(E)\/

Vay can dat 120 chiéc dién thoai mdi lan.

Cich 2: Giai bang Bit diang thirc AM-GM

3600000000 S
x

Vi x> 0nén 250000x >0 va 0

Ap dung bét dang thirc AM-GM (Cauchy) cho hai sé thuc dwong, ta cé:

3600000000

X

3600000000
—_— =

C(x) =250000x +
X

> 2\/ 250000x. C (x) = 60000000

Vay tong chi phi nho nhat 1a 60.000.000 VND.
Dau "=" ciia bat dang thirc xay ra khi va chi khi hai s6 hang bang nhau:

250000x = 3600000000 =x=120

x
Dé chi phi thap nhat, mdi 1an hang nén dat 120 chiéc.

2
/ X +mx+n N C 1 , £ , .
Cau 6: [PNL]Chohamso y= f(x) =—————— co0dothila (C) Céc tham s0 m,n, p dugc xac dinh
X=p

bang két qua ctia phép thir gieo mdt cdp suc sic can dbi dong chat ba 1an mot cach doc lap (m 1a

téng s6 cham xuat hién trong 14n gieo thir nhét, n 13 tong sb chdm xuét hién trong lan gieo thir

hai, p 1a tong s6 chdm xuat hién trong lan gieo thir ba). Tinh xac suat dé d6 thi ham s6 (C ) co

hai diém cuec tri, déng thoi duong th'fmg di qua hai diém cuc tri d6 cét truc tung tai mot diém co

tung d6 16n hon 7 (Két qua lam tron dén hang phéan tram)

Tra loi:

Loi giai
2
Xétham sé: y = f(x)= 21 Txp D=R\{p}.
X—=p
(2x+m)(x—p)—(x2+mx+n)=xz_sz_mp_n
(x=p) (x=p)

DE d6 thi ham s6 ¢6 2 diém cuec tri thi phuong trinh 3" =0, hay tirs6 (x)=x"-2px—mp—n=0

Pao ham: )’ = f'(x) =

phaéi c6 2 nghiém phan biét khac p .
Diéu kién la: A':(—p)z—l(—mp—n)zpz+mp+n>0
Khi do: g(p)=p2—2p(p)—mp—n=—p2—mp—n;t()

Vi m,n, p 1a tong s6 cham cua 2 vién suc sac nén m,n, p € [2;12]

GV. Phan Nhat Linh - @& SDT: 0817 098 716 _




*

CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

y J J J

Do d6: p* +mp+n=2>+22+2=10>0<-p  —mp-n<-1020

Vc’r,i mcei két qua gieo sﬁf: sac, ham so ludn ¢6 2 diém cuc tri: o ‘ ,
Bién ¢6 théa man yéu cau bai toan chi phu thudc vao m (tong s6 cham trong lan gieo thir nhat
cuia mot cdp suc sac), khong phu thude vao n va p.

S chdm gieo dugc cua mat cap suc sicla me {2; 3;4;5;6;7;8;9;10;1 1;12}.

Tong s6 két qua ¢ thé xy ra trong 1 1an gieo 2 vién stc sic 1a n(Q)=6.6=36

Ta can tim s6 két qua thuan lgi cho biéncd m>7T=me {8;9;10;1 1;12}

V6i m=8:Co 5 truong hop (2;6),(3;5),(4:4).(5:3).(6;2)

V6i m=9: Co 4 truong hop (3;6),(4:5),(5:4).(6;3)

V6i m=10: C6 3 truong hop (4;6),(5;5),(6:4)

V6i m=11: Co6 2 truong hop (5;6),(6;5)

Voéi m=12:Co6 1 truong hop (6;6)

Tong s két qua thuan loi cho 1an gieo thir nhét 1a: 5+4+3+2+1=15

Xac suat dé m > 7 la: P=1—523z0,42
36 12
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( 4 ”~ Y
DE REN LUYEN 03: TOAN THU'C TEPON PIEU VA CUC TRI
Chuyén dé tinh don diéu ctia ham s6 gom 1y thuyét va vi du minh hoa
Swu tam va bién soan: Phan Nhat Linh | KETNOITRITHOC
Tai liéu khéa hoc luyén thi THPT Quéc Gia theo chuwong trinh mé&i

PHAN I. Cau tric nghiém nhiéu phwong an lya chon. Thi sinh tra 10i tir cdu 1 dén cau 12. Mdi cau hoi
thi sinh chi chon mgt phuong an.
Cau1: Mot vat chuyén dong véi van toc (m/s) duge xac dinh bai ham sé f(¢) =—1> +3¢* v6i t 2 0. Khi

do f '(t) la gia tdc cua vat tai thoi diém ¢ (gidy). Van tdc cua vat dat duge cao nhét trong khoang

thoi gian 3 gidy dau 1 bao nhiéu (m/s)?
A. 6. B. 2. C. 4. D. 3.
Loi giai

Taco: f'(¢)=-3¢ +6t=0c>{t

Bang bién thién:

t To 2 3
£'(t) + 0 -
4
£(t)

Van tdc cua vat dat duge cao nhat 1a 4 (m/s)
Cau2: Doanh sb ban hang ctia mét loai san pham (chuc triéu dong) trong mot phién livestream ban hang
C e L A 3t e . 3
kéo dai sau gio theo quy luat ham so f (t) =—-,0<7<6 trong do thoi gian ¢ dugc tinh bang
e?
gi® ké tir khi bt dau livestream. Khi d6, dao ham f”(¢) s& biéu thi toc dd ban hang. Hoi sau bao
nhiéu gio ké tir khi bat ¢au phién livestream thi doanh s6 ban hang 1a 16n nhat?
A. 5 gio. B. 3 gio. C. 1 gio. D. 2 gio.
Loi giai

Ta c6: f’(t):6_?t:0<:>6—3t:O<:>t:2.Béngbiénthiénvc’yi 1 €[0;6]:
2¢?
t |o 2 6
() + 0 —
2,21
f(@)

Vay sau 2 gid ké tir khi bat dau phién livestream thi doanh s ban hang 1 16n nhat,
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Cau3: Mot clra hang ca phé ban ca phé espresso, nhan thy rang loi nhuén ctia ctra hang y (tinh theo
don vi triéu dong/ngay) phu thudc vao gia ban x (chuc nghin dong) mdi ly espresso. Qua khao
sat, clra hang mo ta lgi nhuan theo ham s6 sau: y=-2x* +36x* —90. Héi cira hang nén chon
murc gia mdi ly 1a bao nhiéu dé loi nhuén t6i wu nhat?

A. 10 nghin dong. B. 20 nghin dong. C. 30 nghin dong. D. 40 nghin dong.
Loi giai
Ta c6: y' =—8x" +72x va giai phuong trinh ) =0= B i 33
Véi dd thi ham béc 4 trang phuong hé s6 a <0, ta chon x =3 dé ham sb dat cuc dai.
Vay gia ban dé t6i vu loi nhuan 13 30 nghin dong/ly.

Cau4: Tdc do trung binh y (km/h) ctia mot chiée xe bus phu thudc vao sb lugng hanh khach x (ngudi)

trén xe, dugc biéu dién boi ham s6 y = % . Hoi téc d6 trung binh cua xe bus khi khong
,9x +
c6 khach 1a bao nhiéu?
A. 60 km/h. B. 70km/h. C. 120km/h. D. 40km/h.
Loi giai
Khi khong ¢6 khach trén xe, tacé x=0 suyra y = —20+120 =60
0,5.0+2

Cau5: Khi loai thudc 4 duoc tiém vao bénh nhén, néng dd mg/L cua thude trong mau sau x phut
30x
X +2
(2015). Calculus. Cengage Learning). Dé dua ra nhimng 10i khuyén va cach xtr li phtt hop cho
bénh nhan, ta can tim khoang thoi gian ma ndng do ctia thudc trong mau dang tang. Em hiy cho

(ké tir khi bt dau tiém) dugce x4c dinh béi cong thie: C(x) = (Nguon: James Stewart, J.

biét ham néng do thude trong mau C (x) dat gia tri cuc dai 1a bao nhiéu trong khoang thot gian

6 phut sau khi tiém (két qua lam tron dén hang phan muoi)?

A. 1L6. B. 10,6. C. 10,5. D. 10,7.
Léi gidi
_ 2
Xétham sé y=C(x)= EOx trén khoang x € (0;6) ¢6 y'=30x—+?0
X +2 (x2+2)
3022 5
y':O<:>30x—+?0:0<:> =2 do xe(0;6):>x=\/§.
(x2+2) x==2
Bang bién thién:
r 10 V2 6
Y + 0 -
152
Y 2 90
0 19
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2 (mg/L)~10,6(mg/L) trong

Néng do thude trong mau C (x) dat gia tri cuc dai la 15

khoéang thoi gian 6 phut sau khi tiém.
Chu 6: Mot chuyén dong thing xac dinh boi phuong trinh S(7)= %ﬁ —32+5t+2 v6i t >0, trong d6

¢ tinh bang gidy va s tinh bang mét. Trong khoang thoi gian nao van tdc cua vat ting?
A. (0;400). B. (0;3). C. (—4+x). D. (3;+x).
Loi gidi
Ta c6 van toc ctia chuyén dong tai thoi diém ¢ bang dao ham cip mot cua phuong trinh chuyén
dong tai thoi diém ¢.
1 !
Ta co: v(1)=8"(1)= (gﬁ —3t7 + 5t + 2) =1’ —61+5

Xétham s6 v(t)=1"—6t+5 v6i 1>0.Taco V(1) =2t—60<21-6=0<1=3

Bang bién thién:

t 0 3 “+ oo
”U'(t)

I~

Ttir bang bién thién ta c6 trong khoang thoi glan 3 +oo thi van tdc cta vat tang.

Cau7: Gia su s6 lugng quan thé ndm men tai moi truong nudi cdy trong phong thi nghiém dugc mo

hinh héa bang ham s6 P(t)= trong d6 thoi gian ¢ duoc tinh bang gio. Toc do sinh

0,25+’
trudng cta quan thé ndm men & thoi diém ¢ dwoc tinh theo cong thirc P'(t) .S6 lwong quan thé

nam men c6 thé tang 1én nhung khéng vuot qua bao nhiéu

A. 99. B. 101. C. 100. D. 102
Loi giai
, , 18, 75- 6_0’75t X A I A K ~
Taco P'(1)= ~>0,V¢>0. Suy ra s6 lugng quan thé nam men dugc nudi cay ludn
(0.25+¢°7)
tang.
Ta lai c6 lim P(7)= llmL =100.
t—+0 [—)+000 25 0 s

Do d6, s6 lwong quan thé ndm men ting nhung khong vuot qua 100.
3
Cau8: Mot chit diém chuyén dong theo phuong trinh s(t) = —% +91* —17t+10, trong d6 ¢ tinh bang
gidy va s tinh bang mét. Trong 30 gidy dau tién, chat diém c6 van tdc tirc thoi giam trong khoang
thoi gian (a;b). Gid tri cua biéu thie P=3b—4a la
A. 47. B. 54. C. 39. D. 63.
Loi giai
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Cau 9:

Cau 10:

Cau 11:

yV J/ J /4

Vién toc tire thoi ciia chat diem 14 v(r) =s'(r) =—> +18-17.

Gia toc tire thoi ciia chat diem 14 a(1)=v'(1)=-2¢+18

Vi van tdc tirc thoi cta chat diém giam nén a(t) <0 2t+18<0&1>09.

Do d6, trong 30 gidy dau tién, chit diém c6 van tdc tirc thoi giam trong khoang thoi gian (9;30)

Suyraa=9, b=30 nén P=3b—-4a=54.

Su ting trudng ciia mot loai virut duge xac dinh béi ham sb p(1)= , trong d6 ¢ 1a thoi

1+ 7%

gian duogc tinh theo ngay, tdc do ting truong cua virut duoc tinh theo ham s6 p'(t). Thoi gian

tang trudng cua loai virut trén thudc khoang (O;aln b) v6i a,beN.Khi d6 a+b bing

A.12. B. 14. C. 15. D. 36.
Loi giai
. \ . , .z , 1120.e"*
Tde do tang trudng cua virut dugc tinh theo ham sé y = p (t) = W , 120,
e +7
, 0,2¢ 224 0,2¢ 7 _ A0,2t
Xét ham so y:g(t)z%,cé g'(t)= c ( f )
(eO,Zt +7) <e0,2t +7)

g(t)=07-e"*=0<1=5In7.
Ta c6 bang dau ciia g'(¢) nhu sau:

¢t |o 5in7 +0

g | + 0 -

Dua vio bang trén ta thiy thoi gian ting truéng cla virut s&é nam trong khoang (0;5 In 7)

Vay a+b=12

Van tbc clia mot tau con thoi tir lic cit canh tai thoi diém 7 =0 (s) cho dén thoi diém 7 =126(s)
dugce cho bai cong thire v(¢) =0,0013027° —0,09029¢” +83 (vén toc duge tinh bing don vi fi/s).
Hoi tai thoi diém tau con thoi dat gia tdc nho nhat thi véan tdc tau con thoi gén béng bao nhiéu?
(Két qua lam tron dén hang phan tram).
A. 22,81. B. 23,81. C. 23,03. D. 20,84.

Loi gidi
Ta co: a(t) = v’(t) =0,003906¢> —0,18058¢

Bang bién thién ciia ham a(t) =0,003906¢> —0,18058¢ .
Thoi diém tau con thoi dat gia tdc nho nhat 1a 7 ~ 23,1157
Khi do: v(23,1 157) =0,001302¢’ —0,09029¢* + 83 ~ 20,84 ft/s

Mot tia sang phat ra tir diém A(O;3) trong khong khi (van toc anh sang trong khong khi bang

v =c, voic=3.10° m/s), truyén t6i diém B (6;—4) trong nudc (van toc anh sang trong nudc 1a
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v, = %Tc). Mit phan cach giita khong khi va nudc 1a duong thang y =0 (truc hoanh trong mat

phang toa d6 Oxy ). Gia sir tia sang di qua M (x,O)trén mit phan cach dé tong thoi gian truyén
1a nho nhét. x bang bao nhiéu? (Két qua 1am tron dén hang phan trim).
A. 3,32. B. 2,97. C. 4,59. D. 5,22.
Loi giai
Gia su tia sang di qua M (x,O) trén mat phan cach.

Suy ra AM =(x;-3); BM =(x—6;4) = AM =x* +9; BM = [(x=6) +16..
7 . , : P19 4f(x—6)+16 ,
Tong thoi gian &nh sang ditor 4 dén B la: + 3 , dé thoi gian nhé nhat thi
c c

4(x-6)" +16 , ~
T(x)=vx*+9 + \/(XT nho nhét. Khi d6 T(x) = ———+ 4(x-6)
3 VXt +9 3(\/()(_6)2”6)

o X N 4(x—6)
V¥ +9 3( (x—6)2+16)

T'(x)zO =0=>x~3,32.Vay x~3,32

Cau 12: Nong do C cua mot hoa chit sau ¢ gid tiém vao co thé dugc xac dinh boi cong thic sau day

3¢ . , A A A A . 1z 1
C (t) = T+ v6i £ 2 0. Sau khoang bao nhiéu gi¢ ti€ém thi nong do cua hod chat trong mau 1a

27+t
16n nhat?
A. 2,38. B. 3. C. 2,12. D. 13,5.
Loi giai
Ta co C'(t)= 3(27+t3)_it'3t2 = 81_6t32 co {C,(t)zocn:i.
(27+7) (27+7) t>0 NP

Ta c6 bang bién thién:

t 0 \35 oo
C’(t) + 0 -
6
c) M\
0 0

Do d6 ¢ thoi diém % ~ 2,38 gid thi ndong d6 cta hoa chit trong mau 13 16n nhat.

Cau 13: Mot phﬁn duong ray tau luon siéu tde co dang dd thi ham sb bac ba duogc cho boi cong thirc sau
day: y= f(x) =ax’ +bx’ +cx+d(a # 0). Truc Ox md ta quing duong di cta tau di chuyén
theo chiéu ngang ( tinh bang mét). Truc Oy md ta chiéu cao clia dudng ray ( tinh bang mét) tai
mdi vi tri ciia x . Chiéu cao xut phat cta tau 1a 50 m. Tau xudng dudi mat dt 1an thir nhat tir vi
tri x =20 m, tau 1én khoi mat dat ¢ vi tri x =50 m va sau d6 xudng dudi mat dat lan thir hai & vi
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tri x=100m. Xét x € [20;100] , khi do6 tau cach mat dat mdt khoang 16n nhat bang bao nhiéu
mét?

A. 50, B.@. C. 30. D. 18
Loi giai
Ta co: f(x) = a(x—20)(x—50)(x—100)
Vif(0)=50=a :féo nén f(x) =#(1)0(x—20)(x—50)(x—100)
=80
3¢ 17 o

. 7 /] — i _4 ! —

Khido f(x) 2000+100x , f(x)=0 x:%

Vi x=80=> y=18 va x=-20 _, ,_ =200
3 27

Vi |18| > —200 Tau cach miat dat mot khoang 16n nhit bang 18 m

Cau 14: Gia st doanh so (tinh bang s6 san pham) cia mot san pham mdi (trong vong mdt s6 ndm nhat

dinh) tudn theo quy luét logistic dugc md hinh hod bang ham s6 f(¢)= 15000
+

t >0 trong do

—t 2

thoi gian ¢ duge tinh bang ndm, ké tir khi phat hanh san pham méi. Khi d6, dao ham f"() s&

biéu thi tc do ban hang. Hoi sau khi phat hanh bao nhiéu ndm thi toc do ban hang 1a 16n nhat?

A. 1,5 nam. B. 1,4 nam. C. 2,1 nam. D. 1,6 nam.
Loi giai
Ta co: f'(t) = _5000(1 . Si_t)’ = 250006_;
(1+5¢7) (1 +5e-’)
Tdc d¢ ban hang 1a 16n nhat khi f7(¢) 16n nhét. Pat h(r)= M.
(1 + Se”)

~25000¢” (1+5¢™) ~2+(=5¢)-(1+5¢™ )- 25000¢ ™

H(t)= —
(1 +5e )

_ —25000¢” (1+5¢7)(1+5¢™ —10e™) _ —25000¢” (1-5¢7)
- (1+5¢7)’ o (1+3e)
n(t)=0< ~25000e” (1 _ 534) =0 ©1-5¢"'=0<e' = % <t =In5(tm)

(1 +5¢” )3

Ta c6 bang bién thién véi ¢ €[0;+0):

t |0 In5 400
' (t) + 0 —

1250
h(t)
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Vay sau khi phat hanh khoang In5 ~1,6 nim thi thi tbc d6 ban hang 1a 16n nhat.

Cau 15: Trén mot doan dudng, mot xe chay véi toe dd khong ddi v6i chi phi bao tri bao gdm hai phén.
Phan thir nhat khong phu thudc vao tde do va mat 400 nghin dong/gid. Phan thir hai ti 18 thuan
v6i binh phuwong ctia van tdc, khi v =20 (km/h) thi chi phi phan tht hai 1a 100 nghin ddng/gid.
Téng chi phi bao tri ctia xe khi chay 10 km 14 bao nhiéu?

A. 20000 nghin déng. B. 100 nghin ddng.  C. 40 nghin dong. D. 200 nghin dong.
Loi giai
Goi van toc xe chay 1a x (km/h).

Thoi gian xe chay hét 10 km 1a 10 (gi0).
X

Chi phi phan thir nhat 1a C, = 400,12 nghin dong.
X

Gia st chi phi phan thtr hai C, =k»*.Tai v=20 thi C, =100 suyra k= % = %
Khi d6, téng chi phi phan tht hai la C, = i'xz‘(&j = 5—2" nghin dong.
X
4000 5x

Tong chiphila C=C, +C, =——+ > nghin dong.
X

4000

X

Do

+ SEx >2, / 4000 SEx =200 (nghin dong) nén téng chi phi nho nhét 1a 200 (nghin dong).
X

PHAN II. Cau tric nghiém ding sai. Thi sinh tra 101 tir cau 1 dén cau 4. [PNL] Trong mdi y a), b), ¢), d)

& moi cau, thi sinh chon dling hodc sai.

Caul: Mot chat diém chuyén dong trén truc Ox véi phuong trinh x(7)=—# + 6> (x tinh bing mét, ¢
tinh bang gidy, v6i t > 0).
a) Trong khoang thoi gian tir £ =0 dén ¢ =3 gidy, chat diém chuyén dong nguoc véi chidu duong
cua truc Ox .

b) Van tdc trung binh ctia chat diém trong khoang thoi gian tir £ =0 dén ¢ =4 gidy bang 6 m/s.
¢) Van tdc dat cuc dai tai thoi diém ¢ =2 gidy.
d) Trong khoang thoi gian tir £ =2 dén ¢ =4 gidy chat diém chuyén dong cham dan.
Loi giai
Van tdc tire thoi clia chét diém tai thoi diem ¢ 1a: v(¢)=x'(r) =3¢ +12¢.

a) Sai: v(t)=-3t"+12r=3t(4—1)>0, V:0<t<3,

Vay trong khoang thoi gian tir =0 dén ¢ =3 gidy chat diém dong theo chidu duong cua truc
Ox.

b) Sai: Taco x(0)=0; x(4)=32 nén v, = M = % =8(m/s)

4-0
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Cau 2:

Cau 3:

y J/ J /4

c) Pung: Ta c6 v'(1)=—61+12 vagiai V(1) =0 -6/ +12=0<1=2.

Ta thay v'(t) ddi dau tir duong sang 4m khi qua # =2 nén van toc dat cuc dai tai 1 =2.
d) Pung : Taco a(t)=Vv'(r)=—6t+12 vagigi a(t)=0= -6 +12=0=1=2.

Trong khoang thoi gian tir £ =2 dén ¢ =4, ta thiy a(t) <0 va v(t) >0.

Vay chit diém chuyén dong cham dan trong khoang thoi gian tir £ =2 dén t =4 gidy.
Mot chit diém chuyén dong trén mot truc ndm ngang, chiéu dwong tir trai sang phai. Gia sir tai
thoi diém t gidy (7> 0), vi tri ctia chat diém duge xé4c dinh boi cong thie:
S(t)=-1+9¢* +21¢+1 don vi mét.
a) Vi tri chat diém tai thoi diém 4 gidy 1a 164m.
b) Van toc dat duoc ctia chat diém tai thoi diém 2 gidy 1a 45(m/s).
¢) Gia toc ctia chit diém tai thoi diém chat diém dimg lai 13 36(m/s?).
d) Vi tri chat diém tai thoi dién van toc dat gia tri 16n nhat 1a 118 m.
Loi giai
a) Sai: Taco: S(4)=—4"+9.4"+21.4+1=165m
b) Pung: Van tdc ctia chat diem 1a v(r)=8"(¢) =-3¢> +18¢ +21.

Do d6: v(2)=-3.2> +18.2+21=45(m/s).

C t=-1
¢) Sai: Khi vat dimg thi van toc bang 0 nén v(¢)=S5'(¢)=0< L g
Vay gia toc clia chat diém tai thoi diém n6 dimg a(7)=S"(7)=—6.7+18 =24 (m/s?)

d) Ding: Ta co: v(1)=8"(¢)=-3¢* +18t+21va a(t)=v'(1)=—61+18.

Ta c6 bang bién thién:

i 0 3 “+oo
v'(t)

+ 0 —
28
v(t) / \
21 — 00

Vay van toc chat diém 16n nhat tai thoi diém ¢ =3, khi d6 vi tri chat diém c6 toa do theo phuong
ngang la: S(3) =-3+93"+213+1=118m.

Gia st mQt vat chuyén dong trén mot duong thang vuong goc voi mat dat. PO cao cua vat so véi

mat dat (don vi: mét) tai thoi diém ¢ (gidy) 1a A(¢) = —%f +42+97, 0<£<10.
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a) Ham van toc cta chuyén dong néi trén 1a v(t) =—t> +8t+9 (don vi: mét/gidy).

b) Van tdc triét tiéu tai thoi diém ¢ =4 (gidy).
¢) Trong 10 gidy ddu tién, vat chuyén dong 1én trén.
d) Vat ¢6 vén tdc tirc thoi 16n nhat bang 25 mét/gidy trong 10 gidy dau tién.
Loi giai
a) Pung: v(r)=s'(¢)=—"+8+9 (don vi: mét/giy).
b) Sai: v(t)=0<—1*+8+9=0,lucd6 vi 0<7<10 nén =9 (giay).
¢) Sai: Vi 0<7<10 thi: v(¢)>0 khi 0<r<9
v(t) <0 khi 9 <7 <10 nén trong khoang thoi gian 9 <# <10 thi vat chuyén dong xudng dudi.
d) bung: v'(t) =2t +8 ta lap bang bién thién ctia ham s6 v(t) , 0<¢<10 ta c6 van toc tirc thoi
dat gi4 tri 16n nhit bang 25m/s.

Cau4: Kim ngach xuat khau rau qua cia Viét Nam trong cac nam tur 2010 dén 2017 6 thé duoc tinh
xap xi bang cong thie f(x)=0,01x’ —0,04x” +0,25x+ 0,44 (tiUSD) véi xla s6 nam tinh tir

2010 dén 2017 (0<x<7).(Theo: https://infographics.vn/interactive-xuat-khau-rau-qua- du-
bao-bung-no-dat-4-ty-usd-trong-nam-2023/116220.vna)

a) Téc do thay déi ciia kim ngach xuat khau f”(x)=0,03x> —0,08x +0,25

b) Téc do thay ddi cua kim ngach xuat khau thap nhat trong cac ndm tir 2010 dén 2017 bang
0,2 (Két qua lam tron dén hang phan chuc )

¢) Kim ngach xuat khau rau qua ciia Viét Nam ting lién tuc trong cac nam tir 2010 dén 2017.
b) Ty 18 toc do thay ddi so véi gid tri kim ngach xuat khau 16n nhat dau nam 2015
Loi giai

a) Pung: Toc d6 thay doi clia kim ngach xuat khau: f '(x) =0,03x”> —0,08x +0,25

b) Dung: f"(x)=0,06x—-0,08; f"(x)=0=0,06x—0,08= O:>x:§

T 0
f’f(;n) _

() \ﬂ/
300

Téc d6 thay doi ciia kim ngach xuét khau thip nhét bang % ~0,2

(=2 I-R N

¢) Pung: Xét f'(x)=0,03x>—0,08x+0,25

= A'=(~0,08)° —0,03.0,25=—— 1 <0
10000
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Cau 5:

y J/ J /4

ma a=0,03>0= f"(x)>0 Vxe R = f(x) luon ddng bién trén [0;7]
Vay kim ngach xuét khau rau qua cta Viét Nam ting lién tuc trong cac nam tir 2010 dén 2017.
d) Sai: Ty 18 toc do thay ddi so véi gié tri kim ngach xuét khau:

T(x)_f’(x)_ 0,03x* —0,08x+0,25  3x>—8x+25
f(x) 0,01x° —0,04x*> +0,25x + 0,44 x> —4x*> +25x +44

r(x) (6x—8)(x —4x + 25x +44) — (3x” — 8x + 25)(3x* —8x + 25)
xX)=
(x —4x* + 251+ 44)

Dé T'(x) dat gi4 tri 1on nhat du ndm 2015 tmg véi x =5 =>diéu kién can 1a 7'(5)=0

Ma T'(5) = 167 o= Ty 1é toc do thay doi so voi gia tri kim ngach xuét khau 16n nhat khong
9409

xay ra dau nam 2015.

Trong mot cong vién toan hoc, & mot mat cia bo hd nguoi ta xay dung mot duong di co dang 1a
mot phan cta dd thi ham sd bacba y = f (x) (C ) . Do thi (C ) nam trén mit phéng Oxy ma mdi
don vi trén méi truc Ox , Oy tuong tng v6i do dai 10 mét. Biét (C ) c6 mot diém cuec tri co toa
do (1;2) va ¢ tam d6i xtng 1a gdc toa do O. O giita hd ngudi ta xay dung mot khu vui choi co
dang 1a hinh tron (H ) ¢6 ban kinh bang 20 mét va co toa do tam la A(l 1;—1) . Nguoi ta thiét ké
mot cay cau tir mot diém trén (C ) dén (H ) sao cho do dai cdy cau 1a ngan nhat. Biét chi phi
1am mdi mét theo chiéu dai cdy cau la 100 triéu dong.

Ay

a) Ham so f'(x)=-2x"+4x.

b) Puong thing di qua hai diém cuc tri ciia ham s6 c6 phuong trinh y = 2x

c) Puong bién cta khu vui choi hinh tron () ¢ phuong trinh (x—1 1)2 +(y+ 1)2 =400.

d) Chi phi lam cy cau trén 1a 7055 triéu dong (Két qua 1am tron dén hang don vi cua triéu dong)
Loi gidi

a) Sai: Goi phuong trinh f(x) =ax’ +bx* +cx+d
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Vi (C ) qua O nén d =0, tim dbi xtmg O nén diém cyc tri thir hai 13 (—1;—2)

at+b+c=2 a=-1
Vi (C) c6 diém cuec tri (1;2) va (—1;—2) nén<s—a+b—-c=-2<< b=0 :>f(x)=—x3 +3x
3a+2b+c=0 c=3

b) Btng: D& thiy duong thang qua 2 diém cuc tri (1;2),(—1;—2) la y=2x

¢) Sai: Vi mdi don vi trén truc tmg véi 10 mét do dai nén dudng tron 1a bién cua (H ) c6 phuong

trinh (x—11)" +(y+1)" =4 (T)

d) Pung: Goi diém chan cdu trén (C) 1a M (x;—x +3x) va diém chén céu trén (H) 1a N thi
dé thdy N 1a giao ctia AM v6i (T) nén ta cO MN = AM —2.

Vi vy MN nho nhit khi AM nho nhit <> AM? =(x—11) +(~ +3x+1) =g(x)

Dung dao ham hoic casio hodc dung ¥ nghia tiép tuyén ta dé dang thay g(x) dat gia tri nho nhat
bang 82 khi x =2

Tir d6 chi phi 1am cdy cau nay 1a (\/@ - 2).10.100 ~7055 triéu dong.

PHAN III. Cau tric nghié¢m tra 1oi ngin. Thi sinh tra 10i tir cau 1 dén céu 6.

Cau 1: Céc nha khoa hoc tinh toan phuong an tiép can sao hoa cho tau d6 bo theo cach tiép can théng
dung va ddt chay cac tén lira hdm & d6 cao 250 km so v&i bé mit ciia Sao Hoa. Trong khoang
60 gidy dau tién ké tir khi dbt chay cac tén ltra ham, dd cao & ctia con tau so voi bé mit Sao Hoa
dugc tinh (gan dung) béi ham /(1) =-0,02¢" +2¢* —40¢ + 250, trong d6 ¢ 1a thoi gian tinh bang

gidy va h 1a d9 cao tinh bang kilomét. Biét vén toc tire thoi cla con tau giam trén khoang (a;60)

v6i a 1a sb thye duong nho nhat. Tim a (Iam tron dén hang phan chuc)
Tra loi:

Loi giai
Ta co: v(1)=H'(t)=-0,06¢> + 41— 40 va dao ham v'(1)=—0,12¢ +4.

Giai phuong trinh V(1) =0 < 0,12/ +4=0<1 = %

Bang xét dau cua V() 1a

¢ 0 % 60
v + 0 _

A \ A . + A A 100 A A A ’ Nl 5 B [y A
Ta thay ham so v(t) nghich bién trén (T;60j nén van toc tirc thoi ciia con tau giam trén

khoang (%;60) nén q = % ~33,3.
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Cau?2: Xét chét diém chuyén dong doc theo truc Ox. Toa do cua chat diém tai thoi diém ¢ duoc xac

dinh béi ham sé x(¢) = gﬁ - %ﬁ +13¢+1 v6i £ > 0. Khi d6 van téc v(¢) cla chat diém tai thoi

diém ¢ 1a x’(t) . Biét van tdc cua chit diém ting trén khoang (a;+00) v6i a 1a s6 thuc duong

nho nhit. Tim @ (1am tron dén hang phan trim)
Tra loi:

Loi gii
Ta c6: v(t)=x'(t)=4> =17t +13 c6 dao ham V/(¢) =8¢ -17.

Giai phwong trinh dao ham V(1) =08 -17=0<1¢ :%7 .

Bang xét dau cua V() 1a

t 0 2,125 +00

V' (t) - 0 +

Ta thdy ham sb v(t) dong bién trén (%;-FOO) nén van toc ciia chat diém ting trén khoang
1—7;+oo nén a:1—7z2,13.
8 8

Ciu 3: Doanh s (tinh bang s6 san pham) ctia mot loai san pham méi trong mot s6 nam nhét dinh dugc
3000
1+10e™”

tir khi phéat hanh san pham d6. Dao ham f() biéu thi tbc d ban hang. Toc d¢ ban hang ting

m hinh héa bang ham s6 f ()= trong d6 ¢ > 0 1a khoang thoi gian tinh bang nam ké

lién tuc trong khoang bao nhiéu nim? (Két qua lam tron dén hang phan chuc)
Tra loi:

Loi giai

: —3000(1+10e™ ) »
T6c do ban hang f'(¢) = (1+10¢) _ _30000e

(1+10e7)  (1+10e7)

Xéthamsé g(r)= % trén [0;+00)
+ 10e

Taco /(1) =30000 —e'(1+10¢™ )2 ~e"20(1+10¢")(~e”)  ~30000¢ (1-10¢)
a co = . _
g ) e

g'(t)=0<:>1—IOe_t =0<1r=Inl0

Bang bién thién ctia ham sb g(t)
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t 0 In10 + o0
g'(t) - 0 =
g(In10)
g(?)
30000 0

Tt bang bién thién ta ¢ ham s6 g(t) ddng bién trén khoang (O; lnlO) )

Viy tc d6 ban hang ting lién tuc trong khoang ¢ =In10~ 2,3 nam.

Cau 4: Mot chat diém chuyén dong trén truc Ox theo phuong trinh x = 2sin(%t + %), trong d6 x lali

do6 cua chat diém tai thoi diém ¢ gidy. Trong 10 gidy dau tién, ¢ thoi diém nao chat diém bét dau
chuyén dong theo hudéng duong cua truc Ox ?
Tra loi:

Loi giai
Chét diém chuyén dong theo huéng duong khi li 6 x ting hay ham s6 x =2sin [%t + %j dong
bién.

Xét ham s6 x = 2sin| Z¢+2Z | trén [0;10] c6 dao ham x’(t)=£cos(£t+z .
4 2 2 4 2

Xét phuong trinh x’(t)=0<:>cos(%t+%j=0<:>%t+%=%+k7z ot=4k, (keZ).

Ta co: OStSlO@OS4kS10<:>OSkS§.D0 keZ=k=0k=1k=2 :>te{0;4;8}

t [0 4 8 10
Z'(t)

+ 2
" OQK\\\\\\ ,/’//////, \\\\\\\\
—2 0
Duya vao bang bién thién ta thiy chit diém bt dau chuyén dong theo chiéu duong tai thoi diém
t=4 giay

Cau 5: Nhan dip Ngay Phu nit Viét Nam 20 - 10, cau lac bd M1 thuat cua Minh muén td chirc kinh doanh
thiép chuc mimg ngay 20-10 dé giy quy sinh hoat cho cau lac bo. Mdi tdm thiép mua vé voi gia

10 nghin ddng. Cac ban trong cau lac bg s& sang tac thém ndi dung ciia thiép (vé thém hinh anh
ngudi, hoa co, 10i chiic....) va sau d6 ban lai. Vi mirc gia ban 25 nghin ddng cho mot tim thiép,
cau lac bo c6 thé ban dugce 600 chiéc. Néu giam gia ban 1 nghin ddng mdi tim thiép thi sé luong
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hang bén ra s& ting thém 50 chiéc. Vay cau lac bd nén dit gia ban bang bao nhiéu nghin dong

dé gay quy duoc nhiéu quy sinh hoat nhat?
Tra loi:

Loi giai
Goi x (nghin dong) 1a s6 tién giam gia cho mdi tm thiép, 0 < x < 25.
S6 lugng tAm thiép ban ra 1a 600+ 50x (chiéc).

Ham chi phi cho 600+ 50x tdm thi¢p 1a (600+50x).10 (nghin dong).

Ham doanh thu cho 600+ 50x tdm thiép la (600 +50x)(25—x) (nghin dong).
Khi @6 lgi nhuan ma céau lac bo thu duoc 1a
P(x)=(600+50x)(25-x)—(600+50x).10 = (15 —x) (600 +50x) = 9 000 +150x — 50x".

Bai toan tro thanh, tim gia tri cuia x voi 0<x <25 dé P(x) =-50x> +150x +9 000 dat gia tri

16n nhat.
Tacod P'(x)=-100x+150=0 khi x=1,5.
Xét trén doan [0; 25],ta c6: P(0)=9 000; P(1,5)=9112,5; P(25)=-18 500.
Dbi chiéu cac két qua vira tinh ta dugc P(I,S) =9112,5 (nghin d6ng) 13 gia tri 16n nhat ciia ham
loi nhuén. khi 0 <x <25.
Vay cau lac bo nén dit gia ban méi bang 23,5 nghin dong thi s& gay dugc nhidu quy sinh hoat
nhét.
Cau 6: Mot chiéc pha chay giita dat lién va mot hon déo. Pha c6 cong suét tdi da 1a 1000 xe hoi mdi

chuyén nhung viéc tai gan hét cong suit rat ton thoi gian. Biét rang sb luong xe hoi dua 1én pha

mdi chuyén la 1 (t) = 22(;0();
+

va mat mot khoang thoi gian 1a ¢ gid. Mdi xe can trung binh 3,6
gidy dé di chuyén xubng khi dén diém dich. Tong thoi gian di chuyén dén dao va thoi gian vong
vé mat 1,28 gid. Nén tai bao nhiéu xe 1én pha cho mdi chuyén di dé luong xe trung binh di

chuyén qua lai dao mdi gio dat 16n nhat? (Két qua lam tron dén hang don vi)

Tra loi:

Loi giai

bé dua f (t) xe 1én pha thi can ¢ gio nén tong thoi gian dé dua [ (t) xe qua dao hodc tir déo vé

. 3,6 .
bang: ¢ +— t)+1,28 (gio
g 3600f() (gi0)

Iml GV. Phan Nhat Linh - @& SDT: 0817 098 716
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2000¢
. . x S t
SO xe di chuyén trung binh mdi gio bang: g(¢)= /(1) = 2 +1
3,6 3,6 2000¢
+ f(1)+1,28 1+ ) ,
3600 3600 27+1
Rut gon biéu thuc ta thu duoc g(t) = 123 g 0
2t +->—+5,56
Ap dung bt dang thtrc Cauchy cho hai sé duong 2¢ va 1,28 ta duoc: 2f + 1,28 >2.[2t. 1,28
t
Suy ra g(1)= 12;);)0 < 2000 _ 50000
2t+ ’t +5,56 2, /2x.1’28 +5,56 219
t
1,28

Dau bang xay ra khi 2¢ = &2 =1281=0,64 =1=0,8

Viy dé lugng xe trung binh di chuyén qua lai dao mdi gio dat 16n nhat can tai 1én pha mdi chuyén
la f(0,8)~615 xe.

GV. Phan Nhat Linh - & SDT: 0817 098 716
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BUOI 04: MAX MIN CUA HAM SO

Chuyen d@ tinh don diéu cua ham sb goém ly thuyet va vi dy minh hoa

............................................................................................................................

_' LY THUYET CAN NHO

1. Dinh nghia
Cho ham s6 y= f (x) xac dinh trén tap hop D.

S6 M duogc goi 1a gia tri 16n nhit (GTLN) cia ham s6 y = f(x) trén D, néu f(x) <M véimoi xeD
va ton tai X, € D sao cho f(xo) =M .Kihiéu: M = mgxf(x)

S6 m duoc goi 1a gia tri nho nhat (GTNN) cta ham sd y = f(x) trén D, néu f(x) >m véimoi xeD

va ton tai x, € D sao cho f(x,)=m.Kihiéu: m =mDinf(x)

Chii y: Ta quy udc khi chi n6i gia tri 10n nhat hay gia tri nh6é nhit cia ham s y = f (x) (ma khong cho 1o
tap hop D) thi ta hiéu d6 1a gi tri 16n nhat hay nho nhét ciia ham sé y = f (x) trén tap xac dinh ctia no.
Nhan xét: Néu biét dd thj ctia ham sb trén tap hop D, tacod thé xac dinh duogc gia tri 16n nhét va gia tri nho
nhat ctia ham sb trén D .

LY VY
M

“E%

U[
!
i

2. Dinh Iy

Moi ham s6 lién tuc trén doan [a;b] déu c6 gi tri 16n nhét va gié tri nho nhat trén doan do.
| Y \Y

M = f(b) M = f(a)

m = f(a)t m = f(b)

ol « b ol @ b

a) Néu ham s6 f'(x) dong bién trén doan [a;b] thi r[neg(f(x) =f(b) va r[ninf(x) = f(a)

b) Néu ham s6 f(x) nghich bién trén doan [a;b] thi r[nzﬁ(f(x) = f(a) va min f(x) = 1(b)

GV. Phan Nhat Linh - & SDT: 0817 098 716
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Quy tic tim gia tri 16m nhit va gia tri nhé nhat trén mt doan

Xétham sb y = f(x) lién tuc trén doan [a;b]

Buée 1: Tim céc diém x,;x,;...;, trén khoang (a;b), tai @6 f'(x) bang 0 hodc f’(x) khong xéc dinh
(goi 1a cac diém t6i han)

Buée 2: Tinh cac gid tri f(a); /(%) /(x,)5-/(x,); /()

M = max f (x)
Budre 3: So sanh cac gi tri vira tinh. Tim s 16n nhat M va s nho nhat m thi [(f’ :
m = min f(x)

Quy tic tim gia tri 16m nhat va gia tri nhé nhat trén mdt khoing

Xéthamsb y= f (x) lién tuc trén doan (a;b)

Buée 1: Tim cac diém x,;x,;...;x, trén khoang (a;b), tai d6 f'(x) bang 0 hoic f'(x) khong xé4c dinh
(goi 1a cac diém t6i han)

Buérc 2: V& bang bién thién ciia ham so trén (a;b). Dién céc diém x;;x,;...;x, trén khoang (a;b) vao bang
bién thién, xét dau dao ham va vé& bang bién thién

Buwéc 3: Dya vao bang bién thién dé két luan vé gid tri 10n nhét va gia tri nho nhat.

- W N viou MINH HOA

Cau1l: Tim gia tri l6n nhat cua moi ham so sau:

4 3 ., . _
a) f(x) i b) f(x) = x—; trén nira khoang (0,3]
Loi giai

a) D=R.Taco f’(x):ixz.

(1+x2)
Khid6 f'(x)=0<x=0va lim f(x)=0; lim f(x)=0
Bang bién thién ctia ham sé nhu sau:

T |—o0 0 +0o0
#'(x) + 0 -
4
f(z)
0 0

Cin clr vao bang bién thién ta thiy max, f(x)=4 tai x=0.
b) Ta co: f"(x)=1 +% . Khi d6 trén nira khoang (0;3],f’(x) >0.
X

Ngoai ra: lim f(x) =—o0; lim f(x) = f(3) =2.

x—0" x—3
GV. Phan Nhat Linh - @& SDT: 0817 098 716 _
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y J J J
3

T 1
f'(x) +
2
f(x)
—00
Can ctr vao bang bién thién ta thiy max f (x) =2 tai x=3.
Cau2: Tim gia tri 16n nhit cia mdi ham sb sau:
a) f(x)=x+ 4 tren khoang (0;+) b) f(x)=x"-12x+1 trén khoang (1;+o0)
X

Loi giai
a)Tacélf(x):1—~f;.Khidéuénkhoéng(O;Hn)thx)=()khix==2.
x
Ngoai ra: lim f'(x) =-0; lim f'(x) =0
x—0" X—>+00

Bang bién thién cua ham s6 nhu sau:

L 10 2 +o0
f'(=z) - 0 +
00 + o0
f(x)
4

Cin cr vao bang bién thién, ta thdy min f (x) =4 tai x=2.
b) Tacod f'(x)=3x*—12.Khi d6 trén khoang (1;+o), /'(x) =0 khi x=2.
Ngoai ra ll_r)}}f(x) = f(l) = —lO;xlirEOf(x) =+00.

Bang bién thién cua ham so nhu sau:

€ 1 2 + o0
(@) - 0 +
—10 + oo
f(x)
15

Can ctr vao bang bién thién ta thiy gnn]f(x) =—15 tai x=2.

Cau 3: Tim gia tri I6n nhat va gia tri nhé nhat cia moi ham so sau:

- GV. Phan Nhat Linh - & SDT: 0817 098 716
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a) f(x)=x° —%xz trén doan [—1;2] b) f(x)=x"-2x"+x’ +1 trén doan [-11]
) f(x)=¢" (xz —5x+ 7) trén doan [0;3] d) f(x)=cos2x+2x+1 trén [—%;ﬂ} .
Loi giai

a) f(x)=x’ —%xz trén doan [—1;2]
Taco f'(x)=3x"-3x; f'(x)=0<3x" -3x =0 x=0€[-1;2] hodc x=1€[-1;2]
F(D)==35 £(0)=0: £ () ==3: £(2)=2.

. (= _ ()=
Vayr[{lﬁlg](f(x)—f(Z)—2vaEE%f(x)—f( 1)= 5
b) f(x)=x"—2x"+x’ +1 trén doan [-1;1]
x=0e[-L1]
Taco f'(x)=4x"—6x"+2x; f(x)=0<4x —6x" +2x =0 x:%e[—l;l];
x=le[-11]

f(-1)=5; f(0)=1;f[%)=%;f(1)=1-

Vay max f(x) = £ (-1)=5 va min f (x) = £ (0)= / (1) =1
0) f(x)=e"(x* —5x+7) trén doan [0;3]

Taco f'(x)=€"(x* —5x+7)+e"(2x=5)=€"(x* —3x+2);
f(x)=0e e (x* -3x+2) =0 x=1€[0;3] hogc x=2¢[0;3]
£(0)=7; £(1)=3e; f(2)=e; f(3)=e.

Vay max f(x)= £(1)=3e v min f (x) = £ (2)= /(3) =e

[0:3]
d) f(x)=cos2x+2x+1 trén doan |:—%;7Z’:| :

Taco f'(x)=—2sin2x+2; f’(x):O<:>—2$in2x+2=0<:>sin2x:1@x:%+k7r,keZ

T T T T T
Vi ——zr|nén x=—; f|—=|=—xm; f| = |==+1; f(7)=27+2
xe[z”} x4f(2) ”fwz /(7)

GV. Phan Nhat Linh - @& SDT: 0817 098 716 _




*

CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

y J J J

Vay [n}[axf(x):f(—zj:—ﬂ va ngn}f(x):f(ﬂ):2ﬂ+2

Cau4: Trong 5 gidy dau tién, mot chat diém chuyén dong theo phuong trinh :
s(t)=—t+61"+1+5

Trong d6 ¢ tinh bang gidy va s tinh bang mét. Chat diém c6 van tdc tirc thoi 16n nhit bang bao
nhiéu trong 5 gidy dau tién do?

Loi gidi
Xéthamsb s(t)=—1'+61"+t+5 (¢>0),

Taco v(t)=s'(¢)==3¢" +12t+1. Khi d6 V(1) =—61+12; V(1) =0 -6t +12=0<¢ =2

Bang bién thién ctia ham s v(t) nhu sau:

t 0 2 i)
v’ () + 0 -
13
v(?)
! —14

Dua vao bang bién thién, ta thay r(%%i(v(t) = v(2) =13.

Vay vén toc tirc thoi cta chat diém 10n nhét bang 13 (m/s) tai £ =2 gidy.
Cau5: Nguoi ta bom xing vao binh xing ciia mot xe 6 t6. Biét rang thé tich V' ( lit) cia lugng xing
trong binh xang tinh theo thoi gian bom xang ¢ (phut) dugc cho bdi cong thie

V(t)=300(£ —£')+4,0<¢<0,5.
( Nguon: R.I.Charles et al. Algebra, Pearson)

a) Ban dau trong binh xing c6 bao nhiéu lit xang?
b) Sau khi bom 30 gidy thi binh xang day. Hoi dung tich ctia binh xing trong xe 1& bao nhiéu lit?
¢) Khi xing chay vao binh xang thi goi V'(¢) 1a toc d¢ tang thé tich tai thoi diém ¢ véi 0<£<0,5
. Xdng chay vao binh xing & thoi diém nao c6 toc do ting thé tich 1a 16n nhat?
Loi giai
a) Ta co: V(O) =4 nén ban dau trong binh xing c6 4 lit xang.
b) Sau khi bom 30 gidy, tirc 0,5 phit thi binh xing day. Ta c6/(0,5) =41,5.
Vay dung tich cia binh xang trong xe 1a 41,5 lit.

¢) Taco V() =300(2¢—3¢*),t €[0;0,5] va tacé V(1) =300(2-6¢).

- GV. Phan Nhat Linh - & SDT: 0817 098 716
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Cau 6:

1 yV J/ J /4

Khi d6 trén khoang (0;0,5),V"(¢)=0 khi t:% ; V'(0)= O;V’[gj =100;7"(0,5)=75.

Do d6: maxV'(t)=10O tai t:%.

[0;0,5]
A - 5 \ 1 5 g A 1 A 1% A S A g
Vay xang chay vao binh ¢ thoi diém ¢ = gs ke tir khi bat dau bom c¢6 toc do tang.

Ho ép khi quan co lai, anh hudng dén téc d6 ctia khong khi vao khi quan. Téc do caa khong khi
di vao khi quan khi ho dugc cho bdi cong thuc

V:k(R—r)r2 voi 0<r<R,
Trong d6 k 1 hang s6, R 1a ban kinh binh thudng ctia khi quan, » 14 ban kinh khi quan khi ho
(Nguon: R. Larson and B. Edwards, Calculus 10e, Cengage 2014)
Hoi ban kinh ctia khi quan khi ho bang bao nhiéu thi tbc d6 ctia khong khi di vao khi quan 1a 16n
nhat?

Loi giai

Xét ham sd V(r) = k(R —r)r2 =kRr* —kr’ v&i 0<r<R;
Taco V'(r)=2kRr -3k’

V'(r)=0 < 2kRr —3kr* =0 < kr(2R —3r) =0 < r = 0 (nhan) hodc r=2R (uhn)
3

Bang bién thién ctia ham s V(r) nhu sau:

2R
L8 0 ? R
Vi(r) T o0 -
2R
V -
Vvir) / ( 3\
0 0

< A s A A A \ A .y « 17 4 . 2
Duya vao bang bién thién trén, ta thay ham s6 V(r) dat gia tri Ién nhat tai r =—R.
3
Vay khi r = %R thi tbc do ctia khong khi di vao khi quan 1a 16n nhét.

Mot chat diém chuyén dong co6 van tde turc thoi v(t) phu thudc vao thoi gian ¢ theo ham s6
v(t) =—t* +24¢” + 500 (m/s). Trong khoang thoi gian tir =0 (s) dén ¢ = 5(s) chit diém dat van
toc 16n nhét tai thoi diém nao?
Loi giai
4 3 2 1= 0
Taco v(f)=—4£ +48t =—4( —12)=0 <
t=42\3
Bai toan tro thanh tim gia tri 16n nhat cia ham sb trén [0;5] ta co:
v(0)=500; v(24/3) = 644; v(5) =475

Vay vén tc 16n nhit khi £ =23 ~ 4 giay.

GV. Phan Nhat Linh - @& SDT: 0817 098 716 _
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AV LD LD LB

Cau 8:  Su phan huy cuta rac thai hitru co c6 trong nude s& lam ti€u hao oxygen hoa tan trong nudc. Nong
d6 oxygen (mg/l) trong mot hd nude sau ¢ gid (¢ >0) khi mot lwong rac thai hiru co bi xa vao

hd dugc xap xi bdi ham s6 ¢6 do thi 1a dwong cong y(1)=5- 5 125t . nhu hinh bén.Vao cac thoi
1+

diém nao ndng d6 oxygen trong nudc cao nht va thip nhat?
¥,
R|loscococonoocoonsoocoonsooooosooooos

O t
1 2 3
Loi gidi
. 135¢2 -1
Xét ham so y(t) =5- 125t trén [0;+ OO) C(')y'(t) = 35t—25 =0ct= 1
9" +1 (9t2 +1) 3
15¢ 15¢
Mat khéc: lim y(z)= lim|5— =5valimy(t)=lim|5- =5
: t—>+ooy( ) t—)+00|: Of? _|_1:| t—>0y( ) t—>+00|: of? _|_1:|
Bang bién thién:
t 0 % +o0
y'(¢) = 0 -

5 5
y(t) \ /
2,5

Tur bang bién thién ta thay min y(t)=2,5 va max y(1)=5

Cau9: Tinh dién tich 16n nhat S, cua mot hinh chit nhat noi tiép trong nira dudng tron ban kinh R =6
cm néu mot canh cuia hinh chit nhat ndm doc theo duong kinh cda hinh tron ma hinh chir nhat dé
noi tiép.

D C

A 0 B
Loi gidi
Goi chidu dai AD =2x véi 0<x<6 = AB=/36—x’
Dién tich hinh chit nhat 1a S =2xA36—x> va xét ham sé f(x)=2xy/36— x> trén (0;6)

2

Taco: f'(x)=~36—x" —x—2=0<:>x=i3\/§

36—x

Bang bién thién ctia ham sé f'(x) nhu sau:

GV. Phan Nhat Linh - & SDT: 0817 098 716
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Cau 10:

Cau 11:

yr J J J

x 0 3v2 6
f'(x) + 0 -
36
fo | T T~
0 0

Vay gia tri 16n nhat cua dién tich hinh chit nhat dat dugc 1a 36cm?>.

Mot nguoi mubn xay mot cai bé chira nudec, dang mot khdi hop chir nhat khong nép ¢6 thé tich
bang 288dm’® dm3. P4y bé 1a hinh chit nhat c6 chiéu dai gap doi chiéu rong, gia thué nhan cong
dé xay bé 1a 500000 ddng/ m?. Néu ngudi do biét xac dinh céc kich thude cta bé hop li thi chi
phi thué nhan cong s& thap nhat. Hoi ngudi d6 tra chi phi thap nhat dé thué nhan cong xay dung
bé d6 14 bao nhiéu?

Jhoooomod) Sy,

Loi giai
Goi x(x > 0) 1a chiéu rong ctia day bé. Khi d6 chiéu dai ciia day bé 13 2x 1a chiéu cao ctia bé
144 . . N 4
0 — . Khi d6 dién tich can xay 1a 2x* + 0,364
X X

Xéthamsd f(x)=2x"+ 2,564
X

la

6o f'(x)=dx-23% _ 0 x=0.6
X

Bang bién thién ctia ham s6 f (x) nhu sau:

x 0 0,6 +00
f(x) - 0 +
+00 +oo
f(x) T )16 _—

Tur bang bién thién ta c6 min /' (x)= £(0,6)=2,16
Vay chi phi thap nhat dé thué nhan cong xay bé 1a: 500000.2,16 =1080000 dong.

Mot nha san xuét can lam ra nhirng chiéc binh c6 dang hinh tru véi dung tich 1000cm’ . Mit trén
va miat dudi ctia binh dugc 1am bang vat liéu c6 gia 1,2 nghin déng/ cm?, trong khi mit bén cta
binh duoc lam bang vat liéu c¢6 gia 0,75 nghin ddng/ cm?. Tim cac kich thudc ctia binh dé chi phi
vt liéu san xuit mdi chiéc binh 1a nhé nht.

i

Ai’
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Loi giai

Goi ban kinh ciia ddy binh 1 x(cm), x>0 suy ra chiéu cao 1a 1002 (cm)
T.X
Chi phi dé san xudt mét chiéc binh 1a: 7'(x)=2.1,2.7.x> +0,75. 2000 _ 2,47x% + 1500
X X

nghin

Dé chi phi san xudt mdi chiéc binh la thap nhét thi 7'(x) 1a nho nhat

, 1500 625
Xéthams6 T(x) c6 T'(x)=4,87x——=0<x=3 ~ (thod mén)
X T
Bang bién thién:
x 0 Ve 12
T'(x) - 0 +
Too Tr(12)
T(x) \ /
(V%)

. e . /625 A
beé chi phi san xuat moi chiéc binh 1a nho nhat thi ban kinh day cta binh la 3} 5 cm va chiéu
V4

cao cua binh la L(cm)

- GV. Phan Nhat Linh - & SDT: 0817 098 716
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DE REN LUYEN 04: MAX MIN CUA HAM SO

PHAN I. Cau tric nghiém nhiéu phwong an lya chon. Thi sinh tra 10i tir cdu 1 dén cau 12. Mdi cau hoi
thi sinh chi chon mgt phuong an.

Cau 1:

Cau 2:

Xéthamsd y=f (x) ¢6 bang bién thién nhu sau:

x | -1 0 2 5

!

y * g - 0 +

N

Khiang dinh nao sau day 1a dung?

A. Ham s6 da cho dat GTNN tai x =—1 va dat GTLN tai x =5 trén doan [—1;5] .
B. Ham s6 da cho khong tdn tai GTLN trén doan [—1;5] .
C. Ham s6 d3 cho dat GTNN tai x=—1 va x =2 trén doan [—1;5] .
D. Ham s6 da cho dat GTLN tai x =0 trén doan [—1;5] .
Loi giai
Dya vao bang bién thién ciia ham s6 y = f(x) trén doan [—1;5], ta thdy khi x —5", gid trj cla
f (x) tién ra +oo . Vi ham s tién t6i vo cling 16n nén khong ton tai gié tri 1on nhat (GTLN) trén
doan nay

Cho ham s6 y= f (x) xac dinh, lién tuc trén R va co bang bién thién sau:

Khang dinh nao sau day la dung?
A. GTLN ctia ham s6 bang 2. B. GTNN cua ham sb bang —1.
C. GTNN ctia ham s bang 1. D. GTNN ciia ham s6 bang —1 va 1.
Loi giai
Ham sb xac dinh va lién tuc trén R .
Tir bang bién thién, diém cao nhét cia do thi dat dugc tai diém c6 toa do (0;2).
Vi vay GTLN ciia ham s6 bang 2.
Khi x — —oo thi y — —1 nhung khong bao gid dat dwoc gia tri —1 nén ham sb khong co gia tri

GV. Phan Nhat Linh - & SDT: 0817 098 716
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Cau 3:

Cau 4:

Cau 5:

yV J/ J /4

Cho ham s6 y = f(x) x4c dinh, lién tuc trén [-1;%} va c6 do thi 1a duong cong nhu hinh vé

A .7 s 1z A \ .7 . 5 A 5 \ A A 5 \
bén. Gia tri 16n nhat M va gia tri nhé nhat m ciua ham s6 f (x) trén [—1;5} la:

Y

\
'l_l»—t
T
1 Q
C
N U= == =
8

A M=4m=-1. B. M=4,m=1. C.M:%,m:l. D.Mzg,m:—l.
Loi giai

Xét do thi trén doan [—l;g} :

R A 5 A s 1N © A , 5. 5 7. A ,
Diém cao nhat cua do thi 1a tai dau mat phai x = 5 voi tung do tuong ing y=4—=>M =4.
Diém thap nhét ciia d thi 1a diém cyc tiéu ¢ tung do twong ing y=—1=>m=—1.Chon A
Cho ham s yv=f (x) xéac dinh va lién tuc trén R, c6 dd thi nhu hinh v& bén. Tim gia tri nho

nhat m va gia tri 16n nhat M ciahamsd y=f (x) trén doan [—2;2].

A.m=-5 M=0. B.m=-5 M=-1. C.m=-1, M=0. D.m=-2, M=2.
Loi giai

Xét dd thi ham sb trén doan [—2; 2] , ta xac dinh gia tri cua ham s tai cac diém bién va diém cuc

tri:

Tai cic bien: 7 (72)=73 5 f(2)="1

Tai cac cuyc tri: Piém cuc dai f(-1)=-1, cuc tiéu f(1)=-5.

So sanh cac gia tri trén, ta dugc gia tri lon nhat M =-1 va gia tri nho nhat m=-5.

Gia trj nho nhat ciia ham s6 y =x* —3x+5 trén doan [0;2] la:

A. min y =0.

[0.'2] B. miny =3. C. miny=>5. D. miny=7.

= [02] [0;2] [0;2]
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Ciu 6:

Cau 7:

Cau 8:

y J J J

Loi giai
Ham s y=x’—3x+5 lién tuc trén [0;2].
DPao ham: )'=3x*-3. Cho ) =0<>3x*-3=0<>x==%1. Vi xét trén [0;2] nén ta gitr lai
nghiém x=1.
Tinh gi4 tri tai cac diém: y(O) =5, y(l) =3, y(2) =7.
Gi4 tri nhé nhat thu dwoc 12 3 tai x =1
Gi tri nho nhat cia ham s6 f'(x)=x’ —3x* —9x +35 trén doan [-4;4] la:

A. i f (x)=-50.  B. min f(x)=0. C. min f(x)=-41. D. min f(x)=15.

Loi giai
Ham sé f(x)=x’—3x> —9x+35 lién tuc trén [4;4]
x=-1

X =

Dao ham: f'(x)=3x>-6x-9. Cho f'(x):Oc>3(x+l)(x—3):O<:{

Tinh céc gia tri: f(—4)=—41, f(-1)=40, £ (3)=8, f(4)=15.

Gia tri nho nhét thu duoc 1a —41 tai x=—4

Goi M, m lan lugt 1a GTLN, GTNN cta ham s6 f (x) =2x" +3x* —1 trén doan {—2;—%}. Tinh

P=M-m.
A. P=-5. B. P=1. C. P=4. D. P=5.
Loi gidi

Ham sé f(x)=2x"+3x" -1 lién tuc trén doan {—2;—%} )

x=-1
Tinh céc gia tri: f/(-2)=-5, f(-1)=0 ,f(—%) = _% _

Suy ra GTLN M =0 va GTNN m=-5.Dod6 P=M -m=0—(-5)=5

=0
Dao ham: f'(x)=6x*+6x. Cho f'(x):0<:>{x

RN TR SR S A x—1 \
Gi4 tri nho nhat cia ham s6 y = ] trén doan [0;3] la:
X+

. ) 1 ) .
A. miny =-3. B. miny=—. C. mny=-1. D. miny=1.
i s =2 = oY o]

Loi giai

. -1 ..
Hamso y = X~ lién tuc trén doan [0;3]
x+1

Pao ham: y,zl.(x+1)—1.2(x—l): 2 ->0,Vxe[0;3].
(x+l) (x+1)

Vi dao ham luén duong nén ham sé dong bién trén doan nay.
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yV J/ J /4

0+1

Do d6 GTNN dat duoc tai dau mut trai: 1[10113r]1 y=y(0)

Cau 9:  Gia trj 16n nhét va gia tri nho nhat ciia ham sé y =+/5—4x trén doan [-1;1] 1a:

g- I[{IIE}IP](y=3va 1['1:111}']1)/:1 D. 1’[1;1131)](y:0 va 1['1_'111}']1);:_\/5
Loi giai

Ham s6 y =+/5—4x trén doan [-1;1]:

)
2\5-4x  5-4x

Dao ham: y' = <0,Vxe [—1; 1] )

Do ham s6 nghich bién lién tuc nén:

r[r_lla;l)](yzy(—l)= 5—4(—1)=3;r[{lli;ﬁy:y(l):x/S—4. =1.

. . . 2x*+x-2 .
Cau 10: Gia tri 16n nhat va gié tri nho nhat cia ham s6 y = i e trén doan [—2;1] lan luot la:
—-X
A.2vaol. B.1va 2. C.0 va 2. D. 1 va —1.
Léi gidi
. 2x*+x-2
Ham s6 y = ’62—)“ lién tuc trén [~2;1]
—-X
(4x+1)(2-x) (2 +x-2)(-1) 24> +8x

Pao ham: y' = > = —.

(2—x) (2—x)

x=0
x=4
Tinh gia tri: y(-2) =1, »(0)=-1, y(1)=1 nén GTLN bang 1 va GTNN béng -1

Cho y'=0<:>—2x2+8x=0<:{

Cau 11: Goi M, m lan luot 13 gia tri 16n nhét va gia tri nho nhat cta ham sé y =x* —3x> +1 trén doan
[—2;4] . Tinh téng M +m.
A. -18. B. 2. C. 14. D. -22.
Loi giai
Ham s6 y=x’—3x" +1 lién tuc trén doan [-2;4]
x=0
x=2
Tinh gié tri: y(-2) =-19, y(0)=1, y(2)=-3,»(4)=17.
SuyraM =17, m=—-19=M +m=17+(~19)=-2

DPao ham: )’ =3x*—6x. Cho y'=0<:>{

Ciau 12: Cho ham s6 y =x++/12—3x" . Gia tri 16n nhat ctia ham sb bang:
A.3. B. 2. C.4. D. 1.
Loi giai
Diéu kién xé4c dinh: 12-3x" 20=xe[-2;2].
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y J J J

>0
Dao ham: y’:1—3—x.Cho Y =0412-3x" =3x < ¥ 5 , o x=1
J12 =352 12-3x" =9x

Tinh céc gi tri: y(-2) =2, »(2)=2,y(1)=1+9 =4.
Vay gia tri 1on nhat 1a 4

PHAN II. Ciu tric nghiém diing sai. Thi sinh tra 15i tir cdu 1 dén cau 4. Trong mdi y a), b), ¢), d) & mdi
cau, thi sinh chon ding hodc sai.

Cau 1:

Cau 2:

Cho ham s y = x* —gxs —x’

a) Ham s6 dé cho ¢6 3 diém cuc tri
b) Ham s6 da cho nghich bién trén khoang (0;1)

2
©) maxy=f(-1)=3
d) Ham s6 ludn co gia tri nho nhét trén moi khodng ma né xac dinh
Loi giai
I 1
x=——
2
DPao ham: y' =4x’ —2x> —2x.Cho y'=0<| x=0
x=1
Ta c6 bang bién thién:
x | —o0 - % 0 1 +00
y - 0 + 0 - 0 +

NN

a) Pung: Tir bang bién thién, ta thiy ham s6 ¢6 3 diém cuec tri

b) Diing: Tir bang bién thién, ta thdy ham s nghich bién trén khoang (0;1)
¢) Sai: Xét trén khoang (—1;1), tir bang bién thién trén khoang (-1;1) ta c6 cdc nghiém:
) I ., . 1 5
Vo1 x=——, giatri y| —— |=——
p Sy ( 2) 43
Véi x=0, giatrj y(0)=0

Vay gia tri 10n nhat trén khoang (—1; 1) la I(nIaI))( y=0

d) Sai

Cho ham s y =x> —3x* —9x+35

a) Cuc dai ctia ham s da cho bang —1

b) Trén khoang (O; 2025) , ham s6 ¢o gia tri nho nhat bang 8

O gy =i

d) Trén doan [a;b] tuy ¥ voi H<0, ham s6 ludn co gié trj 16n nhat khong vugt qua 40
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Cau 3:

TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO
Loi giai
. ) , x=—l=y=40

bao ham: y=3x"-6x—9.Cho y'=0=
x=3=>y=8

Ta c6 bang bién thién :

— 0 -1 3 oo
y' + o — 0 +

40 00

8

a) Sai: Tir bang bién thién, ta thiy cuc dai ciia ham s 14 y,, =40, tai x=-1
b) Pung: Trén khoang (0;2025) , ' =0chi c6 mot nghiém duy nhat 1a x=3

Do d6, gié tri cuc tiéu ciing chinh 14 gi4 tri nho nhat trén toan bo khoang nay: ((1)1;(1')?5) y= y(3) =8

¢) bing: Xét doan [—4;-3]

Véi x=—4= y(-4)=—41;véi x=-3= y(-3)=8.Suyra [lggc]yzy(—3)=8
Xét doan [3;4]

Véi x=3=y(3)=8;véi x=4=y(4)=15.Suyra r[r31;i41]1y=y(3)=8

R R

d) Ding: Diéu kién b<0 c6 nghia la doan [a;5] ndm hoan toan ¢ phia bén trai tryc tung, tirc 1
tap con cua nira khoang (—o0;0].
Quan sat bang bién thién trén mién (—o0;0], ham s6 dat dinh cao nhat tai x =—1 véi y(—1)=40
Vi vay, néu léy mot doan [a;b] bat ky nam tron trong mién nay, dinh cao nhat ma ham sb co thé
vuon t6i trén doan d6 s& khong bao gio vuot qua con sé 40, tic 1a % <40

. x> —=3x+3
Chohams6 y=———

x—1

a) Ham s6 da cho dong bién trén (—00;0) U (2;+00)
b) Ham s6 da cho ¢6 2 diém cuc tri

¢) Gia tri 1on nhét ctia ham sé trén doan [—2;%} la -3

d) Gid tri nho nhét cia ham s6 trén khodng (0;+00) 1a 1
Loi gidi
TXD: D=R\{l}

2x-3)(x=1)—(x*-3x+3 2_
Pao ham: y'=( u )(x ) (x i ):x 2x Cho x2—2x=0:>{

(1) (1)

x=0=>y=-3

x=2=>y=1

Ta c6 bang bién thién:
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r J 7 7
+oo

T |—oc 0 1

2
— 0

WaNAVA

a) Sai: Dua vao bang bién thién, ham sb dong bién trén timg khodng (—0;0) va (2;+x)

b) Dling: Tlr bang bién thién, ta thiy trén khoang (0;2)ham s6 dong bién

¢) Bung: Trén doan [—2;%}, y'=0tai x=0

2
Tai x=—2:>y(—2)= (_2) _23(12)+3 =—?

Tai x:O:y(O):—3

1 I
T =— > — | = = ——
4y y(zj T 2

Viy max y = y(0)=-3
23)

d) Sai: Trén khoang (O; +oo), ham s6 khong lién tuc (bi gian doan tai x=1)

Caud: Chohamsd y=x+4—-x°
a) Tap xac dinh D = (—o0;—2] L[ 2;+0)
b) Trén khoang (0;2), dao ham ctia ham s6 da cho luén duong
¢) Ham sb da cho co gia tri lon nhat va gia tri nho nhét 1an luot 1a 22 va =2
d) D6 thi ham sd cit truc hoanh tai diém c6 hoanh d6 am
Loi giai
TXD: 4—x* 20<>—2<x<2. Vay tip xac dinh ciia ham s6 1a D =[-2;2]

(4—X2), X Ja—x —x

Wa—xr a4y

>0
Choy':0<:>\/4—x2—x:0<:>\/4—x2:x<:>{: ) x2<:>x=\/§:>y=2\/5

Pao ham: ' =1+

—X =
Tax=2=y=-2x=2=y=2

Ta c6 bang bién thién:

T —2 V2 2
+ 0 —
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yV J/ J /4

a) Sai: Tap xéac dinh cia ham s6 1a D = [-2;2]

b) Sai: Tir bang bién thién ta thiy, ham s dong bién trén khoang (0;\/5 ) va nghich bién trén
khoang («/5 ; 2). Do d6 dao ham khong lu6n dwong trén khoang (0;2)

¢) Dung: Ham s6 lién tyc trén doan [—2;2]. Tir bang bién thién, ta thiy ham sb dat gié tri 16n

nhit bang 242 tai x=+/2 va dat gia tri nho nhat bang —2 tai x=-2
d) Blng: Phuong trinh hoanh d¢ giao diém cua dd thi ham s6 véi truc hoanh:

—-2<x<0
x+V4-x" =0 V4-x =—x<:>{ 2x s oSx=—2

4—x"=x

bo thi ham s6 cit truc hoanh tai diém c6 hoanh d6 am x = —\/5

PHAN III. CAu tric nghiém tra 1oi ngan. Thi sinh tra 1o tir cau 1 dén cau 6.

Cau 1:

Cau 2:

o . . Inx
Tim gi4 tri lén nhat ctia ham s6 y = trén doan [1; e3] .

Tra loi:
0 y 51 4
Loi gidi
TXD: D=[1;¢’ |
' ' l i
‘ ' (ln2 x) x—In® x.(x) (ZInx.xj.x In”x 2Inx—In®x Inx(2—Inx)

Pao ham: )’ = 5 = 3 = 5 7

X X X X

Inx=0 x=1
< 2
Inx=2 X

Cho y':0<:>lnx(2—lnx):0<:{

Tai x=1:>y(1)=0
4 9

Tai x=¢’ = y(e’) == ~0,5413 vatai x=¢'= y(e’) == ~0,448
e e

4
Vay M =max y = y(e’)=— =|0,54
by M =paxy (€)=

Goi M, m 14n luot 1a gia tri 16n nhét va gia tri nho nhét ciia ham s& y=3vx—1+4/5—x . Tinh
M+m.

Tra loi:
1|6
Loi giai
X _1 2 O 14 . .
TXD: 510 < 1<x<5.Vay ham s6 xac dinh va lién tuc trén doan D = [1;5]
—Xx2
. , 3 4 3W5—x—4/x-1
Pao ham: y = =

24/x—1 _2\/5—x - 2x—15-x
Cho y'=0=3V5-x—4/x-1=0=x=2,44
Tai x=1=y(1)=3VI-1+4/5-1=8

Tai x=5=y(5)=3V5-1+4/5-5=6
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yr J J J/
Tai x:ﬂ:y(ﬂj:3 %—1+4\/5—ﬂ =10

25 25 25

Gié tri 16n nhat: M =max y=y ol =10
[1:3] 25

Gié tri nho nhat: m = 1%11151]1 y=y(5)=6
Vay tong M+m:10+6=

Cau3: Cho ham sb co f(x) c6 dao ham la ham f"(x). P thi ham s6 f”(x) nhu hinh v& bén. Biét
rang f(0)-f(2)=/(4)-f(3). Gid st gid tri nho nhat m va gia tri 16n nhét A cia f(x)
trén doan [0;4] dat duoc 1an luot tai X, va x,. Tinh gia tri biéu thirc 7 = X, +X,

AY

Tra loi:

Loi giai

Dua vao db thi cia ham f '(x) ta co bang bién thién :

x 0 2 4
f'(x) + 0 £
1)
f(z) / \
£(0) f(4)

Vay giéd tri 16n nhat M = f(2) = x, =2.
Ham s6 nghich bién trén khodng (2;4) nén f(2)> /' (3)= f(2)-f(3)>0.
Theo gia thiét: £(0)—£(2)=£(4)-f(3) < £(0)-£(4)=£(2)-£(3)>0= £(0)> f(4)
Suy ra gid tri nho nhat m = f'(4) = x, =4.
Vay x,=4;x,=2,ta co x,+x =6
Caud:  Biét gia tri nho nhét ciia ham s6 f(x)=2cos’ x—cos2x trén doan {—gﬂ la % vOi a, beN

2

va % t6i gian. Khi d6 tich P =a.b bing bao nhiéu?
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TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO
s Lo y J J J
51113
Loi giai

Sir dung cong thitc nhan d6i cho ham s6 cosin: cos2x =2cos” x—1

Ta dugc ham sé méi: f'(x)=2cos’ x—(2 cos’ x—l) =2cos’ x—2cos’ x+1 (*)
bit t=cosx (e {%;1} . Tir phuong trinh (*) ta c6 ham sé méi: g(¢) =26 —2¢7 +1

t= O(loai)
Dao ham g'(1)=6£>—4t.Cho g'(1)=0<

3 2
Tai t=l:>g(lj:2(lj _z(lj +1:§
2 2 2 2 4

Tai t=1=g(1)=2.1' 2.1 +1=1

3 2
Taitzzjg(zjzz(zj _2(Zj +1:2
3 3 3 3 27

. . a=19
Gia tri nho nhat cua ham so 1a minf(x) = 9 = =P=ab=
2] 27 b=27
Cau5: Cho mot tim nhom hinh vudng c6 canh 8 dm. Anh Long cat & bon goc bon hinh vudng c6 do dai
béng x (dm) roi gap tAm nhom lai nhu hinh v& dé dugc mot cai hop c6 dang khéi hop chir nhat.
Hoi thé tich 16n nhat ctia cai hop 1a bao nhiéu? (Két qua lam tron dén hang don vi)

| L]

t= %(nhan)

Tra loi:

Loi giai

_______________

8 —2x

Sau khi gap lai, ta duoc khéi hop véi cac kich thude nhu hinh v&. Chiéu cao khdi hop 1a x dm.
Thé tich ¥ = x(8—2x)” véi diéu kién 8—2x>0 <> x <4

Xét ham s V(x) = x(8—2)c)2 trén khoang (0;4)

V' (x)=(x) (8—2x) +x[(8-2x)2]' = (8—2x) +x[2.(-2)(8-2x)]=(8—2x)(86x)
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y J J J

x=4
Dao ham: V'(x)=0< (8—2x)(8—6x)= 4
x frp—
3
Ta c6 bang bién thién ctia ham s V(x)
T 0 % 4
V'(z) + 0 -
1024
V(Z’) / 2T \
0 0

10? =37,9259... ~ 38 (dm°)

Vay thé tich 16n nhit cua hop 1a

Cau 6: Anh An dang trén chiéc thuyén tai vi tri A4 cach bo song 2 (km), anh du dinh cheo thuyén vao
bo va tiép tuc chay bg theo mgt duong théng dé dén mot dia diém B toa lac ven bd song, diém
B cach vi tri O trén bd gan véi thuyén nhat 13 4 (km) minh hoa nhu hinh vé&. Biét rang anh An
chéo thuyén véi van toc 6 (km/h) va chay bo trén bd véi van téc 10 (km/h). Khoang thoi gian
ngan nhat dé anh An tir vi tri xuat phat dén duoc diém B 1a bao nhiéu phit?

2km S

S
»
pY
A}
: L
s
kY

O P B
4km
Tra loi:
410
Loi giai
v
4
2km \‘\W
- \\ 41—z E-
O P B
- — -
Pit OP=x (0<x<4)= BP=4—-x suyra AP=+/x’+4
Khoang thoi gian dé anh An tir vi tri xuét phat dén duoc diém B la:
H(x) =t 1y, = Jare + 4_)C:>t'(x):L—i
6 10 o4+ 10
o X 1 O<x<4 3
Giai phuong trinh #'(x) =0 ——— - — =034 +x’ =5x<:>{ Sx==.
N 4% =9 2
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Béng bién thién:
3
X 0 5 4
t'(x) = 0 +
£2) \ /
=
3

Thoi gian ngan nhat dé anh An tir vi tri xuat phat dén dugc diém B la: ¢ = %.60= 40 (phut)
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CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

y J J LS
BUOI 05: PUO'NG TIEM CAN CUA PO THI HAM SO

Chuyen dé tinh don diéu ciia ham s6 gom ly thuyet va vi du minh hoa

............................................................................................................................

_' LY THUYET CAN NHO

1. Pwong ti€ém can ding
Dinh nghia:

Puong thing x =a duoc goi 1a mot dudng tiém can dimg (hay tiém can dtng) ctia dd thi ham sé y = f (x)

ncu it nhat mot trong cac diéu kién sau thdéa man:

lim f'(x)=+c0, lim f(x)=4c0, lim f(x)=-c0, lim f(x)=—co.

x—a x—a x—a x—a*

y = f(z) / Y

\
= a y = f(x)
O\ x @]
O } £ @) T a a
v=fa) / ‘ ,
(x

lim f/(x) =00 lim f"(x) =0 lim f(x)=—o0 lim f

x—a x—a’ x—a x—a’

Chu y: B0 thi ham s6 c6 thé khong c6 tiém can dung, cd theé c6 mot tieém can ding, co thé ¢ nhiéu tiém
can dung hodac c6 thé c6 vo so tiém can dung.
2. Pudng tiém cin ngang

Pinh nghia:
Puong thang y=m duoc goi 1a mot duong tiém can ngang (hay tiém cin ngang) cua do thi ham sb

yzf(x) néu lirpwf(x):m hoac lirflf(x)zm.

Y
y=m m
[ 1o ’
1520 (x)=m IEPOO (x)=m
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A 4 L5

Chu y: D0 thi ham s6 hodc khong ¢ tiém can ngang, hoac c6 mdt tiém can ngang hodc c6 toi da hai ti€ém

can ngang

3. Pudng tiém cin xién

Dinh nghia:

Puong thiang y=ax+b, a =0, duoc goi 1a duong tiém can xién (hay tiém can xién) cua do thi ham sb

y=f(x) néu lim[ f(x)~(ax+5)]=0 hoge lim[/(x)~(ax+b)]=0.

X—>+0

fyl

// y= f(ﬂi)

lim [ f(x)—(ax+b)]|=0 lim | f(x)~(ax+5)]=0
Nhén xét:
a) Trong trudng hop téng quat, cé thé tim cac hé s6 a, b trong phuong trinh ciia duong tiém can xién

y=ax+b theo cong thirc nhu sau:

a=tim 7 lim [ f'(x)—ax | hodc a = tim 7 lim [ f(x)—ax]

X0y Xt x>0 x o
b) Khi @ =0 thi d0 thi cia ham s6 ¢6 tiém can ngang 13 duong thang y =5 .
Nhan xét:
- DPodthihamsd y=f (x) c6 tiém can xién thi tdp xac dinh ctia ham s phai chtra khoang vo cuc
- Tiém can xién ctia dd thi ham s6 c6 thé khong co, c6 mot hodc nhiéu diém chung voi do thi ham sb
- Mot dd thi chi ¢o ti da hai duong tiém can xién (tic 1a co thé khong c6, c6 mot hodc hai TCX)

ax+b

Tiém cin ctia dd thi ham sé phan thirc bac nhit/ bic nhat y= p
cx +

Cho ham s y:““b c6 c#0 va ad —bc#0 ¢6 dd thila (C)

cx +
TP TN S | F AL A A d ... . a oA P AL A s
Khi @6, do thi ham so (C ) c6 tiém can dung: x =——, tiém can ngang: y =— va khong c6 tiém can xién.
c c

S S, J ax’ +bx+c A .oz , x
Tiém can cua do thi ham s60 y =—  (a # 0; m # 0, da thuc tir khong chia hét cho da thirc mau)

mx—+n
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va khong c6 tiém can ngang.

N S noo. . a an—bm
D6 thi ham s0 ¢6 tiém can dung: x =——, tiém can xién: y=—x— >
m m m

I : W AN vipu MINH HOA

Caul: Hay tim duong tiém cin dung (TCD) ciia d thi cdc ham sd sau day:

2x -1 X' —x—6
a) y= b) y=—75——
)y x+1 ) X’ —4
Jx—=2++9-x
c)y= d)y=—
x—1 \/;
N2—-x I-l1-x
€) y=— ) y=
x —4x+3 X
) _Nx+15-4 h) Nx+4-2
X' —x X+ x
Loi giai
a)Tacod: lim y= lim _1=+oo va lim y= lim 2x—1:_oo
xo(-1) (-1 x+1 X (1) xo(-1) x+1
Vay d6 thi ham s6 da cho c6 tiém can ding x =—1.
X—x—6 (x+2)(x-3) x-3
b) y=—3 = =
x —4 (x+2)(x—2) x—2
Taco: lim y= lim x=3 =—ova lim y= lim x=3 =+,
x-(2) -2 x—2 x-(2) -2 x—2

Vay d0 thi ham s da cho c¢6 tiém can dimg x = 2.

c¢) Tap xac dinh: D = [2;9] nén ham sé khong c6 duong tiém can dimg

d)Ham sb y = € ¢ tap xac dinh D =(0;+ )

Jx

) .1 A A e Ln A 3 e A A4, \
Ta co lim y = lim —= =400 nén d6 thi ham s6 da cho c6 duong tiém can dung la x=0.

x—0" x—0* \/;
e) Tap xac dinh D =(—o0;2]\{1}.

Taco lim f/(x)=—o0, lim f'(x) =0 vy do thi ham s6 c6 duong tiém can dimg x=1.
—1* x—=1"

Vay d6 thi ham sé c6 2 duong tiém can.
f) Biéu kién: x = 0.

1-V1—x 1 1-J1—x 1
X X

Tacod lim y = lim 5

x—0" x—0"

=—; lim y = lim

x—0" x—0"

Vay d6 thi ham s6 y = I=vi=x khéng c6 tiém can dimg.
X
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Cau 2:

yV J/ J /4

g) Tap xdc dinh: D =[—15;+0)\{0;1}.

, .. Nx+15-4 . Nx+15-4

Ta co: lim ———— = —o0; lim ————— =+
x—0" X —Xx x—0" X —Xx
Viy x =0 4 tiém can dimg cua d thi ham sb da cho.

. Ax+15-4 . x+15-16 ) 1 1
Iim———— =1lim =lim =

o1 x?—x =l x(x—l)(x/m+4) i x(m+4) 8

Vay x =1 khong la tiém cén dung cta d6 thi ham sb da cho.

Vay dd thi ham s6 da cho c6 mot dudng tiém can ding.

x>-4
s x+4>0
h) biukién : § | Sax#-1.
x +x#0
x#0

Tép xéc dinh : D =[—4;+0)\{-1,0}.

. . . Jx+4-2 . . Nx+4-2
Taco: lim y= lim | ——— |=—00, lim y= lim | ——— |=+©
x—>(71)7 x—>(71)7 X +Xx )c—)(fl)Jr x—)(fl)Jr X +Xx

Vay do thi ham s6 ¢6 tiém can ding x=—1.

Hay tim duong tiém can ngang (TCN) ctia d thi cac ham sé sau day:

3x+2 x—1
a) y= b) v~
V=15 ) Y= e
4x* —4x -8 x —9x
Q) y=—1T "3 d) y=
(x=2)(x+1) X —x*—5x-3
¢) y= —x*+x+2 £ y= vx—1+1
T ) (x+2) VTS a2
1-2x—/x+10 Jx(4x+6) -2
g y=—03 h) y=
x —2x-3 x+2
Loi gidi
2
3+-—
a) Tacé: lim y= lim 3XF2_ fim X3
X—>to0 e ) x—>to0 _g
X
Viy tiém can ngang cta d6 thi ham sd da cho 1a duong thang y =3.
b) Tap x4c dinh: D=R\{-6,1}.
1 1 1 1
x—1 ) x—1 v 2
limy=lim—-————=1m-—2* _=0; limy=lim———=1lm-—2*_2*__ =0
xa+ooy xa+oox2+5x_6 xa+ool+§_£ xa—ooy xa—oox2+5x_6 xﬁ—oo1+§_£
2 2
X X X X

Suy ra duong thang y =0 1a tiém c4n ngang cua do thi ham sb
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. s yV J J J
4’ —4x-8 _ xz( T xz)

¢)Tacod: lim y= lim —~ 70

oo (x0)(x+1)’ = ( Zj(” 1) B

X

Vay dd thi ham s6 ¢6 tiém can ngang y=0.

d) Tap xac dinh: D =R\ {—1;3} Ta co: hm y =1 nén duong thang y =1 1a TCN cta d0 thi ham

5.
2
e) Xét ham s y:ﬁ 6 tap xac dinh D=R\{—1;—2} .
—x’ +x+2 —x’+x+2
T li =lm -——=-1 li =lim —————=—
e Y M ey T I )

Vay y=—1 1a duong tiém can ngang ctia do thi ham sb.

f) Tap xac dinh: D =(1;+0)

1
/ 3 2
Tacé: lim y=lim ——— L+l = lim XX X

=0 nén do thi ham s da cho chi c6 mot
X—>4o0 x40 5x —3x—2 x—+w 3 2

duong tiém can ngang la y=0.
g) Tap xdc dinh: D =[-10;+00)\{-1;3}.

1 2 /1 10

- — +7

: . 1=2x—+/x+1 N PR

Tacod: lim y = lim Zx x+10 Jim XX ¥* X
X—>+o0 X—>+o0 x =2x-3 X—>+0 g i

X 2

=0
1-
X

Viay y=0 la duong tiém cin ngang cua do thi ham sb.

4 6 2
x(4x+6)-2 Ty
h) Ta co: hmy— lim =2

X—>+00 X+ 2 X—>+00 2

4,602
x(4x+6)-2  WTTLTL ,

lim y = lim = lim
X—>—%0 Y X—-0 x+2 X—-0 2

Vay dd thi ham s c6 hai tiém can ngang y=12.

Cau3: Hay tim duong tiém cin xién (TCX) ciia cac d6 thi ham s sau:
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TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO
1 yV J J J
¢) y=x-3+— d) y=x++x*—1
X

x2+1
e) y=+x’—2x+2 f) szz_
x =1

Loi giai
a) Tap xéac dinh ctia ham sé 1a R\ {~2}.

1+3+ > 1+5

, : e -
Tathdy lim X2 i X X 1y fim (p—x) = lim 270 = lim — X =1

X—>+o0 x(x+2) X—>+00 1+g X—>+o0 x—+0 D xe+oo1+g

X X

Vay y=x+1 latiém can xién cua d6 thi ham so6

b) Tap xac dinh ctia ham sb 1a R\ {1} .

2 3+£
— 2
Ta co: limL 1 2x 23x+2_1 X X —9,
X—>+00 x X—>+00 x _x X—>+00 1_1
X

X—>+0

2 _ -1+—
Mait khac: lim{w—bﬁ:hm{ x+2}:lim X =1,

Vay y=2x-1 la tiém can xién cua do thi ham so.

¢) Tap xéac dinh cta ham sé 1a R\ {0} .

£ 1 .1
Ta thay xlirgo[y—(x—3)]: llrpw—zzo.

X—>I X
Vay y=x-3 latiém can xién ctuia o thi ham so.

d) Tép xéc dinh ctia ham s6 da cho 1a D = (—o0;—1] U [1;+00).

Taco: lim[y—2x]= lim [x+\/x2 -1 —2x}: lim [\/xz—l—xJ

X—>+00 X—>+0 X—>+0

Vay dd thi ham s6 c6 mot duong tiém can xién la y =2x.
e)Taco y=+/x"—2x+ =J(x—l)2 +1

Do lim [y—(-x+1)]= lim[ (x—1)2+1—(—x+1)}

X—>—0 X—>—0

Iml GV. Phan Nhat Linh - @& SDT: 0817 098 716 _
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Cau 4:

y J J J

(x=1)" +1—(=x+1)’
o J(x=1) 1 (x4 1)

1 . 1

= lim = lim
et i () (1_x)[ TR ﬂ
X

(x-1)

Vay y=-x+1 la duong tiém can xién cua dd thi ham s da cho.

=0

o imlv=(x=1)1= lim I 1= (=1 | = 1im (x—l)2+l—(x—l)2
Do fim[y-(x-1)] )LM[( 1= 1)} = (x—1) +1+(x~1)

= lim ! = lim ! =0

R +7l tx=1) + 1 +
e ey 1)[ — 1]

Vay y=x-—1 la dudng ti€ém can xién cua dd thi ham sé da cho.

f) Tap x4c dinh ctia ham s6 da cho 1a D = (—o0;—1) U (1;+00).

X—>+0 X—>+00

2 1 x2[1+1j x(1+lj
lim[y—x]=lim{x——x}=lim X x|= lim| —~x|=0.

,XZ _1 X—>+00 X—>+00 i

1

Vay d6 thi ham s6 c6 mgt duong tiém can xién la y = x.

X—>—0 X—>—0 X—>—0

2
) X (1+j
1im[y—(—x)]=1im(y+x)=1im[ x4 +xj= lim | ——2 4+ x

Vay dd thi ham sb c6 mot duong tiém can xién la y =—x.

Cho ham sd y = f(x) co lim f(x) =1 va lim f(x) =—1. Khéng dinh nao sau day la ding?
X—>+0 X—>—00

A. D6 thi ham s6 d3 cho c6 dung mot tiém can ngang.

B. D thi ham s c6 hai duong tiém cin ngang 1a cac duong thing y=1 va y=—1.

C. D) thi ham sd c6 hai tiém can dimg 1a cac duong thang y=1 va y=—1.

D. D6 thi ham sb da cho khéng co tiém can ngang.
Loi gidi
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yV J/ J /4

Theo gia thiét ta co:

lim f (x) =1 suy ra duong y =1 1a mot duong tiém cén ngang ciia d6 thi ham sb.

X—>+00

lim f (x) =1 suy ra dudng y =—1 la mot dudng tiém cén ngang cta do thi ham sd.

X——0
Vay d0 thi ham s6 ¢6 hai dudng tiém can ngang 1a cac dudng thang y=1 va y=—1.

cotoadola

A A A: , X 1 1a A X
Cau5: Tam doi xtmg cua do thi ham s6 y = 5
x+

A. (-2;3). B. (3;-2). C. (-3;2). D. (2;-3).
Loi giai

Do thi ham sb y= c6 tiém can ding x = -2 va tiém can ngang y =3.

x+2
Tam d6i xtmg ctia d6 thi ham s6 1a giao diém cta 2 dudng tiém cin nén diém (—2;3) 1a tam d6i
xtng cua do thi ham sb.
Ciu 6: Cho ham sb y =f(x) xac dinh trén D va ton tai cac gidi han hiru han 1a lim f(x) =a,
X—>+00

lim f(x) =—a—2 trong d6 a 1a sd thyc. Pé d6 thi ham s6 y = f(x) c6 ding mot dudng tiém

X%
can ngang thi gid tri cia « bang:
A.a=1. B.a=-1. C.a=0. D. Khong ton tai a.

Loi giai
Dé d6 thi ham s6 y = f(x) c6 diing mot dudng tiém can ngang thi

limf(x): 1iI}1f(x)<:>a=—a—2<:>a=—l

X—>+00

Vay gia tri cia a =-1.

Cau7: Chohamsb y=f (x) ¢6 bang bién thién nhu hinh vé:

L |—o0 1 2 +o0
f'(z) - + 0 -
o |[* ’
f(z) /
—00 -1

Téng $6 duong tiém can ding cla dd thi ham s y=f (x) la:
A. 0. B. 1. C.2. D. 3.
Loi giai
Tép xac dinh: R\ {1}
lim f (x)

x—1"

lim £ (x

x—1*

nén do thi ham s6 khong c6 mot tiém cén dung.
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y J J J

Cau8: Chohamsd y=f(x) c6 bang bién thién nhu hinh vé:

r |—oo -2 0 2 +oo
f'(x) — +
+oo| 7
0
f(z) /
0 —00

Tong s6 duong tiém can ding va duong tiém cin ngang cua dd thi ham s bang
A. 3. B. 4. C.1. D. 2.
Loi gidi
Dua vao bang bién thién ta cé lim y =+o0 va lim y =—oo suy ra duong tiém can dimg ciia dd
2+

x—>-2" x—

thi ham s 14 dudng thang x=-2 va x=2.

Dua vao bang bién thién tacé lim y=0 va lim y =0 suy ra duong tiém cin ngang cta d thi
X—>+0

X——00

ham s6 1a duong thang y=0.

Cau9: Chohamsb y=f (x) c¢6 bang bién thién nhu sau:

T |—co 0 3 +o0
f'(z) - + 0 -
0 3
f(=) |1
\ N )

Téng sb tiém can dimg va tiém can ngang cua dd thi ham sé da cho la:
A. 1. B. 2. C. 3. D. 4.
Loi gidi

Tir bang bién thién ta thdy x =0 thi ham s6 khong xac dinh va lim f (x) =—o0, nén x=0 Ia

x—>0"
TCP cua do thi ham sd.
lim f(x) =3 = y =3 la tiém c4n ngang ctia d6 thi ham sd.
lim f(x)=1= y=1 la tiém can ngang ctia do thj ham s.
Cau 10: Cho y= f(x)1a ham s6 bac ba va c6 bang bién thién nhu sau:
T [—o0 0 2 +oo
f(x) + 0 - 0 +

0 o0

f(x)
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N . 1 ) .
Po6 thi ham so g(x) = ———+—— c0 bao nhiéu duong tiém can?
2f(x) +3
A. 2. B. 6. C. 3. D. 4
Loi giai
1 . ,
Taco: Iimg(x)=1lm g(x)=lim ———=0= y =0 la tiém can ngang cua do thi ham so.
x»+oog( ) x%—wg( ) x»+002f(x)+3 Y : : gang :

Lai c6: 2f(x)+3=0< f(x)= —% ¢6 ba nghiém phan biét, suy ra do thi ham sb c6 3 duong

tiém can dung.

Cau 11: Cho hamsb y = f(x) c6 dd thi nhu hinh v&

Ay
30——-

¥s

et

Do thi ham s6 y = c6 may duong tiém can ding?

1
f(x)-1
A. 0. B. 1. C.2. D. 3.
Loi giai

Ta c6 dudng thiang x = X, la duong tiém can ding cua d6 thi ham s6 y =
nghiém phuong trinh f(x) -1=0< f(x) =1.

Dua vao dd thi ham s6 y = f(x) ta thay phuong trinh f(x) =1 c6 ba nghiém phan biét

Y . r 1 .
Suy ra d6 thi ham s6 y = ————c06 3 dudng tiém can ding.
f(x)-1
Céu 12: Cho ham sb c6 bang bién thién nhu hinh sau
T |—oo -1 0 1 +o0
f(x) - + - +
—+ oo
2 —1
@) /
—4 — 00 — 0| —00

Tong s6 dudng tiém cén ngang ctia d6 thi ham sd y = f (x) la
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> —

A. 0. B.2. C.3.
Loi giai

Vi lim y=—4, lim y =—1=> P thi ham s6 ¢ hai tiém can ngang 13 y=—1 va y=—4.
X—>+00

X—>—o0

Céau 13: Cho ham s y = f(x) x4c dinh va c6 dao ham trén R\{+2} . Ham s6 f(x) co bang bién thién

nhu hinh vé dudi day

T |—oo —2 0 2 +o0
f'(=) - + - +
+o0 400 +o0
10
f(@) \ / /
2
~3 —oo
7 A A \ ‘A A , N A A 5 A . \ A 1
Tinh tong s6 dudong tiém can ding va tiém can ngang cua d6 thi ham s6. y = ————.
2f(x) +6
A. 6. B. 5. C.3. D. 4.
Loi giai
bit ¢(x)=———— thi ta ¢c6 ham sb xac dinh trén R\ {+2;a
it g(v) 2/(x)+6 ' 2a)
1
Trong d6 f(a)=-3 va a e(2;+0). Khi d6 ta co: lim g(x)= =0
gd6 f(a) (20) Jim () 2 lim /(%) +6
Mt khac: lim g(x) = ! L nén y=0 v y=—— la hai duong tiém cin ngan
e A T lim () +6 26 Y% & TG CHR hEHnS
Mat khac ta lai c6: lim g(x) = - ! =400 = x =—2 la tiém cén ding;
{2y 2 lim f(x)+6
x—(-2)"
1
limg(x)=———————=0= x=2 khong la tiém cin dung;
x—>2ig( ) 2lim f(x)+6 8 T 8
x—2*
lim g(x) = ; =400 = x =a la tiém can dung;
xa* 2lim f(x)+6

Vay do thi ham sé y = c6 4 dudng tiém can.

1
Cau 14: MGt cong ty san Xuét may tinh da xac dinh dugc réng, tinh trung binh mgt nhan vién c6 thé lép
rap duoc N(x) :% (x > 0) bd phan mdi ngay sau x ngdy dao tao. Xem y = N(x)lé mot
ham s6 xéc dinh trén [0;+00), khi d6 tiém cin ngang ctia d6 thi ham s 1a
25 25

A y=—. B. x

C. x=50. D. y=50.
2 2

Loi giai

GV. Phan Nhat Linh - & SDT: 0817 098 716 I_I-I_“




*

TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO

yV J/ J /4

Tacé lim N(x)= lim i’; = lim Lﬁ = lim 5—04 =50
X X x —+— X x(l + j X 1 +
X X
A " , o T A 13 , . NI U SR 4000
Cau 15: Nguoi ta ngot hoa nude hd bang cach bom nudc ngot vao ho va biéu thic C (t) = 2003 (gam
+ 3t

/1it) biéu thi ndng d6 mudi trong hd sau ¢ phut ké tir khi bat ddu bom. Khi thoi gian du 16n nong
d6 mudi trong bé bang

A. 1. B.?. C. 3. D. 0.
Loi gidi
Tacd lim C(t) = limﬂ =0
- e 4000 + 3¢

Cau 16: Chi phi (nghin ddng) dé san xudt x sin pham cia mot cong ty dugc xac dinh boi ham s6
F(x)=60000+250x. Goi F(x) 12 ham s biéu thi chi phi trung binh (don vi: nghin dong) dé
san xudt x san phém(x > O) , khi d6 tiém can ngang caa dd thi ham s6 la:

1

A. x=250. B. y=—-.
240

C. y=240. D. y=250.
Loi giai

60000 + 250x

Chi phi trung binh dé san xuat x san pham la F(x) = (nghin ddng).

Taco lim F(x)= lim ————— = lim
X—>+0 X—>+00 x X—>+00

60000 + 250x ( 60000
x

+ 250) =250.

Cau 17: Mot ing dung clia ham s6 trong vat 1y 1a hé s tuong ddi tinh Lorentz duoc cho boi cong thirc

1 e \ A A A (Y ’ A < A ) ’ LA A7
7/(\/) = —vz , Vo1 v 1a van toc tuong doi gitra cac hé quy chiéu quan tinh, ¢ 1a toc do anh
\/1 —
c

sang trong chan khong. Ham nay dugc str dung trong thuyét tuong dbi dic biét cua Einstein dé
mo ta cac hiéu tng twong ddi tinh c6 d6 thi trong nhu thé nay:
"}’“ : : : : : : : : : :

P

[

; T T A
a4 et s . 2 SO e O,
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y J J J

Db thi ham sd o tiém cén dung l1a:
A. x=0. B. y=0. C.x=c. D.ng.
Loi giai

Ta c6: limy(v)=1lim =400 nén x =c 1 tiém can ding cta do thi.

vV—oC v—C

1-—
cZ

Cau 18: Mot bé chira 1000 lit nudc tinh khiét. Nguoi ta bom vao bé d6 nude mudi c6 ndng do 15 gam
mudi cho mdi lit nude véi tée do 20 lit/phit. Biét ring ndng do mudi trong bé sau ¢ phit (tinh
bang ti sb cua khdi lvong mudi trong bé va thé tich nude trong bé, don vi: gamy/lit) 1a mot ham
s6 f (t), thoi gian ¢ tinh bang phit. Phuong trinh tiém can ngang cta d6 thi ham sé f (t) bang

Loi giai
Sau ¢ phiit, ta c6 khbi lwong mubi trong bé 1a 20.15¢ = 300z (gam).
Thé tich cta luong nudc trong bé sau ¢ phit 1a 1000 + 20z (lit).

3000 30
1000+20f 100+ 2t

Véy nong d6 mudi sau ¢ phatla f(¢)= (gam/lit)

30¢
Do lim f(z)= lim
ta+oof( ) t~>+00100+2t

la y=15.

=15 nén do thi ham s6 y = f (t) c6 phuong trinh tiém can ngang

Cau 19: Mot bé chira 2 m® nudc tinh khiét. Nguoi ta bom vao bé d6 nude mudi co ndong do khong ddi véi
toc do 20 lit/phut. Biét rang nong dd mudi trong bé sau ¢ phut (tinh bang ti s6 cuia khoi lugng
mudi trong bé va thé tich nudc trong bé, don vi: gamy/lit) 1a mot ham sé 1 (t), thoi gian ¢ tinh
bang phut. Biét rang tiém cén ngang ctia do thi ham s f (t) la y=10.Nong d6 mudi trong bé
sau khi bom dugc 1 gid bang bao nhiéu?

Loi giai
Gia st nudc mudi bom vao co6 nong dé a gam/lit.
Sau ¢ phiit, ta c6 khbi lwong mudi trong bé 1a 20ar (gam).
Thé tich ctia lwong nudc trong bé sau ¢ phit 1a 2000 + 20z (lit).

20at at

= am/lit
2000+20¢ 100+¢ (g )

Vay nong d6 mubi sau ¢ phutla f (t) =

lim f'(¢) = lim =a nén d6 thi ham s6 y = f() c6 phuong trinh tiém cén ngang la

t—>+o0 t->+0100+1¢
y=a=10.
PR £ A A A 2 . L 1s 10¢
Ttr d6 ham s6 nong d§ muoi trong bé sau khi bom dugc ¢ phatla f (t) = T00+r"
+1
Nong do mudi sau 1 gio bom1a £(60)= _1060 _ 3,75 gam/ lit.
100+ 60
----------------  § | D) ———
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...........................................................................................................................

DE REN LUYEN 05: DPUONG TIEM CAN CUA PO THI HAM SO

Chuyen d@ tinh don diéu cua ham s6 goém ly thuyet va vi dy minh hoa

PHAN I. Cau tric nghiém nhiéu phwong an lya chon. Thi sinh tra 10i tir cdu 1 dén cau 12. Mdi cau hoi
thi sinh chi chon mgt phuong an.

Cau 1:

Cau 2:

Cau 3:

Tiém can ngang ctia do thi ham s6 y = c6 phuong trinh:

A.yzg. B. y=3. C. y=-1. D. y=1.
Loi giai
. . +1 . . +1 5
Taco: lim y= lim 3 1 =3 va lim y= lim 3 1 =3 nén y =3 la tiém can ngang cua do
X—>+0 X—t0 x — X—>—0 X—>—0 x —

thi ham so.

‘A A , 0 aX 1s1 N £ X = \ \ 2 \ A
Ti¢m cén ding cua do thi ham s6 y = la dudng thang nao sau day

x+1
A. x=-2. B. x=1. C.x=-1. D. x=2.
Loi giai
2x -2 . . 2x-2 .
Tacd lim y= lim Y72 o va lim y= lim Y72 o nén duong thang x =—1 latiém
x—-1" x>-1" x+1 x—-1" x> x+1

can dung cua dd thi ham sb.
Cho ham s6 y = f(x) c¢6 lim f(x)=1va lim f(x)=-1. Khang dinh nao sau déy la khang

dinh diang?

A. D6 thi ham s6 d3 cho c6 hai tiém can ngang 1a cac dudong thang x=1 va x=—1.

B. D6 thi ham s da cho khong c6 tiém can ngang.

C. D) thi ham s di cho c6 diing mot tiém can ngang.

D. D6 thi ham sb da cho c6 hai tiém can ngang 13 cac dudng thang y=1 va y=-1.
Loi giai

Duya vao dinh nghia duong tiém cin ngang ctia d6 thi ham s6

Cho ham s6 y = f(x) c6 bang bién thién nhu sau

I'(z) + +
+o0 5
f(=x)
2 3

Tong s6 dudng tiém can ngang va dudng tiém can ding cia do thi ham so da cho la
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Cau 5:

Cau 6:

LUYEN THI THPT QUOC GIA 2026 CHUONG I: HAM SO
y J J J
A. 3 B. 2 C. 4 D. |
Loi giai

Tir bang bién thién ta co:
lim y = 400 nén dudng thang x =1 1a dudng tiém can dimg cta do thi ham s6

x—1"

lim y =2, lim y =5 nén duong thing y =2 va y =5 la cac duong tiém can ngang cta do thi
X—>+00

X——0
ham so
Tong so6 dudng ti€ém can ngang va duong ti¢m can dung cia do thi ham s6 da cho 1a 3
Ham s0 nao sau day c6 mdt tiém can:

x+3 X +3x-2

4 2x
B y-X X2 o _ 4 D, yo 2%
21 YT A = Y=

A y=

Loi giai

\ £ X+ A A A , | A
Hamso y= c6 mot ti¢m can dung x = E va mot tiem can ngang y = 5

2x—1
. x*+3x-2 2 s mkien A e im A n
Hamso y= =X- c6 mot tiém can ding x = -3 va mot ti€ém cén xién y=x.
x+3 x+3
Ham s y= c6 mdt tiém can dung x =1 va mot tiém can ngang y=0.
x_
Hamsb y = e c6 mot tiém can ngang y=0.
X+

Cho ham s6 y= f (x) c¢6 bang bién thién nhu sau:

T |—oo 0 3 —+o0
f'@) _ -
1 3
2
f(=z) \
< —3

Tong so0 ti€ém can dirng va tiém can ngang cua do thi ham so6 da cho la:

A.2. B. 3. C.4. D. 1.
Loi giai

Nhin bang bién thién ta thdy x=0 ham s6 khong xac dinh nén x = 0 13 tiém can dimg ctia d6 thi
ham s

lim f(x)=3= y=3 la tiém cin ngang cta d6 thi ham so

X—>+0

lim f(x)=1= y =1 la tién cin ngang cta d6 thi ham s6

Vay ham s6 c6 3 tiém can

X—>—00
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Cau7: Duongthang 2y +1=0 la tiém can ngang cia ham so nao sau day?

x+1 x> +x+1 2x+1 3—x°
A p= B,y X+ C.y= Dy
Yt YT T YT, = VT 3t

Loi giai

\ A X
Hams6 y =

¢6 tiém can ngan =—.
D] o emCAnngang y=y

2
Lz x +x+1 ia A
Hams6 y = o khong c6 tiém can ngang.
—2x

Hamsb y = c6 tiém can ngang y =-2.
—-X
\ A 3-x’ A " 1
Ham s0 y=————— cotiémcinngang y=——=<2y+1=0.
2x" =3x+1 2

Ciau8: Chohamsd y= 2x—1+i3 (C). Khoang cach tir M (2;—1) dén tiém can xién cua d6 thi (C)
X+
la:
A2 B. y= C.2 D.4
N B. . .

4
J5
Loi giai

) 3 ) ) \ .
Ta co hm—3=0.Véy y=2x-12x—y—1=0(A) latiém cén xién cia do thi (C).
>0 X 4

Cp2+1-1 4

Khi do: d(M,A)= N/

Cau9: Vodigiatrinao cua m thitiém can xién clia db thi ham s y=x+m+ diqua diém M (1; 2)

m-—x
A.m=1 B. m=0 C.m=2 D. Mot dap an khac.
Loi gii
Ta c6 lim =0.Vay y=x+m latiém cin xién cta d6 thi ham s da cho.

X—)oom_x

bé M (1;2) nam trén tiém can xién thi 2=1+m < m=1.

2x* =3x+m

Cau 10: DO thi hamsb y = 1a (C,). Gia tri cia m dé dd thi ham s6 (C, ) khong c6 tiém

xX—m

can dang la:

A.m=0. B. m=1 C. m=0 hoac m=1. D. m=0 hodac m=-1.
Loi giai

Ham sb khong c6 tiém can dung khi x = m 13 nghiém cua:

m=0

2x* =3x+m=0 tic la 2m2—2m:0<:{ {
m=
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: mx* +6x—2 Xy . X .
CAu11: Chohamso y= — c6 do thi (C,,). Vi gia tri ndo ciia m thi d6 thi ham so (C,,) ¢6
X+
tiém can ding va khong co tiém can xién.
A.mzz B.m=E C.m=2 D. m=0
2 2

Loi giai

. . 6x—-2 , . . .,
Taco m=0 thi y= c6 tiém can ding va ti€ém cdn ngang.

x+2

4m—14
m#0thiy=mx+6-2m+ m .
x+2

. 7 : .
Néu 4dm—-14=0=m= > thi ham so khong co tiém can.

Cau 12: Tai mot cong ty san xuat dd choi A, cong ty phai chi 50000 USD dé thiét 1ap day chuyén san
xuat ban dau. Sau do, cir san xuat duge mot san pham dd choi A, cong ty phai chi tra 5USD cho
nguyén liéu thoé va nhan cong. Goi x (x > 1) 1a s6 6 choi 4 ma cong ty da san xuét va T (x)

(don vi USD) 14 tong sb tién bao gdm ca chi phi ban ddu ma cong ty phai chi tra khi san xuét x

3 x D s T(x

d6 choi 4. Nguoi ta xac dinh chi phi trung binh cho mdi san pham d0 choi 4 1a M (x) = (x)
x

.Khi x du16n (x —+o0) thi chi phi trung binh (USD) cho mdi san pham d6 choi A gn nhat

v6i két qua nao sau day?
A. 50 000 B. 50005 C. 10 D. 5
Loi gidi
Goi T(x) (don vi USD) la tong sé tién bao gom ca chi phi ban du ma cong ty phai chi tra khi
san xuat x do choi 4 thi 7(x)=50000+ 5x
T
Ta co: lim(—x): lim (M+5j=5.

X—>+00 x X—>+00 x

PHAN II. Cau tric nghiém ding sai. Thi sinh tra 10 tir cdu 1 dén céu 4. Trong mdi ¥ a), b), ¢), d) & mdi
cau, thi sinh chon diung hoac sai.

Caul: Chohamsb y=f(x) c6 bang bién thién nhu ham sé duéi day.

T |[—oo —2 -1 3 +oo
S@| o+ _ - +
—4 +oo +oo
J(x) \
— o0 —00 0

a) Ham s da cho nghich bién trén khoang (-2;0)

b) P thi ham s di cho ¢6 tiém cén ngang
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Cau 2:

Cau 3:

y J J J

C) Do thi ham s6 d3 cho ¢6 hai duong ti€ém cén ding
d) Ham s6 co gia tri 16n nhét trén R

Loi giai
a) Sai: Ham s6 khong xac dinh tai x=—1

X—>+0 =y —>+0

b) Sai: Khi { nén ham sb khong c6 tiém cén ngang

X—>-—0=y—>-—0©
¢) Sai: Ham s c6 dung mot tiém can dimg 1a dudng thang x = —1

d) Sai: lim y =400 nén ham s6 khong co gia tri 16n nhit trén R
x~>(—1)4r

Cho ham s6 c¢6 db thi nhu hinh vé& dudi day

y]

o

EssssssssssssfdEe e EEEEEEEEEES

a) Ham sd di cho lién tuc trén khoang (0;2)
b) Ham s da cho nghich bién trén khodng (1;2)
¢) P6 thi ham s6 da cho khong c6 dudng tiém can ngang
d) Khoang céach gifta hai duong tiém can dimg cua dd thi ham sb bang 2 .
Loi gidi
a) Pung: Tt d0 thi ta thdy ham s6 da cho lién tuc trén khoang (0;2)
b) Diing: Tir d6 thi ham sb ta thay ham s6 da cho nghich bién trén khoang (1;2)
¢) bung: Ham s6 di cho c6 dudng tiém cén ngang
d) Pung: Khoang céch giira hai dudng tiém can ding cua do thi ham sb bang 2.

x*=2x+2

Cho ham s6 y = c6 do thila (C)

x+2
a) P4 thi ham s6 (C) c6 hai duong tiém can.

b) Giao diém cua hai tiém cén 1a / (—2;—6).

¢) Khoang cach tir O dén tiém céan xién bang 42 .

d) Puong tiém cén xién cua do thi ham sb (C) diqua diém M (0;—4).
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Loi giai
, , 10
a)bing: Taco y=x—4+ .
x+2

lim y =00 nén x =-2 1a tiém cén ding cta do thi ham so.

x—>-2

.10 R A U £
lim—— =0 nén y =x-—4 la tiém can xién cta do thi ham so.
¥ x 42

, =2 -
b) Bung: Giao diém cua hai tiém can thoa man * & * .
y=x-4 y=-06

. 5 ’ <\ A A A A M 4
¢) Sai: Khoang céch tir O dén ti¢ém can xién bang ﬁ .
d) bung: Mat khac -4=0—-4 nén M nam trén tiém cén xién.
2
x" +mx—1
-1
a) Dé do thi (C,) cua ham s6 c6 tiém can xién thi m = 0.

Cho ham s y = (Cm) (m 1a tham sb)
b) Pé tiém can xién cua (Cm) di qua M (2,—5) thi m =-8

¢) Dé tiém cén xién cua (C,,) tao véi hai truc toa dd mot tam gidc c6 dién tich bang 8 (dvdt) thi
tong tat ca cac gia tri m tim duoc bang 2
d) V61 m =3 thi giao diém cua hai dudng tiém can cua (Cm) nam trén Parapol y = x> +3
Loi giai
Ham s6 xéac dinh trén R\ {1} .

m R A . 5 \ A 7oA A A 3
a) Pung: Ta co6 y=x+m+1+—l.Bédoth1 (C,,) ctia ham s6 c6 tiém can xién thi m # 0.
x_

Véi m#0,(C,) c6 tiém can xién y=x+m+1(A,) vi lim[y—(x+m+l)]=limi=0.
X—>0 x—)OOx_
b) Ding: Bé (A,) qua M (2,-5) thi =5=2+m+1<>m=-8 (thod man)

¢) Sai: Goi 4 la giao diém cua A, v6i Ox suy ra A(-m—1;0)

Goi B la giao diém cua A, véi Oy suyra B(0;m+1).

1 1 1
Suy ra: S,z =EOA-OB=E|—m—1||m+1|:E(m+1)2
x 1 2 m=- e
bé SAOAB:8<:>E(m+l) :8<:{ (thoa man m #0).
m=
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d) Sai: Ta c6 véi m#0,x =1 1a tiém can ding vi linlly =00 nén y=x+m+1 latiém cén xién.
X—>

Khi d6 giao diém cua 2 tiém can 1a 7(Lm+2).
Dé I nam trén Parabol y=x*+3 thi m+2=1+3 < m=2 (thoa min).

PHAN III. Cau tric nghiém tra 1o ngin. Thi sinh tra 10i tir cau 1 dén céu 6.

2x+m

Caul: Chohamso y= . C6 bao nhiéu gia tri cia m d€ do thi ham so0 c6 ti€ém can ding, tiém

mx —1
can ngang va cac tiém can cung voi hai truc toa do tao thanh mot hinh chit nhat ¢6 dién tich 1a 2
Tra loi:
2
Loi gidi
. . ]2
Voim#0taco: S=2|—|.|—|=2m==11.
m| |m
A . r 23 . AL A A - X \ . A re 12x , . r 3R .
Cau 2:  Chi phi dé loai x(%) chat gdy 6 nhiém la C (nghin do) véi C (x) = 00— Tinh chi phi dé loai
—-X
b6 50% chit gay 6 nhiém?
Tra loi:
1|2
Loi gidi
12.
Khi x=50 thi C(50)=—=""_ =12 (nghin do)
100-50

Vay chi phi dé loai bo 50% chat gay 6 nhiém la 12 nghin dé.

Cau3: AnhAn ld mot nha quy hoach d6 thi, mé hinh héa déan sb P(t) (nghin ngudi) cta ving anh 4y

. . . 40t 50 . .
song sau ¢ nam ké tur tho1 di€m hién tai la P(I) = 7110 _ﬁ +70. Dan s0 ma anh An du kién
- -
trong dai han 1a bao nhiéu nghin nguoi (khi # — 400)
Tra loi:
710
Loi giai
.4 .=
Ta co: lim — or =0; hmio =0 suyra P(¢)="70.
=0 = 410 oo f 4]

Vay dan s6 ma anh An duy kién trong dai han 1a 70 nghin nguoi.

mx2+(m2+m+2)x+m2+3 , , .
. Tim meR dé khoang cach tir goc O dén tiém

Ciau4: Chohamsd y=

x+1
can xién hodc ngang 1a nho nhat
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Tra loi:

Loi giai
Ham s d3 cho xac dinh va lién tuc trén (—o0;—1) U (—1;+0)

mx2+(m2+m+2)x+m2+3 5 1
y= =mx+m +2+——x#-1
x+1 x+1

. 1 . 1
Vi lim = lim =0 nén (d):y:mx+m2+2 <:>(d):mx—y+m2+2=0 la duong
oo x ] woie x4

can xién hodc ngang ctia ham so.

2
2
Ta co: d(O;d):M=\/m2+l+;22

‘m2+1‘ m* +1

=m=0.

Vay d(0;d) nho nhét bing 2 khi m® +1= -
m-+1

Khi d6 ham s6 ¢6 tiém can ngang 1a y =2

Cau 5: Nong d6 thudc trong méau cia mot bénh nhan ¢ gio sau khi tiém 1a C (Z) (m—‘?j v6i C(1) duge
m
04

T +0,013. Tim ndéng d6 thudc t6n du, tic 1a nong do thude van
T+

cho boi cong thuc C (t) =

con trong co thé thé nan nhan trong dai han (khi # — +00) (1am tron dén hang phan trim)
Tra loi:

Loi giai

Taco: lim =1im(8’—4+o,013j=0,013 (@j
110 el 1211 ml

Ciu 6: Hai loai cung ton tai trong cung mot hé sinh thai. Sau ¢ nam, sé luong ca thé loai 1 1a P(t)
nghin con, s6 lugng ca thé loai 17 1a Q(t) nghin con, trong d6 P va Q dugc mo hinh hoa baoi

64 . . . .
cac ham Q(t) = - v&i moi ¢ =0 sao cho sO lugng cé the tuong Ung 1a dai luong khong am.

Tim sO lugng ca thé ban dau cua moi loai 1/
Tra loi:

Loi giai

Ta co: Q(O) = 46—40 =16 (nghin con).
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yV J J S
BUOI 06: KHAO SAT SU’BIEN THIEN VA VE DTHS

Chuyén dé tinh don diéu ctia ham s6 gom 1y thuyét va vi du minh hoa

Y- WA ¥ LY THUYET CAN NHO

1. Khio st va 1ap bang bién thién ciia ham s6
Dé khao sat va v& d6 thi ham sé y= f (x) thi ta thuc hién theo cac budc sau day:

Buwdc 1: Tim tap xac dinh D ctia ham sb

Budre 2: Xét sy bién thién cua ham sé:

Tim dao ham f '(x) r0i xét dau dao ham, xac dinh cac khoang don diéu, cuc trj (néu cd) cia ham sb

Tim gi6i han tai vo cuc va gidi han vo cuc cia ham sb ciing nhu 14 cac duong tiém can cua db thi ham sé
(néu co)

Lap bang bién thién ctia ham s6

Budre 3: V& do thi ham sb:

Xac dinh céac diém cuc tri (néu cd), giao diém cua d6 thi véi cac truc toa do (néu c6 va dé tim),...

V& cac duong tiém can cua dd thi ham s (néu co)

V& d6 thi ham s6

Chu y: Khi vé dd thi, nén x4c dinh thém mét sb diém dic biét cua do thi, chfmg han tim giao diém cua dd
thi v&i cac truc toa do (khi co va viéc tim khong qua phuc tap). Ngoai ra can luu y dén tinh d6i xing cia
db thi (d6i xtng tam, dbi xtmg tryc).

2. Khéo sat ham sé bicba y=ax’ +bx’ +cx+d (a #0)

a>0 a<0
Y Y
! \ TN

c6 2 nghiém phan biét

Phuong trinh 3’ =0 | 'q:'z \E/O/ Ty \
/ 3:10‘\./ T .

A, >0 b*=3ac>0 A, >0 b —3ac>0

y y

Phuong trinh ' =0
c6 nghiém kép ! |

0 / T O \:c
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Ay'=0<:>b2—3ac=0 Ay’=0<:>b2—3ac=0
y y
Phuong trinh ' =0 ! !
vO nghiém O / x 0 \ x
A, <0&b*-3ac<0 A, <0 b’ -3ac<0
Bang bién thién
a>0 a<0
X — 0 Xcp Xet too| x — o Xct Xcp + o0
’ + o - 0 + V' - 0o + 0 -
Ycp + o0 + o Ycp
Y / \ / Y \ / \
— o0 Yer Yer — 00
y'=0 c6 2 nghi€m phan biét y'=0 c6 2 nghi€m phan biét
b b
X — 0 3a +w| x — 0 " 3a + o
V' + 0 + y' - 0 -
+ 00 + 00
y / Y \
— o0 — o0
¥ =0 c6 nghiém kép ¥ =0 c6 nghiém kép
X — o0 + o0 X — 00 + o0
’ + ’ _
+ oo + 0
y / y \
— 0 — o0
¥ =0 vo6 nghiém y'=0 v6 nghiém

Chii y: Taco V' =3ax’ +2bx+c va " =6ax+2b.

Khi do: y":6ax+2b=0<:>x=—3£.
a

Do thi cua ham so bac ba luén nhan diem / (xO; yo) lam tam do61 xtng, trong d6 x, = —3— la nghi¢m cua
a

phuong trinh »" =0 va y, = y(xo) .Piém I (xo; yo) duogc goi 14 diém udn cua do thi nay, nd ciing 13 trung
diém cua doan thang ndi 2 diém cuc tri (néu co).
Vi du 1: Khéo sat sy bién thién va v& d6 thi ham sé sau:

a) y=x —3x> +1 b) y=-2x +3x+1
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ax+b

3. Khio sat ham phén thirc hitu ti y = (¢ #0;ad —bc #0)

cx +

O (@]
_4 _4
x — 0 c +oo| x — 00 c + oo
' + + y' - -
+ oo E E + oo
¥ a/ / clryoge \ \ a
c — 0 — c
- . +b
Chii y: Db thi ctia ham s6 y=""" (¢ =0, ad —bc #0):
cx+d

. : d ., " . \ 2 a
- Co6 tiém can ding la duong thang x = ——, ti€ém cén ngang la duong thang y =—.
c c

. .2 N n d a R n Le
- Nhén giao diém cua 2 dudng tiém can [ (——;— lam tam doi xing.
c c
- Nhén 2 duong phan gidc cua cac goc tao bdi tieém can dimg va tiém can ngang lam truc doi xung.
Vi du 2: Khdo sat sy bién thién va v& do thi ham s6 sau:

W

—2x+1 X
= b =
2512 VY=

a) y

p—
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TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO
yV J/ J/ J
; ax* +bx +c
4. Khio sat ham phan thirc bic hai trén bic nhat y=—————(a # 0;m #0)
mx+n
A oa n
Tap xac dinh: D= R\{——}.
m
am.x® +2an.x +bn—mc >
Pao ham y' = 5 . bat g(x) =am.x” +2anx+bn—mc.
(mx+n)
Dau cia y' 1a ddu cia g(x) =am.x’ +2anx+bn—mc.
am >0 am<0
ARY/ Y
| I
I I
I |
I I
| !
| - o 1
1 P ~ o |
1 P S~ e I
| ’/’ \'-._\ |
1 - ~. 1
1 S o 1
\ r_ -~ T
Phuong trinh ' =0 .- r RN
6 2 nghiém phén biét i : L Ol ~~ 7
e : 0 : /\
| |
1 |
I I
| |
1 I
| |
1 I
| |
Ay >0 Ay >0

Phuong trinh y"=0

c6 nghiém kép hoac
vO nghiém
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CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM

TOAN 12 CHUO'NG TRINH MO

Bang bién thién

y J J J

am >0 am <0
_n _n
X — o0 Xcp m Xcr + oo — 00 Xcr m Xcp + o0
’ + 0 - -0 -0 + + 0 -
Yoo + 0 + oo + + oo Vo
—® — o0 yer Yer — 0 —
Ham s6 ¢6 2 cuc tri Ham s6 ¢6 2 cuc tri
_n _n
X — 0 + o0 — 00 m + o0
’ - + - -
+ oo + o0 + o0 + o0
— o0 — Q0 — 00 — 00
Ham sé khéng c6 cuc tri Ham s6 khong c6 cuc tri
A e 4 ax’ +bx+c iAo g o
Chu y: b6 thi ham s6 y =— (a# 0, m # 0, da thtrc tir khong chia hét cho da thirc mau):
mx+n
A A a1y 2 o e 2 a an—bm
- (o tiém céan ding la duong thang x =——, tiém cén xién la duong thang y=—x———5—.
m m m

- Nhén giao diém cua tiém can ding la tiém can xién lam tam doi xing, tdm doi xung nay cling la
trung diém cua doan thang noi 2 diém cuc tri (néu co).
- Nhan hai duong phan giac cua cac goc tao boi tiém can ding va tiém can xién lam truc do1 xung.

Vi du 3: Khao sat sy bién thién va v& do thi ham sé y =

x—2

—x?+3x-1
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' TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO

y 77 7
I : W AN vipu MINH HOA

Cau 1:  Khao sat su bién thién va v& dd thi cac ham sd sau:
a) y=x —3x"+1 b) y=-2x"-3x"+1

C) y=x +3x>+3x+2 d) y=x-3x"+4x-2
Loi giai
a) y=x —3x"+1

Tap xac dinh: D=R

. x=0 : .
Sy bién thién: y' =3x" —6x=0< { va lim =—o0; lim =400
X = X—>—00 X—>+00
Bang bién thién:
x —o0 0 2 +00
Yy + 0 - 0 4+
1 +00
y / \ /
-0 _3

Tir bang bién thién ta thdy ham sb nghich bién trén khoang (O; 2) va dong bién trén mdi khoang
(—o0;0) va (2;+0).

Ham s6 dat cyc dai tai x=0; Yep =1 va dat cyc tiéu tai x=2; Yer =3

Do thi ham sb di qua cac diém (2;—3);(—1;—3);(3;1)

D6 thi nhan diém 7(1;—1) lam thm ddi xtmg

b) y=-2x"-3x"+1
Tap xac dinh: D=R

. =0 : .
Sy bién thién: y' =—6x" —6x=0< {x va lim =—o0; lim = +o0

X=— x>0 Yoo
Bang bién thién:
x —00 -1 0 +oo
f(x) - 0 + 0 =
+00 1
f& ~N 7N
0 -0
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CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

r J/ J

Tir bang bién thién ta thay ham s6 dong bién trén khoang (—1; O) va nghich bién trén mdi khoang

(—o0;—1) va (0;+00).

Ham sb dat cuc dai tai x= 0; v, =1 va dat cuc tiéu tai x= ~Ly,=0.

Yy

V-

D0 thi ham s6 di qua céc diém (1,—4);(-2;5)

Do thi nhan diém JG;— %) lam tam ddi xtng
¢) y=x +3x>+3x+2

Tap xac dinh: D=R
Su bién thién: ' =3x* +6x+3=0<=x=—1 va lim =—o0; lim =+

Bang bién thién:
x —00 -1 +0o0
y . 0 -
+00
y —
-0 ’___,_»—-—""{_——.-A

Tir bang bién thién ta thdy ham s dong bién trén R va ham sd khong c6 cuc tri

Y

D6 thi nhan diém 7(-1;1) lam tim doi xtmg

d) y=x-3x"+4x-2
Tap xac dinh: D=R
Su bién thién: ' =3x> —6x+4>0VxeR va lim =—oo; lim =+

X——0 X—>+00

Bang bién thién:
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yV J/ J /4

X —00 +00
y' +
+00
Yy /
—co

Tir bang bién thién ta thdy ham sb dong bién trén R va ham sb khong ¢ cuc tri
D0 thi ham s6 di qua cc diém (2;2);(0;—2);(1;0)

D0 thi nhan diém 7(1;0) 1am tam ddi xtmg

y
2_ __________
l 4
. X
-1 0 3
-1+
_2]_
Khao sét sy bién thién va v& dd thi cac ham s sau:
x+1 2x+1
a) y="" b) y=
x—2 x+1
x+3 S5+x
C = d e
)y T )y >
Loi giai
a) Tap xac dinh ctia ham s6: R\ {2}. Sy bién thién: )’ 2—% <0 véimoi x#2.

(x=2)

Ham s6 nghich bién trén timg khoang (—0;2) va (2;+o0) va ham s khong 6 cuc tri.

Tiém can:
. . x4+l . . ox+1 : . ox+1 . . ox+l1

o lim y=lim ——=—o0; lim y = lim —— =+00; lim y= lim —— =1; lim y = lim —— =1.
x—2" -2 x—2 x—2" x—2 X — X—>+0 x40 X — X—>—0 X0 X —

Do d6, db thi cia ham sd ¢6 tiém can ding 1a duong théng x =2, tiém can ngang la duong théng
y=1.

Bang bién thién:

T |—oc 2 +oo
f'(x) - _
1 +00
f(z)
00 1
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CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

y J J J

Do thi

———de e -

x=2

. R 5 A . \ A 7. \ .o 1
Giao diém cua d6 thi ham so6 véi truc tung 1a diém (O;—Ej.
Giao diém cta d6 thi ham s véi truc hoanh 1a diém (—1;0).
Do thi ham sd nhan giao diém I (2;1) cua hai duong tiém can lam tam ddi xtng va nhan hai

duong phan giac cua céac goc tao bdi hai duong tiém can nay lam truc doi xing.

_ 2x+1
x+1
Tép x4c dinh ciia ham sb 1a R\ {-1}.

b) y

P , 2(x+1)—(2x—1) 1 .
Su bién thién: Pao ham: y' = = > >0 voimoi x#—1.

(x+1)2 (x+1)

Ham s6 dong bien trén cac khoang (—o0;—1) va (—1;+00) va ham so khong c6 cuec tri.

Tiém can:
. . 2x+1 . . 2x+1
e lim y= lim =+400; lim y= lim =—
x(-1) (-1 x+1 x> (-1)" (-1 x+1
2+l 2+l
o lim y=lim —*=2; lim y = lim —X =2
X—>—0 X—>—00 1 X—>+00 X—>+00 1
I+— I+—
X X

Do @6 x=-1 la tiém can dung cua dd thi ham sb va y =2 latiém can ngang cla dd thi ham

s0. Bang bién thién
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TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO

yV J/ J /4

Do thi

. R 5 A . \ A 7 \ \ . re \ 3R 1
Giao diém cua d6 thi ham so6 véi truc tung la (O;l) va giao voi tryc hoanh tai diém (—E;Oj.

D06 thi ham s6 nhan giao diém (—1;2) cua hai duong ti€ém cén lam tdm do6i ximg va nhén hai
duong phan giac cua goc tao boi hai duong ti€ém céan nay la truc doi xing.

x+3
¢) y=""2
1-x

Tap xac dinh cia ham s6 14 D=R\{1}.

g . , (1—x)+(x+3) 4 L
Su bién thién c6 dao ham y' = = >>0 voimoi x#1.

(1-x)"  (1-x)

Ham so dong bien trén cac khoang (—o0;1) va (1;+90) va ham so khong c6 cuc tri.

Tiém can
x+3 x+3 1+§ 1+§
lim y = lim = =—o0; lim y = lim = =+o0; lim y = lim —* =-1; lim y = lim —% =-1
xol* -t —x Xl - 1—x X—>+00 xoteo 1 1 X——0 x>0 | 1
X X

Do d6 x =1 latiém cén ding cia do thi ham s6 va y =—1 1a tiém cén ngang cta do thi ham so.

Bang bién thién:

Do thi

Giao diém cua d6 thi véi truc tung la (0;3) , glao diém cua d6 thi voi truc hoanh 1a (—3;0) )
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CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

V- J J J

DO thi cua ham s6 nhdn giao diém 7(1;—1) cua hai duong tiém can lam tm doi xing va nhan

hai dudng phan giac cta cac goc tao boi hai duong tiém cén nay lam truc doi xting.

Ya i

o x_

— | o
5+x
d) y=—

) y=o"
A , . A A \ l; 7 y . .
Tap xac dinh D =]R\{2}. Su bién thién: Dao ham )’ = ——— >0 v§i moi x # 2

(—x + 2)
L A A . . x+3 . . x+3 . .
Gidi han va tiém can: lim y = im =—— =+o0; lim y = lim —— =—o0; lim y =—1; Iim y =-1
x—>2" -2 1—x x—2* 2" 1—x X400 X0

Do @6 x =2 latiém can ding cua dd thi ham sb va y=—1 la tiém can ngang cla dd thi ham

14
A

SO.
Béng bién thién:
x —00 2 +00
y' + +
+00 -1
¥ / /
-1 —00

Ham s6 ddng bién trén céc khoang (—o0;2) va (2;+00) va ham sé khong c6 cuec tri.

D6 thi

Giao diém cua d6 thi véi truc tung la (0;3) , glao diém cua d6 thi voi truc hoanh 1a (—3;0) .

D0 thi ctia ham s6 nhén giao diém /(1;—1) cua hai duong tiém can lam tdm déi xtmg va nhan
hai duong phan gic ciia cac goc tao boi hai dudng tiém can nay lam truc ddi xtng.

Ay

|
|
|
1
|
|
|
1
|
I
|
1
|
|
_______________ fmmm -
I
|
|
1
|
|
|
1
|
|
|
1
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TAI LIEU LUYEN THI THPT QUOC GIA 2027

CHUONG I: HAM SO

Cau 3: Khao sat su bién thién va v€ do thi cac ham so sau:

Loi giai

yV J/ J /4

X +x=2

by y=E 2
x+1

X +2x+1

d) y=""0
x+3

a) Tap x4c dinh ctia ham s6: R\ {2} . Su bién thién: y = x+1+% :

1 X —4x+3

(x=2)  (x-2)

Taco: y' =1-

.Vay y=0<

xP—4x+3
(x-2)

xX—

s—=0< x=1 hodac x=3.

Trén cac khoang (—00;1) va (3;+00) ' >0 nén ham s6 dong bién trén ting khoang nay.

Trén céc khoang (1;2) va (2;3), ¥ <0 nén ham sb nghich bién trén timg khoang nay.

Ham s6 dat cuc dai tai x=1 v6i y, =1; ham s6 dat cuc tiéu tai x=3 v6i y.. =5.

1
X —x—1 x=1-—
e lim y=lim =lim X
X—>—00 X—>00 x—2 X—>0 1_2 X—>+00
x

x—>2" x—>2" xX— x—>2"

Tiém can: lim y = lim (x +1+ L} =—o0; lim y = lim

x—2"

=—o0; lim y = lim X~

X—>+0

[

_ x—l—1
= lim X — 40
x—=2 X—>+0 1_%
X
]
X+1+—— [=+0
x—2

« lim | y—(x+1)]= lim — =0; lim [y=(x+1)]= lim —— =0.

X0 X —

X—>+0 X—>+0 X — X—>—00

Do d6, @ thi ham s6 c6 tiém can dimg 1a dudng thang x =2, tiém can xién 1a duong thang

y=x+1.
Bang bién thién:

T |—c0 1 2 3 +oo

! + 0 — 0 +
1 oo —+oc
Y
oo oo 5

Do thi:
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CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

y J J J

Il’y

___________

2

5

Do d6 giao diém ciia do thi ham s6 véi truc hoanh 13 cac diém (IT Oj (

1+\/_ J

D6 thi ham sé nhan giao diém 7(2;3) cta hai duong tiém can 1am tdm d6i xtng va nhan hai

duong phan giac cua cac goc tao bdi hai duong tiém can nay lam céc truc doi xing.

b) Tap xéac dinh ciia ham sé: R\ {~1} .

. . 2 2
Su bién thién: Viet y=x——— taco y'=1+———5>0 véimoi x=—1.
x+1 (x+1)

Ham s6 dong bién trén ting khoang (—00;—1) va (—l;+00) . Ham s6 khong ¢6 cuc tri.

x+1 2 x+1 2
2, e 2 _=
olimy:limszzlim—x:—oo;limy:limsz:li _x

X—>—00 X—>—00 x + X—>—00 1 1 X—>+00 X—>+00 x + X—>+00 1 + 1

= 400

X X

Tiém can: lim y = lim (x—il) +o0; lim y = lim (x_ij:_oo

x—>—1 x——1* X+ x——1* x——1* x+1

2 2
e Iim x|=lm| ——"— [=0; im x|=lim =0.
xa+oo[y ] xﬁm( x+1j xa—oo[y ] xﬁ—w( X+1j
Do d6, d6 thi ham sd c6 tiém can ding 1a dudng thang x =—1, tiém can xién 1a duong thing
y=X.

Bang bién thién:
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TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO
ry JZ J J

T |—o0 -1 +o0
Y + +

+09 +od
Y

— 00 — 00
Db thi:
Yy
—1 x

Giao diém ctia d6 thi ham s6 véi truc tung 13 diém (O; —2)

2 p—
Ta co y=0<:>LX2=O<:>x=—2 hoac x=1.
x+1

Do d6 giao diém ctia d6 thi ham s6 v&i truc hoanh 1a céc diém (—2;0) va (1;0).

D0 thi ham s6 nhén giao diém /(—1;—1) cta hai duong tiém can lam tdm dbi ximg va nhan hai

duong phan giac cia goc tao boi hai duong ti€ém can nay lam céc truc doi xtimg.

¢) Tap xéc dinh ciia ham s6 1a R\{1}.

Sy bién thién: Tacé y=—"—"——=2x+1+——

0 > :O<:>x=2_\/E
) (x=1) 2

Pao ham ' = 2— hodc x=2+;/m.

2+4/10 L .
J va ( 5 ;+ooj c6 y' >0 nén ham so dong bién trén ting
khoang nay.

Trén cac khoang

Trén cac khoang {

2+
J ( \/_] ¢6 y' <0 nén ham s6 nghich bién trén khoing
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CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

y J J J
2-410
2

2+\/E

Ham so dat cuc cuc dai tai x = va dat cuc ti€u tai x =

) 1 4

2 _ -t

. limy= i 2 X4 T x X
X——0 X—>—0 x— oo ] 1

2
X X

= —00

o lim [ y—(2x+1)]= lim —>— =0; lim [y-(2x+1)]= lim —>— =0,

X—>+00 X—>+00 x —_ X—>—00 X—>—00 x —
Do @6 x=1 la tiém can dung cta do thi ham so va y=2x+1 la tiém can xién cia do thi ham
sO.

Bang bién thién

_|_
+oc
3

0
+oc
Y _2m\ \Jﬁ+/
oc o0

D6 thi

Giao diém cta d6 thi ham s véi truc tung la (0;—4).

Do thi ham s6 khong cit truc hoanh.

Do thi ham sd nhéan giao diém 1 (1;3) cua hai duong ti€ém cén lam tam ddi xtng va nhan hai

duong phan giac cua cac goc tao bdi hai duong tiém can nay lam céc truc doi xing.

s,

Tap xac dinh cia ham sb 1a R\{—3}.
2
Su bién thién: Ta c6 y=w=x—l+i
x+3 x+3
=-1
Paoham ' =1-— 01— 0 (x+3) =4@{x
(x+3) (x+3) x=-5
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TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO

y J J <

Trén céc khodng (—o0;—5) va (—1;+90),)’ >0 nén ham s6 dong bién trén céc khoang nay.

Trén cac khodng (—5;-3) va (—3;—1),)’ <0 nén ham so nghich bién trén céc khoang nay.

Ham s0 dat cuc dai tai x =—5 véi y., =—8; ham so dat cuc tiéu tai x =—1 véi y., =0

>+ 2x+1 x2(1+2+12)
-limy=lim%= im x3x =+400;
S )
X

(02 1
a2+l 1+;+?
———=lim =

e lim y= lim =—0
xa—ooy X—>—o0 x+3 X—>—o0 ( 3 j
x| 1+~
X
o . X +2x+1 . . X +2x+1
Tiémcan: lim y= lim ————— =+o0; lim y= lim ——— =—
(37 (3 x+3 (37 o3 x+3
4 4
elim|y—(x—1)|=lim——=0;lim| y—(x—1) |= lim ——=0
x—>+oo|:y ( ):I x>+ x 4+ 3 x—>wo|:y ( )] x>0 x4+ 3
Do d6 x=-3 1a tiém can dimg ctia d6 thi ham sd va y =x—1 1a tiém can xién ciia d thi ham
s0.
Bang bién thién
T —o0 -5 -3 -1 -I-OO
Y + 0 - - 0 +
—8 400 +oo
y / \ \ /
0
—0 =20
D6 thi:

U S (]
Giao di€ém cua do thi véi truc tung 1a (O;Ej
Giao diém cua d6 thi voi truc hoanh 1a (—1;0) .
Do thi ham s nhan giao diém (—3;— 4) cua hai duong ti€ém cén lam tam dbi xtng va nhan hai
dudng phén gidc cla cac goc tao boi hai duong tiém cén nay lam cac truc dbi ximg.

by

GV. Phan Nhat Linh - @& SDT: 0817 098 716




*

CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

y J J J

Cau4: Duong cong dudi day la do thi cua ham s6 nao?
\Y

\
AN

A y=x -3x+1. B. y=x-3x"+1. C.y=—x-3x-1. D.y=—x"+3x+1.

xr

——

—_—
|
[y

Loi giai
D6 thi ham s trén 1 d6 thi ham s bac ba y=ax® +bx* +cx+d (a#0)

Nhin vao nhanh phai ctia do thi ta thay do thi ¢6 huéng di 1én suy ra a >0

Ham s6 ¢6 hai cuc tri x ==1 nén ham sb thoa dé 1a y=x -3x+1

Cau5: Choddthihamsé y=f (x) 12 duong cong nhu hinh v& dudi ddy. Héi ham s y = f (x) la ham

56 nao?
Ay
2
fo i
I
A. y=x"-3x+1. B. y=—x +3x>+1.
C. y=x-3x"+3x+1. D. y=—x"-3x"—1.

Loi gidi
Nhin dang d6 thi thiy a >0, suy ra loai B, D
Mit khac ham s6 khong c6 cuc tri nén loai A

Cau 6: Bang bién thién trong hinh dudi la dd thi ciia mot ham sb trong bdn ham s6 duoc liét ké & bon
phuong an. Hoi ham s d6 14 ham sd nao?

r |—o0 1 +o0
I'(x) — —
— +
f(x)
2 00 —1
x+3 —x-2 —x+3 —x-3
A y=——. B. y= C.y= D. y=
x—1 x—1 x—1 x—1
Loi giai
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TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO

yV J/J J JZ

Nhin vio bang bién thién ta thdy ngay tiém can dung x =1, tiém c4n ngang y =—1. suy ra loai

dap an A

Nhin vao bang bién thién, ham sb nghich bién trén cac khoang (—0031) va (1;+90).

y:_x_l2 c6 ad —bc=3>0 loai dap an B
x_
-x-3 , e,
y= 1 c6 ad—bc=4>0 loaidép an D
x_
—x+3 .
y= ] c6 ad —bc=-2<0 chon dép an C
x_

Cau7: Duong cong nhu hinh v& dudi day 1a d6 thi cua ham sd nao?

_xz—x—l

A.
Y x+2

Loi giai

Do thi c6 TCD x =2 loai dap an A

bo thi giao vdi truc Oy tai diém co tung do % loai dap an D

D0 thi di qua diém (1;1) loai dép 4n C

Vay ham s6 thoa méan dé bai 1a ham s cua dap an B
Cau8: Chohamsd y=ax’ +bx* +cx+d c6 do thi nhu hinh dudi. Khang dinh nao sau day dung?
Ay

N

A. a<0,b<0,c<0,d<0. B. a<0,b>0,c>0,d>0.
C.a<0,b>0,c<0,d >0. D. a<0,b>0,c>0,d <0.
Loi giai
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y J J J

Dua vao do thi ham s, ta thay lim f(x)=—0=>a<0.

X—>0

D thi cit tryc tung tai diém c6 tung d6 4m, suy ra d <0.

—<0
¥ <0 J3a 0 Je>00 00y,
Xer +Xep >0 | 2B 0 b>0

3a

Viy a<0,b>0,c>0,d <0.

Cau9: Chohamsd y=ax’+bx’ +cx+d co bang bién thién nhu hinh v& dudi day.

T |—o0 —1 2 +o0
fl) - o + 0 -
f(x)
0
Trong cac hé s& a,b,c,d c6 bao nhiéu sé am?
A. 2. B. 1. C. 4. D. 3.
Loi giai

Tur bang bién thién ta théy ham s6 ¢6 2 diém cuc tri nén bac cua da thic phai 16n hon 2

Vay a#0 ma limy=—-0=a<0.
X—>+00

Tur bang bién thién ta c6 d = y(0)> y(-1)=0.

-——=-14+2=1>0
r 2 2 Je . oA ~ \ A 3a b>0
Ta cé: ' =3ax” +2bx +c c6 hai nghiém la —1 va 2 nén :>{

c c>0
—=(-1)2=-2<0
2= <

Céu 10: Cho ham sb y = ax—z(a,b,c eR;c#0) ¢ dd thi nhu hinh vé dudi day:
cx +

¥

Gia tri cua biéu thic T =a +b +c bang:
A. 3. B. 5. C. 4. D. 3.
Loi giai

GV. Phan Nhat Linh - & SDT: 0817 098 716
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yV J/ J /4

Puong tiém can dung x =2 suy ra —g:2<:>c:—1
c

DPuong tiém cén ngang y =—1 suyra 4 leoa=—c=1
c

Giao diém cta d6 thi ham sd véi truc Oy tai diém (0;— %j suy ra —g = —% =b=3

Vay T=a+b+c=3

ax+b

Cau 11: Hinh v& dudi day 1 do thi ham s6 y = . Ménh dé nao dudi day 1a dung:

cx+d
AY

A. ab>0;bd <0. B. ab<0;ad >0. C. ab<0;ad <0. D. bd > 0;ad > 0.
Loi gidi

Puong tiém can ding x = 4 ma theo dd thi 4 <0=cd>0 (1)
c ¢

Dudng tiém can ngang y =< ma theo dd thi £ <0=>ac <0 (2)
c c

Giao diém ctia ham sb vdi truc tung tai diém c6 tung do y :S ma 3 >0=>bd >0 (3)
. R 5 \ A re \ . 3 A r \ A b \ b
Giao diém cua ham so voi truc hoanh tai diém ¢6 hoanh @0 x=—— ma ——>0=ab <0 (4)
a a

Lay (3)(4) ta duoc ad.b® <0=> ad <0 ma theo (4) thi ab <0

Céau 12: Cho ham sb hituti y= ax+2+i c¢6 d6 thi nhu hinh bén dudi. Tinh P=a+b+c.

X+c
) yr |
N i
N 1
. i
N ;
13 !
~ 1
A 1
1
1
1+--%
o '™ z

—
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y J J S 000
A. 3. B. 1. C.0. D. 4.
Loi giai

b
Taco: y=ax+2+——.
X+c

Nén do thi ciua ham s6 c6 duong ti€ém can xién la y =ax+2, ma nhu hinh v& duong tiém cén

xién di qua diém (l;l) suyra l=a.l+2<a=-1.

Do thi cia ham s6 ¢6 duong tiém can dungla x=1 nén l+c=0<=c=—-1.

Khi d6 ham s6 di cho ¢ dang y:—x+2+il.
x—

Mit khac d6 thi ham s6 di qua diém (0;3) nén —O+2+%:3<:>2—b=3<:>b=—1.

Vay P=a+b+c=-1+(-1)+(-1)=-3.

Ciu 13: Trong phong thi nghiém ngudi ta xac dinh duoc sé lwong vi khuan duoc nudi cdy tinh theo cong

1007

thae N(7)=1000+ (con vi khuan). Tinh s luong vi khuan 16n nhét ké tir khi nudi cay.
100+#

Tra loi:

Loi giai

, 100(100+£ )—2£100¢  100(100—¢*
Xét ham s6 N(r)=1000+L0’2,(t>0) cd N'(1)= ( ) - = ( 2)
100+7 (100+7) (100+7)
. , t=10(N)
Giai phuong trinh N'(7)=0<100—7 =0 < :
t=-10(L)
Bang bién thién:
t |0 10 +00
N'(t) + 0 =
1005
N(t)
1000 1000

Vay s6 lugng vi khuan 16n nhit nuéi ciy duogc 1a 1005 con.

GV. Phan Nhat Linh - & SDT: 0817 098 716
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Céu 14: MOt cong ty chuyén san xuat dung cu thé thao nhan duoc don dit hang san xuat 8000 qua bong
16. Cong ty c6 mot sé may moc, mdi may c6 kha ning san xuat 30 bong rd trong mot gio. Chi
phi thiét 1ap mdi may 14200 nghin ddng. Sau khi thiét 14p, qua trinh san xuét s& dién ra hoan toan
tu dong va chi can c6 ngudi gidm sat. Chi phi tra cho nguoi giam sat 13 192 nghin déng mbi gio.
Cong ty can str dung bao nhiéu may moc dé chi ph1 hoat dong dat mirc thdp nhat?

Tra loi:

Loi giai

Goi s6 may moc cong ty sir dung dé san xuét 1a x(x eN, x> 0).

Thoi gian can dé san xuat hét 8000 qua bong la: 83%00
X
Téng chi phi dé san xuat 1a: P ( ) 200x + 8000 192 =200x+ 51200
30x X
x=16
Ta c6: P'(x)=200—512200=0<:>x2=256<:> :
x x= —16(L)
Bang bién thién:
x 0 16 +00
P'(x) = 0 4

PO | T~ o e

Vay cong ty nén st dung 16 mdy dé chi phi hoat dong 1a thip nhat.

Cau 15: Mot thanh phd nam trén mot con séng chay qua hém nai. Hém ¢é chidu ngang 80m, mot bén cao
40 m va mot bén cao 30 m. Mot cdy cau s& duoc xdy dung bic qua song va hém nui. So d6
thiét ké cua cay cau duoc gin hé truc toa do nhu hinh vé& dudi day.

X(-40.40) E

GV. Phan Nhat Linh - @& SDT: 0817 098 716 -
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yV J J
x° 3 3_x
25600 16

Con duong XY xuyén qua hém nii dugc md hinh hoa bang phuong trinh: y =

Hai cot 45 doc MN va PQ (song song véi truc Oy ) 1a doan ndi gitra khung ciia parabol va
dudng XY . Tinh téng d6 dai doan MN va PQ biét raing N va Q 1a hai diém d6i xing qua Oy

va MN 1a doan c6 d6 dai 16n nhat ( Két qua 1am tron dén hang phan chuc)

Tra loi:

Loi giai
Theo bai ra ta c6: phuong trinh cta Parabol 1a y =60 —8—?;)x2 .

Khoang cach gitra khung Parabol va dudong xuyén nti la:

3
D=60—ix2—( al —3—x+35j Vi x e(~23,71;27,99)

80 25600 16
2
Xét D=y 2 43 0 x=2,49
40 25600 16
Bang bién thién:
x | —23,71 2,49 27,99
D) + 0 =
25,23
D(x)
0 0

Dua vio bang bién thién, MN 1a doan c6 do dai 16n nhat khi x = 2,49

3
Suyra MN =D,,, = 60—3,2,492 (249 32,49
25600 16

+35 |= 25,23
80

Vi N va Q la hai diém doi xting qua Oy = x,, ~—2,49

—_— 3 p—
Suy ra PO =Dy, :60—1.2,492 (24 _3.-29 +35|~24,3
80 25600 16
Vay tong d6 dai MN +PQ=49,5.
X +x+1

Cau 16: Trong h¢ truc toa do (Oxy) cho dd thi ham $6 (C ) 1y = mo ta chuyén dong cua hai

x+1
tau danh ca 4 va B (don vi trén mdi truc toa do tinh bang km). Biét quy dao chuyén dong cia
hai tau lu6n thudc vé hai nhanh khéc nhau ctia @6 thi (C). Tinh khoang cach ngén nhét (don vi

km) giita hai tau danh cd 4 va B (Két qua lam tron dén hang phan tram)

Tra loi:

- GV. Phan Nhat Linh - & SDT: 0817 098 716
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Cau 17:

yV J/ J /4

Loi giai

X +x+1 B

Taco y= x+L,(x¢—l)

x+1 x+1
Db thi ham s6 c6 duong tiém cin dimg x = —1, gdm hai nhanh ndm vé hai phia cua duong thang
x=-1.
Goi A la diém thudc nhanh trai ctia d6 thi ham sd, khi d6 x, <—1.
bita=-1-x,>0=>x,=-1-a
=y, :—l—a+;:—l—a—l :A[—l—a;—l—a—lj
—l-a+1 a a

Goi B la diém thudc nhanh phdi cua d6 thi ham sé, khi d6 x, >—1.
biat b=x,+1>0=x,=b-1

1
b—-1+1

=y, =b-1+ :b—1+l:33 b—l;b—1+l
’ b b

:>ABzzﬂHwﬂ2+[é+lj:4ﬁ+af+{b+af(;%j :(a+bf(2+§%+al j

a

(a + b)2 >4ab

Vdia>o,b>0taCé 1 2 2\/5
2+ 2222 272
ab ab ab

Nén AB> 24ab{£+¥]:8+8«/§:>AB2\/8+8\/§ ~4,39.

ab a

a=>b
Déu bang xay ra < 1 ©a=b=

B a’b? % |

Vay khoang cach ngan nhét (don vi km ) giita hai tau danh cA 4 va B 1a 4,39 (km).

Mot may bay trinh dién c6 duong bay gan véi hé truc Oxy dugc moé phong nhu hinh vé, truc Ox

gan voi mat dat.

bl

0O

!
I
*
i
I
I
!
I
i
i
I
I
I
!
I
I
I
I
I
I
I
]
i
I
I
I

I;; [ORN T

Puong bay c¢6 dang 1a mot phﬁn ciia d6 thi ham phan thtrc bac hai trén bac nhét y=f (x) co
duong tiém can dimg 1a x =2. Piém G 1a giao diém cua duong tiém can xién ciia d6 thi ham sb
yv=f (x) va truc Ox duogc goi 1a diém gidi han. Biét may bay bay tir vi tri 4 cach toa toa do

O mot khoang 2,5 don vi va may bay khi ¢ vi tri cao nhét cach diém xuét phat 1,5 don vi theo

GV. Phan Nhat Linh - @& SDT: 0817 098 716 “
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phuong song song véi truc Ox va cach mat dat 4,5 don vi. Vi tri may bay tiép dat cach diém

gi6i han mot khoang bang bao nhiéu?

Tra loi:

Loi giai

0O

I
I
®
i
I
I
!
I
i
i
I
I
I
I
i
i
1
I
I
I
I
]
i
i
I
I

’.-1 e

Vi tiém can dung cta do thi ham sé y = f (x) (ham phan thtic bac hai trén bac nhat) 1a x=2.

c
x—2

Ham s6 c6 dang y = f(x)=ax+b+ (a<0).

Do thi ham sb qua diém A(g;OJ vanhan B [4;%) lam diém cuec tri, suy ra:

5
f(—]:o §a+b+2c:0

2 a=-1
9 19 20 21 4
f(4)—§:> 4a+b+50—§© b—?.KhldO. f(x)= X
f'(4)=0 a—lc—O c=—4

Do thi ham s6 ¢o tiém can xién: y=—x+ %1 Toa do diém G(%;Oj.

Phuong trinh cho hoanh d¢ giao diém cuia d6 thi ham s6 y = f(x) véi truc Ox 1a

5
_x+2_ 4 :0:>_x2+§x—25:0<3 X_E :>C(10,0) Suy ra (jGZg—lO:l
2 x-2 2 =10 2 2

. Khi d6 gié tri cuc tiéu la y(2)=-3.

Cau 18: Trong mot cong vién c6 mot hd nude va mot duong di 1at gach hoa. Thiét 1ap hé truc Oxy nhu
2x+1

hinh v& dudi, kién triic su thdy rang bo hd ¢6 thé coi nhu mot nhanh ctia d6 thi ham sé y = .
x —_

va duong di khi d6 ing v6i duong thang (d):y =—x+4. Dé dam bao anh séng, kién tric su

- GV. Phan Nhat Linh - & SDT: 0817 098 716 I_I-I_“
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mudn dit 2 cot dén trén b hd va 2 cot dén trén duong di sao cho 4 cot dén nay tao thanh mot
hinh vuéng. Tinh khoang cach giita hai cot dén trén bo hd (1am tron dén hang phan trim)

Y

AN

e

Tra loi:

Loi giai

2x+1

Goi (dl):y=—x+m (véim > 4) song song voi (a’):y=—x+4 vacat (C):y= tai hai
diém phan biét B,C (x,;x. >1)

2x+1

Phuong trinh hoanh d6 giao diém cua (a’1 ) va (C): =—Xx+mSSx + (1 - m)x +m+1=0.

X —

m>3+23

om>3+2y3 vim>4)(1)
m<3-23

A=m2—6m—3>0<:>|:

L Xt xy=m—1
Khi d6 ta co:
Xe Xy =m+1

Suy ra: CB = \/(xB —xc)2 +( 1, —yc)2 = \/(xB —xc)2 +(—xp +m+x, —m)2 = \/2(xB —xc)2
= CB? =2(x, —x.) =2(x, +x.) —8x,x. =2m* —12m—6

Mat khac chon I(O;4)e(d), ta c6 khoang cich giita hai duong thing (a’);(dl)béng
_ |4—m| _m—4

N

AB=d(I;(d,))

8+237
3

. —4Y
Dé ABCD 14 hinh vuong thi 4B* = BC* @% =2m’ -12m-6 < m=

Két hop didu kién (1) suy ra m = @

8+2V37

Vay khoang céach gitta hai cot dén bén bd hd bang 3 » 1,92.

Ng

GV. Phan Nhat Linh - @& SDT: 0817 098 716 “
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Cau 19: Mot tuyén cap treo trén ndii chay tir ga dudi ctia thung ling dén mot cot tru, tir d6 dén ga trén cua

GV. Phan Nhat Linh - & SDT: 0817 098 716

dinh nui. Poan dudi dai 1km theo phwong ngang, doan trén dai 3 km. Hinh v& biéu dién so d6
dudng di cua cap treo ciing nhu mit cit ngang bén dudi ciia ngon nui. Trong hé toa d6 dugc st
dung, truc Ox biéu thi khoang cach theo phuwong ngang tir ga dudi va truc Oy biéu thi d6 cao
so v&i muc nude bién. Mdi don vi trén hé truc toa do dai 1 km trong thuc té.

Yy
Cap treo

trén
Cap treo l

3000 m

> % >

v&

L A Sy

0 1 2 3
Trong doan duéi, dudng di cia cap treo duoc mo ta bai ham sd
f(x) =0,34x> +0,15x +1,16,Vx e [O;l].

Trong doan trén, duong di cia cap treo dugec md ta bdi ham $6

g(x) =ax’ +bx+c,Vx e [1;4] VOl a,b,ceR
Do dbc 16n nhit ciia dudng di cap treo ¢ doan trén 13 1,1. Cép treo & ga trén c6 d cao 3150 m so
véi muc nude bién. PO cao cua ngon nui dugc mo hinh hoa cho khu vye 1<x <3 béng ham s
h(x) =0,1x+1,43 . Déi v6i do cao nay thi khoang cach theo phuwong thang dimg nhé nhat giira
cap treo va ngon ndi bang bao nhiéu theo don vi mét.

Tra loi:

Loi giai
Piém bat dau cua cap treo dudila C (1; 1,65) va cua cap treo trén la D(4;3,15)
Do doc 1a g'(x)=2ax+b vavi a>0 nénhamsé g'(x) dong bién

Taco: g'(4)=1L1<8a+b=11

a=-—

5

1)=1,65 +b+c=1,65

Mt khéc s(1) o4ToTe - b=_l:>g(x)=lxz_lx+ﬁ
g(4)=315" |16a+4b+c=3,15 2 57 2720

39

c=—

20

Do vay, khoang cach theo phuong thang dimg nhé nhét 1a d. = 1511351( g(x) — h(x))

=min l)cz—lirﬁ—O,lx—l,% >0,07=70
(L3]S 2 20
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Cau 20: Tai mot cong vién, nguoi ta thiét ké mot cau truot, xét mat phéng Oxy voi truc Ox & mat dat,

ax2+bx+c(

mbi don vi dai 1 m thi cau truot 1 mot phan cta do thi ham sé y = a#0) voi chiéu

X—
dai theo phuong nam ngang 1a 71m. O diém dau cua ciu truot c6 mot 16i di song song véi Ox,
xuat phat tur 1 diém thudc Oy,dai2mvacao 19,2 m. bé gia ¢d chic chin cho cau truot, nguoi
ta ding mot thanh & AB véi A(0;1) va dudng thing AB 1a tiém cn xién cuia do thi. Tai diém
cudi cua cau trugt nd cach dau B cua thanh d& 13 0,25 m. Hoi diém thép nhat cia cau trugt cao
bao nhiéu mét? (Két qua lam tron dén hang phan tram)

Y

/Ioi di

cdu trivgt B

A thanh dé

Tra loi:

Loi giai
Dau cua cau truot ta vi tri gén 16idila C (2;19,2)
Puong thang AB 1a tiém can xién c6 hé sb goc 1a k nén ta c6 phuong trinh 13 y = kx +1

Chu trugt ¢6 phuong trinh 1a: y = kx +1 +i1 vané di qua C(2;19,2)
x_

Mit khéc: y, -y, = (k.73 +1+ 73“ J ~(k73+1)=0,25

k.2+1+%=19,2 a=18
Tir d6 ta c6: - AP
[k.73+1+73“ J—(k.73+1)=0,25 ~10

‘ ~1)* ~180
Phuong trinh cua cau truot la y:ix+1+£ co y'=%=0<:>x=l+\/180
10 x—1 10(x—1)

Vay diém thap nhat ctia cau trugt cao: y(l + \/180) ~3,78m

GV. Phan Nhat Linh - @& SDT: 0817 098 716 -
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y J J J

DE REN LUYEN 06: KHAO SAT VA VE PO THI HAM SO
Chuyén d& tinh don diéu cua ham sé gdm 1y thuyét va vi du minh hoa
Swu tam va bién soan: Phan Nhat Linh KET NOI TRI THU'C
Tai liéu khéa hoc luyén thi THPT Quéc Gia theo chuong trinh méi

PHAN I. Cau tric nghiém nhiéu phwong an lya chon. Thi sinh tra 10i tir cdu 1 dén cau 12. Mdi cau hoi
thi sinh chi chon mgt phuong an.

Cau 1: Bang bién thién dudi day la ctia ham s6 nao trong cac ham so sau?

—00 0 2 +oo
0 _

1~

A.y=—x+3x"-3. B.y=x+3x-1. C.y=x -3x+2. D. y=x" -3x"+2.

Loi giai
x=0=>y=2

Ta co: a=1>0;y’=3x2—6x=0<:{
x=2=y=-2

Cau2: Chohamso y= x 11) ¢6 do thi nhu hinh v€ bén dudi. Gia tri ctia tong S =a + b + ¢ bang:
cx —

A. S=0- B.S=-2- C.S5=2. D. S=4-
Loi giai

A ~ a ‘ n A ,
Tiém can ngang: y =—=-1; tiém can dimg: x=—=1
c c

a= . .
Tur day suy ra: { { ma do thi lai cat truc hoanh tai x=2 nén 2a+b=0 hay b=-2a=2.
c=

Vay S=a+b+c=—-1+2+1=2.

GV. Phan Nhat Linh - & SDT: 0817 098 716
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A 45 L5

Cau3: Duodng cong tronh hinh bén 1 d thi cia mot ham sb ttong bon ham s6 dugce liét ké & bon phuong
an A,B,C,D dudi ddy. Hoi ham s6 d6 1a ham s6 nao?

i

N/
/O\/m

A. y=x"-3x-1. B. y=x'-3x"+1. C.y=—x+3x+1. D.y=x"-3x+1.

Loi giai
Tir dang diéu d6 thi suy rahé sé a >0

Giao diém ctia d6 thi véi truc Oy c6 tung do duong

Tir d6 thi ta thdy, hoanh d6 hai diém cuc tri trai ddu

Cau4: Cho ham sb f(x)= CbDC -6 (a,b,c € R) c6 bang bién thién nhu sau:
X —C
r |[—oo —2 —+o0
7(@) _ -
1 +oo
()
* o 1

Trong céc s6 a,b,c c6 bao nhiéu sb 4am?
A.3 B. 1 C.2 D. 0
Loi gidi
Tur bang bién thién cua ham sb, ta théy dd thi co hai duong tiém cén, trong do tiém can ding la
duong thang x = -2 va tiém can ngang la duong thang y=1.

¢
5= 2 [be<0  [b>0.c<0.a>0 (1)

Suy ra &
a_, ab>0 " |b<0,c>0,a<0 (2)
b

. e % . KA X \ ... , —ac + 6b
Lai c6 ham s0 nghich bién trén moi khoang xac dinh f (x)zm<02>ac>6b.
X —C

Ta thy (1) khong thé xdy ra do néu b> 0 thi ac>6b>0

Ta thay (2) c6 thé xay ra do néu ¢ >0,a <0 thi 6b<ac<0.

Vay trong cac s0 a,b,c c6 hai s6 am.

Cau 5: DO thi ¢ hinh bén la cia mdt trong bon ham so sau. Héi d6 1a ham so nao trong cac ham so sau?
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Yi

y J J J

=Y

g
~

A y:xz—x—l C. :x2—2x—1 D. =xz—x+1
x-2 x—2 x—=2
Loi giai
2
. -x—1
Hamsbdola y=2—>
x=2
Ciu 6: Chohamsd y=ax’ +bx* +cx+ d(a,b,c,d € ]R) ¢6 db thi 1a dudng cong trong hinh bén. C6 bao
nhiéu sé duong trong cac sb6 a,b,c,d ?
A Y
\/ °1\
A. 4. B. 2. C. 1. D. 3.
Loi giai
Tacod ¥ =3ax’ +2bx+c.
Duya vao d0 thi ta thiy: a <0
2
A S0 b~ —9%9ac >0
LA SRV P 2b h<0
Hamsoco2cuctriamnén < S <0 <<—<0 =
3a c<0
P>0 c
—>0
3a
D0 thi cét truc Oy tai diém (0;d) nén d >0.
Vay c6 dung mot $6 duong trong cac s6 a,b, c,d.
Cau7: Trong cac ham sb sau, ham sé ndo c6 bang bién thién nhu hinh v& dudi day:
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Cau 8:

Cau 10:

TAI LIEU LUYEN THI THPT QUOC GIA 2026 CHUONG I: HAM SO
y J J J
—o0 2 +oo
’ -+ -+
+o0 -1
]
-1 — o0
x+1 x+3 x—1 x—3
A = B = C. = D =
Y x—2 Y x—2 = x—2 Y x—2
Loi giai

Dua vao bang bién thién ta thdy ham sé dong bién trén (—00;2) va (2;+00).

Mot bé chira ban dau c6 100 lit nude. Sau d6, cir mdi phit ngudi ta bom thém 20 lit nude, dong
thoi cho vao bé 10 gam chat khir tring (hoa tan). Haim s f (t) thé hién ndng do chat khir tring
(gam/lit) trong bé sau ¢ phut la:
20t +100 10¢
A. f(1)= o B f(t)=206+100. C. f(¢)= 2+100" P f(£)=20,02¢+100
Loi giai
Hams6 f (t) thé hién nong do chat khtr tring (gam/lit) trong bé sau ¢ phut 1a

20t t
)= =
/() 401 +200 2¢+10

H6 nudi tdm gidng ctia mot anh nong dan chira 30 khéi nude, cir mdi gid may bom nude s& bom
thém vao hd 4 khdi nudc, dong thoi anh ta cling thém vao 3 kg bot xir Iy nude. Nong do (kg/khdi)
ctia bot xtr Iy nude trong hd khong bao gio vuot qua
A. 12 (kg/khdi). B. 1,33 (kg/khbi). C. 0,75 (kg/khdi). D. 0,75 (kg/khdi).

Loi giai
S6 khéi nudc tai thoi diém ¢ 1a 4z +30

S6 kg bot co duoc tai thoi diém ¢ 1a 3t

Nong do bot xtr Iy nudce c6 trong ho tai thoi diém ¢ 1a f(¢) = v6i t 0.

4t + 30

c6 dao ham f'(t) R

Khao sat ham s £ (¢) = 4130 (4¢+30)

> nénhamsé f (t) dong bién trén

(0;+oo).

3 3
Khi d6 lim £ ()= lim =2
Yim f(0)= lim 25672

=0,75

Gia sir ham nhu ciu ddi véi mot loai hang hoa duoc cho boi cong thirc p = JA2>x>0,

1+0,2x
trong d6 p 1a gia ban (nghin dong) cuia mdi don vi san pham va x 1a s6 lwong don vi san pham

da ban. Dé ban duoc 10 don vi san pham thi gia ban 1a bao nhiéu nghin déng?
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Cau 11:

Cau 12:

A. 15, B. 18. C. 19.
Léi gidi
Véi x=10= p=—0 _ _20 (nghin ddng)
P=170.2.10 g &
Cho ham s6 y = ax+b (a,b,c €R) c6 bang bién thién nhu sau:
CcX +
T |—o0 -1 +oo
Y’ + +
+o0 2
y
2 —o0

Tap cac gia tri b 1a tip nghiém cua bat phuong trinh nao dudi day?

A. b’ -8<0. B. -b*+4>0. C. b -3b+2<0. D. b’ -8<0.
Loi giai
' RER A ax+b \ ‘A A , \ \ 2 | \ . A
Do thi ham s6 y = | c6 duong tiém can ding la duong thang x =—— va dudng ti€ém can
cx + c
ngang la duong thang y = a4
c

Nhin véao bang bién thién, ta thiy —1:—1:>c:1 val=2=4=2 (vi c=1).
c c

Ta c6 y,:a——bcz.
(cx+1)

Vi ham s d cho dong bién trén cac khoang (—oo;—l) va (—1;+oo) nén
y'=a_—bC2>O<:>a—bc>0<:>2—b>0<:>b<2<:>b3<8<:>b3—8<0.
(bx+c)

Vay tap cac gia tri b 13 tp nghiém cua bat phuong trinh »° —8 < 0.

Mot loai thude duge dung cho mot bénh nhan va nong do thuoc trong mau cua bénh nhan duoc
giam sat boi bac si. Biét rang nong do thude trong mau cia bénh nhan sau khi tiém vao co thé

trong ¢ git duoc cho bai cong thirc ¢(¢)= (mg/L). Sau khi tiém thuéc bao 1au thi ndng

*+1
do thude trong mau cua bénh nhan cao nhét?
A. 4 gio. B. 1 gio. C. 3 gio. D. 2 gio.
Loi gidi
1- 2 t=1€(0;+)

Xét ham sb c(t) =L(t > 0) co c'(t) =——=va c'(t) =0 @[

£2+1 (t2+1) t=—1g(0;+)

Bang bién thién:
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TAI LIEU LUYEN THI THPT QUOC GIA 2026 CHUONG I: HAM SO
yV J J
t |o 1 +00
c'(t) + 0 _
1
e(t) ?
0 0

Vé6i t =1 gid thi ndng do thude trong mau cia bénh nhén cao nhét.

PHAN II. Ciu tric nghiém diing sai. Thi sinh tra 15i tir cdu 1 dén cau 4. Trong mdi y a), b), ¢), d) & mdi
cau, thi sinh chon ding hodc sai.

Cau 1:

Cau 2:

Cho ham s y=f(x)=x3—6x2—15x+20

a) D6 thi ham s y = f (x) cit tryc tung tai diém co tung d6 bang 20
b) Ham s dong bién trén khodng (—o0;—1) M (5;+ )

¢) Biém uén ctia d6 thi ham s6 c6 toa do 1(2;—26)

d) Gia tri nh6 nhit cia ham sé f (x) trén khoang (—4;+ OO) bang —80

Loi giai
a) bung: Thay x =0 suy ra f(O) =20

b) Sai: Ham s6 phai dong bién trén mot mién lién tuc

, -b —(-6) 6
¢) bung: x,252%2522:)@:f(x,):f(z):_% suy ra 1(2;—26)

x=-1

d) Pung: Ta c6 f’(x):3x2—12x—15:>f'(x)=0<:{ 5
x:

Bang bién thién ctia ham sé trén khoang (4;+0):

T |—4 -1 5 +o00
f'(x) — 0 +
—+oo

+ 0
20
f(x) / \ /
—00 —80

Vay gié tri nho nhét ciia ham sd f (x) trén khoang (—4;+ OO) bang —80.

Cho ham s6 y =212

c6 dd thila (C)
x+2

a) Puong thang y =3 1a tiém can dimg cta do thi ham s (C ).

b) biém /(-2;3) 1a giao diém ctia cdc dudng tiém can cta dd thi (C).
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y J J J

¢) Pé thi (C) cit dudng thang y =x+2 tai hai diém phan biét
d) Pudng thing y = x cit (C ) tai hai diém 4, B . Biét duong thang y=x+k cit (C ) tai C,D
thi ABCD 1a hinh binh hanh khi d6 & >S5
Loi giai
a) Sai: Puong thing x = —2 14 tiém c4n dung cua do thi ham sb (C )
b) Pung: Diém 1 (—2;3) 1a giao diém cua cac dudng tiém can caa do thi (C )
¢) Pung: D6 thi (C) cét duong thing y =x+2 tai hai diém phan biét
d) Bung: Phuong trinh hoanh d6 giao diém cua (C ) va duong thang y =x

3x+2

=xox-x-2=0x=-1,x=2 :>A(—1;—1),B(2;2)
x+2

Phuong trinh hoanh d¢ giao diém ciia (C ) va duong thang y = x +m

3x+2

— :x+m<:>x2+(m—l)x+2m—2:O (1)

Puong thang y =x+m cit (C ) tai hai diém phan biét C,D < (1) ¢6 hai nghi¢m phan biét
X, X, khac -2 < (m—1)(m—9)>0 < m e (—0;1)U(9;+x)

Khi d6 : C(x;3x, +m),D(x,;x, +m), ABCD 14 hinh binh hanh < 4B =DC
ox-x=3JA=3A=9m* -10m+9=9<=m=0,m=10
Kiém tra thdy m =10 1a gia trj can tim.

—x" —3x+4 e . . .
Cho ham s y = X ;C c6 do thi la (C ) Xét tinh dung sai cua céc khang dinh sau:
x f—

a) o thi ( ) cotiémcanxiénla y=—x—6.
b) D6 thi ( ) nhan giao diém 1 (3 9) 1am tam ddi xung.
¢) bo thi (C ) ¢6 hai diém cyec tri nam 2 phia d6i véi Oy .
d) Do thi khong cit truc Ox .

Loi giai

a) bung: Ta co y:—x—6—i3. Khi do tiém can xiénla y =—x—6.
x_

b) Bang: Phuong trinh duong tiém can ding la x =3.
Suy ra giao diém 2 tiém can la 7(3,—9) 1a thm déi xtng.

c) bung: y'=L6x+5=0<:>x2—6x—5=0 (*)

(-3
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Cau 4:

V- J/ J /4

Phuong trinh (*) luén c6 2 nghiém x, <0<x, nén (C ) luén c6 2 diém cuc tri nam 2 phia ddi
voi Oy .

d) Sai: y=0<>—x>—3x+4=0 va phuong trinh luén c6 2 nghiém suy ra (C) cit Ox tai hai
diém phén biét.

Chi phi nhién liéu ctia mot chiéc tau chay trén séng duogc chia 1am hai phan. Phan thir nhit khong
phu thudc vao van tdc va bang 480 nghin dong trén 1 giod. Phan thi hai ti 1é thuan voi 14p phuong
ctia van toc, khi v =10 (km/gio) thi phan th hai bang 30 nghin dong/gio.

a) Khi van tbc v =10 (km/gid) thi chi phi nguyén liéu cho phan thtr nht trén 1 km dudng song
12 48000 dong.

b) Ham sé xac dinh tong chi phi nguyén liéu trén 1km dudng song véi van toc x (km/h) 1a

f(x):@m 03",

¢) Khi van toc v =30 (km/gio) thi tong chi phi nguyén liéu trén 1km dudng séng 1a 43000 dong.
d) Van tdc ciia tau dé tong chi phi nguyén liéu trén 1km dudng song nho nhét 1a v = 20 (km/gio).
Loi giai

a) DBling: Thoi gian tau chay quang duong 1km la: % (g10)

Chi phi tién nhién liéu cho phan thtr nhét la: % - 480000 = 48000. (dong).

b) Sai: Goi x (km/h) 14 van toc cta tau voi x > 0

Thoi gian tau chay quang duong 1km la: 1 (gi0)
X

Chi phi tién nhién lidu cho phan thtr nhat 1a: 1 450289 ( ngan dong)
X X

Ham chi phi cho phan thtr hai 13 p = kx® ( ngan dong/ gio)
Makhi x=10= p=30=£k=0,03 nén p=0,03x" ( ngan dong/ gio)

Do d6 chi phi phan 2 dé chay 1km la: 1 0,03x* = 0,03x* ngan dong)

X
Vay tong chi phi: f(x) 480 +0,03x7.
c) DPing: Téng chi phi: f(x)= @ +0,03x”.

Thay x =v=30(km/gio) vao tacd f(30)= 4—?)0 +0,03.30% = 43 ( ngan dong).

480 240 240

X X

+0,03x% = +0,03x” > 33/1728 =36.

d) Bing: f(x)=

Dau *’="" xay ra khi x=20.
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y J J J

PHAN III. Cau tric nghiém tra 1o ngin. Thi sinh tra 10i tir cau 1 dén céu 6.

Cau 1:  Khi mau di chuyén tir tim qua cac dong mach chinh rdi dén cac mao mach va quay tré lai qua
cac tinh mach, huyét ap tam thu ( tuc la &p lyc ciia mau 1én dong mach khi tim co bdp) lién tuc
giam xubng. Gia sir mot nguoi cd huyét ap tim thu P ( duoc tinh bang mmHg) duoc cho boi ham

. 25t* +125 . : . ‘ 2.
s0: P(t) = f,o <t<10. Trong d6 t 1a thoi gian duoc tinh bang gidy. Toc do thay doi cua
+
huyét ap sau 8 gidy ké tir khi mau roi tim giam bao nhiéu mmHg?

Tra loi:

Loi gidi
Téc d6 thay d6i ciia huyét ap sau ¢ gidy la:
» 50t.(£ +1)— (25 +125).2t  _200¢
)= =
( ) t2 _+_1 (t2 n 1)

- <0,v0<£<10

= P(¢) nghich bién trén doan [0;10] va ta c6 P(8)= (_822003 = %
+

Téc d6 thay d6i ctia huyét ap sau 8 gidy ké tir khi mau roi tim 13 giam % ~ 0,38 (mmHg).

Ciu2: Néu trong mot ngdy, mot xuong san xuat duoc x chiéc vot cau 16ng thi chi phi trung binh (tinh
Sx+1

bang nghin dong) cho mét chiéc vot cau 16ng duge cho bai cong thue C (x) = . Xét trong

A1

mot khoang thoi gian dai, xudng san xuat da san xuat dugce “rat nhiéu” chiéc vot cau 1ong. Vay
cho dén nay, chi phi san xuat moi chiéc vot cau 1ong la bao nhi€éu nghin dong?

Tra loi:

Loi giai

. x . \ . . [S5x+1
Chi phi san xuat moi chiéc vgt cau 16ng la: lim C (x) = lim ( i j =5.

X—>+0 X—>+0 X

Vay cho dén nay, chi phi san xuat mdi chiéc vot cau long 1a 5 nghin dong
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Cau 3:

Cau 4:

Cho mot tim nhém hinh vudng canh 12 cm. Ngudi ta cit & bon goc ciia tim nhom d6 bon hinh
vudng bang nhau, mdi hinh vudng c6 canh bang x (cm), rdi gip tim nhém lai nhu hinh v& dudi
day dé duoc mot cai hop khong nép. Tim x dé hop nhan duoc cod thé tich 16n nhat.

Tra loi:

Loi giai
Taco h=x(cm) la duong cao hinh hop
Vi tdm nhom duogc gip lai tao thanh hinh hop nén canh day cta hinh hop 1a 12— 2x (cm)

x>0 x>0
Ta c6 = < xe(0;6)
12-2x>0 x<6

Thé tich ctia hinh hop la: ¥ = x(12-2x)”.Xét ham s y = x(12-2x)",x €(0;6)
Taco ' =(12—2x)" —4x(12—2x) = (12— 2x)(12 - 6x)

=2
Giai phuong trinh y'=0<:>(12—2x)(12—6x):0<::{x 6 tanhdn x=2.

X =

|0 2 6

’

Yy

N

Suy ra gia tri 1on nhat cia ham s6 1a y 2 =128. Vay x =2 (cm) thi thé tich hop 13 16n nhat.

Hinh dudi ddy 12 muong dan nudc thuy loi tai mot dia phuong phuc vu tuéi tiéu cho ruong déng.
Phan khong gian trong muong dé nudc chay co mat cat ngang la hinh chit nhat ABCD . Véi dieu
kién Iuu lugng nude qua muong cho phép thi dién tich mat cat ABCD 1a 0,48m”. Dé dam bao
yéu cau k¥ thuat tot nhat cho muong, ngudi ta can thiét ké sao cho tong do dai 7= AB+BC +CD
13 ngdn nhét. Khi d6 chiéu rong ddy muong bang bao nhiéu (biét chiéu rong phai dudi 1m, lam
tron két qua dén hang phan tram).

..... A D
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Tra loi:
0|, |98
Loi giai
bat Bsz(m) voi O0<x<1.
Theo d& bai ta c6 : AB.BC=0,48 = AB = 0,48 0,48
BC X
ra A 0,96
Xét ham so T=f(x)zAB+BC+CD:x+2.AB:x+ .
X
Pao ham f'(x)=1—0’26:O<:>x2—0,96=0<:>x=¥:0,98(m)-
X
26
v 0 5 !
f'(z) - 0 +
+o0 g
25
f(z)
46
5

Vay chiéu rong day muong BC = 0,98 m théa man yéu cau bai toan.
Cau 5: Mot coc chira 25 ml dung dich NaOH véi nong d6 100 mg/ml. Mot binh chira dung dich NaOH
khac voi néng dd 9mg/ml dugc tron vao cbe. Goi C (x) la néng do cua NaOH sau khi tron x

(ml) tir binh chira, ta thdy ndng do ctia NaOH trong cdc s& ludn giam theo x nhung luén 16n hon
mét sd a. Tinh a?

Tra loi:
9
Loi giai
Téng khdi lugng ctia NaOH sau khi tron x (ml) 1a: 25.100 +9x = 2500 + 9x (mg)
Téng thé tich cua dung dich sau khi tron la: 25+x = C(x) = % véi x>0
+ X
9.(25+x)—(2500+9 =
Tap xic dinh [ D=[0;00) c6 /()= AT =@0049%) | 2275 o\ ),
(25+x) (25+x)
2500
Lai 6 Tim [ 209X )i _x " _g
X—>+00 25 +x X+ 25
—+1
X

Do d6 néng d6 NaOH luén giam nhung luén 16n hon 9 mg/ml.

Cau 6:  Trong tiét hoc Toan, gido vién phat cho 4 t6 mot tdm bia hinh vuéng ABCD canh bang 10cm.
Gi4o vién yéu cau 4 t6 st dung tAm bia nay va cit tim bia theo cc tam giac can AEB, BFC,
CGD,DHA dé sau do gép cac tam gidc AEH,BEF,CFG,DGH sao cho bdn dinh 4,B,C,D
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A 4

tring nhau tao thanh khdi chop tir gidc déu. Khi d6 thé tich 1on nhat ciia khoi chép tir giac déu

. b ) .
tao thanh bang la i (cm3) véi a,b,c 1a cac so nguyén duong. Tinh P=a+b+c
c

Tra loi:

A
\\\\ H
X o X@
F O
B N

Dit canh hinh vuéng EFGH 1a x(x>0). O 1a tm hinh vudng ABCD, EFGH .

Khi @6 OMzg, CM:CO—OMZM%(O<)C<IO\/§).

Khi go cac tam giac thanh hinh chop tt giac déu A.EFGH thi A=C nén AM =CM . Suy ra

AO =~ AM? —OM? =50 — 542 .
1

The tich khdi chop AEFGH 18 V5, = 5 -4 = %xleso —5\2x = %\/50x4 —52x° .

Xét ham s6 f(x) =50x" —52x° v6i 0 < x <542 ta tim duoc maxf(x) =22V khi x=42

32410
3

Vay a+b+c=32+10+3=45.
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CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

yV J J S
BUOI 07: 'NG DUNG DAO HAM GIAI QUYET THU'C TIEN

Chuyen dé tinh don diéu cua ham s6 goém ly thuyet va vi du minh hoa

_' LY THUYET CAN NHO

1. Téc dp thay déi ciia cac dai lwong
Ta c6 dao ham f'(a) la toc do thay ddi tirc thoi cua dai lugng y = f(x) d6i v6i x tai diém x =a. Duéi

day, chiing ta xem xét mot sb tng dung cua ¥ tudng nay ddi voi vat 1i, hoa hoc, sinh hoc va kinh té:

- Néus= s(t) 12 ham vi tri ctia mot vat chuyén dong trén mot duong thang thi v = s'(t) biéu thi van

tdc tic thoi cna vat (tdc do thay ddi cliia d6 dich chuyén theo thoi gian). Toc do thay ddi tirc thoi
cua van toc theo thoi gian 1a gia toc tire thoi cua vat:

a(t) = v'(t) = s"(t) )

— Néu C=C(t) la ndng d6 cia mot chat tham gia phan g hod hoc tai thoi diém 7, thi C'(¢) 1a
tdc do phan tng tirc thoi (tie 1a d6 thay doi nong do) cua chét do tai thoi diém ¢.

- Néu P= P(t) 1a s6 lugng cé thé trong mot quan thé dong vat hodc thuc vat tai thoi diém ¢, thi
P’(t) biéu thi tdc do tang truong tirc thoi cua quén thé tai thoi diém 7.

- NéuC=C (x) 12 ham chi phi, tirc 12 tong chi phi khi san xuat x don vi hang ho4, thi toc d6 thay
ddi tie thoi C '(x) cua chi phi ddi véi sb lugng don vi hang dugc san xuat duoc goi 1a chi phi
bién.

— Vé y nghia kinh t€, chi phi bién C’(x) xap xi v6i chi phi dé san xuat thém mot don vi hang hod
tiép theo, tirc 1a don vi hang hod thir x+1 (xem SGK Toan 11 tap hai, trang 87 , b sich Két ndi
tri thire voi cude song).

2. Mt s6 bai toan ti wu héa don gian
Mot trong nhitng (mg dung phd bién nhat cta dao ham 1a cung cap mot phuong phap téng quat, hiéu qua

dé giai nhiing bai toan tdi uu hoa. Trong muc nay, chiing ta s& giai quyét nhimng véan dé thuong gip nhu tdi
da hod dién tich, khoi lugng, 11 nhuén, cling nhu t61 thi€éu hod khoang cach, thoi gian, chi phi.

Khi giai nhitng bai todn nhu vy, kho khan 16n nhét thuong 1a viéc chuyén doi bai toan thyc té cho bang 1oi
thanh bai toan toi wu hoa toan hoc bang cach thiét 1ap mot ham s phu hop ma ta can tim gia tri 16n nhat
hodc gi tri nho nhit ctia nd, trén mién bién thién phu hop cta bién sd.
Quy trinh giai mot bai toan téi wu hod:
— Buwdrc 1: X4c dinh dai lvong Q ma ta can lam cho gia tri cia dai luong éy 16n nhét hodc nho nhat
va biéu dién n6 qua cac dai luong khac trong bai toan.
—  Buéc 2: Chon mot dai lugng thich hgp nao d6, ki hiéu 1 x , va biéu dién cac dai luong khac & Bude
1 theo x . Khi dd, dai lugng Q s€la ham s6 cia mot bién x . Tim tap xac dinh cia ham ) 0= Q(x)

— Bude 3: Tim gié tri 16n nhat hodc gia tri nho nhat ciia ham sé O =0(x) bang cac phuong phap da

biét va két luan.
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TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO

I : W AN vipu MINH HOA

Cau 1:

Cau 2:

yV J/ J /4

Khi bo qua stic can ciia khong khi, d6 cao (mét) ciia mot vat duoc phong thing ding 1én trén tir
diém cach mit dat 2 m véi van tde ban dau 24,5m/s 1a h(t)=2+24,5t—4,9¢ (theo Vit Iy Pai

Cuwong, NXB Gidao duc Viét Nam, 2016).
a) Tim van tdc cta vat sau 2 gidy.

b) Khi nao vat dat do cao 16n nhit va do cao 16n nhat d6 13 bao nhiéu?
¢) Khi nao thi vat cham dat va van tdc cua vat lac cham dét 1a bao nhiéu?
Loi giai
a) Theo ¥ nghia co hoc ctia dao ham, van toc ctia vat 1a v="h'(t)=24,5-9,8¢ (m/s).
Do d6, van tdc clia vét sau 2 gidy 1a v(2)=24,5-9,82=4,9 (m/s).
b) Vi A(¢) 1a ham s6 bac hai c6 hé s6 a =—4,9<0 nén h(¢) dat gid tri 16n nhat tai

b 245
2a 2-4,9

=2,5 (gidy). Khi do, d6 cao l6n nhét cua vat 1a h(2,5) =32,625 (m) .

¢) Vat cham dat khi d6 cao bang 0, tirc 13 1 =2+24,5t—4,9t* =0 hay ¢ ~5,08 (giay).

Van tdc cua vat lac cham dat 1a v((5,08)24,5 -9,8-5,08 =-25,284 (m / s).

Van tdc am chimg t6 chiéu chuyén (;Iéng ctia vat 1a nguoc chiéu duong (hudng 1én trén) cia truc
da chon (khi 1ap phuong trinh chuyén dong cua vat).

Gia str s6 lwong ctia mot quan thé ndm men tai moi trudng nudi cay trong phong thi nghiém dugc
mé hinh hod bang ham s P(¢)=

a ol s , 3 . e
P trong do thoi gian ¢ dugc tinh bang gio. Tai thoi
+e”

diém ban dau ¢ =0, quan thé c6 20 té bao va tang véi toc do 12 t€ bao/gid. Tim cac gia tri cua a
va b . Theo mo6 hinh nay, diéu gi xay ra véi quan thé nam men vé lau dai?

Loi gidi
-0,75¢
Taco: P(1)=272% />0, Theo dé bii, tacé: P(0)=20 vi P'(0)=12.
(b+e—0,75t)
4 9
o e a=20(b+1)
Do do, ta c6 hé phuong trinh: <9015

0,75a =2 12
(b+l)2_12 b+1

Giai hé phuong trinh nay, ta dugc a =25 va b =% .

18,75¢ "

Khi do, P'(t) = 5>0,Vt >0, tuc la sd lwong quan thé ndm men ludn ting.
(1 -0 75t)
—+e™

4
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CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MO
e y J J S 000
Tuy nhién, do [lirn P(t) = tlim T == 100 nén sb lugng quan thé ndm men tang nhung
—>+00 —>+00 L —0.75¢

4
khong vuot qua 100 té bao.

Cau3: Gidsuchiphi C (x) (nghin déng) dé san xuit x don vi cia mot loai hang hoa nao d6 duoc cho
bdi ham s6 C(x)=30000+300x — 2,5x” +0,125x".
a) Tim ham chi phi bién.
b) Tim C'(200) va giai thich ¥ nghia.
¢) So sanh C '(200) v6i chi phi san xuat don vi hang hoa thir 201.
Loi giai
a) Ham chi phi bién 13 C'(x) =300 —5x+0,375x".
b) Ta co: C'(200) =300—5-200+0,375-200” =14300.

Chi phi bién tai x =200 1a 14300 nghin dong, nghia 1a chi phi dé san xuét thém mot don vi hang
hoa tiép theo (don vi hang hoa thir 201) 1a khoang 14300 nghin dong.
¢) Chi phi san xuét don vi hang hoa thir 201 13

C(201)-C(200) =1004372,625 — 990000 = 14372,625 (nghin dong)
Gid tri nay xap xi v6i chi phi bién C'(200) da tinh & cu trén.

Cau4: Dé loai bd x% chét gy 6 nhiém khong khi tir khi thai ciia mot nha may, nguoi ta udc tinh chi
300x
100 —x
y=C(x). Tir d¢, hay cho biét:
a) Chi phi can bo ra s& thay d6i nhu thé nao khi x ting?

, 0<x <100 (triéu déng). Khao sat su bién thién cua ham s

phi can bo ra la C(x) =

b) C6 thé loai bo dugc 100% chit giy 6 nhiém khong khi khong? Vi sao?

Loi gii
Xeét ham sb y=C(x) = —20% < x <100,
100 —x
Tacs: ' =—20%0 0 véimoi xe[0;100).
(100 - x)
1a £ 1A A e o , 5 T . 300x ~
Do d6 ham so0 luén dong bien trén nura khoang [0;100) va lim C (x) = lim = +00 nén
x—>100 x—1000 100 — x

d6 thi ham s ¢o tiém can dung 1a x =100

Bang bién thién:
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Cau 5:

Ciu 6:

TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO
y J J 4
z |0 100
C'(z) +
+0o0
C(x)
0

a) Chi phi cdn bo ra C(x) s& ludn ting khi x ting.

b) Vi lim C(x)=+o0 (hamsd C(x) khong xé4c dinh khi x=100) nén nha may khong thé loai

x—100"

b6 100% chit giy 6 nhidm khong khi (du bo ra chi phi 1a bao nhiéu di ching nita).

Xét phan g hod hoc tao ra chat C tir hai chat 4 va B: A+ B——C . Gia st nong d6 cua hai
chit 4 va B bang nhau [A]=[B]=a (mol/l). Khi d6 nong do cua chat C theo thoi gian ¢
2
(¢>0) duoc cho boi cong thic: [C]= a Kt
aKt +1
a) Tim toc d6 phan mg tai thoi diém ¢>0.

(mol/l) trong d6 K 1a hing s6 dwong.

b) Chimg minh néu x =[C] thi x'(1)=K(a —x)2

¢) Néu hién tuong xay ra voi nong do cac chat khi ¢ — +oo

d) Néu hién tuong xay ra véi toc do phan tng khi ¢ — 400
Loi giai

a) Tim tdc d6 phan tng tai thoi diém >0 .

Téc d¢ phan tmg 1a dao ham cua [C] theo bién ¢

2 ! 2 2 ,
Do d6 [C] =[ a Kt jzaK(aKt+l) czth.aK= @K 2
aki+1 (aKt+1) (aKt+1)
2
b) Theo cau trén néu x = [C] thi x'(t) - ﬁ

2

_aKt+1 = nenx(t)zK(a—x)

2 2 2
Ta lai c6 K(a—x)zzK[a a ki J ak
(aKt+1)

2
. . K 2 r b r
¢) Ta co lim[C]=1im[C]= CIZQ tl =a (mol/l) nén ndng do ctia chat C dan dén a (mol/l)
X—>0 X—>0 a +
a’K

d) Ta co limx'(t) =lim =

~=0 (mol/I) nén tc do phan tmg dan dén 0 .
X—0 X0 (aKt + 1)

Mot bac néng dan c6 ba tim ludi B40, mdi tAm dai a (m) va mudn rao mot manh vuon doc theo
b song c¢6 dang hinh thang cdn ABCD nhu hinh v& dudi day biét rang bo song 1a dudng thing
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CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

CD khéng phai rao ludi. Hoi bac nong dan dé co thé rao duoc manh vuon cé dién tich 16n nhat
la bao nhi€éu mét vuong?
A a(m) B

a(m) \(m)

D C

B
D M N C

Goi M,N lan luot 13 hinh chiéu vudng goc cia 4,B 1én CD
biat x=MD, (0<x<a) suyra AM = AD* — MD? = a* — x*

Loi giai

Dién tich ciia manh vuon hinh thang cén 1a S(x) = (AB - (;D)AM = (a + x)\/a2 -x.

Xét ham s6 f(x) = (a + x)\/a2 — x” trén khoang (0 <x< a)

) ) x=—ae(0<x<a)
Pao ham f,(x):—Zx——ax—i-a:OQ

N x=%e(0<x<a)

Bang bién thién ham s6 f'(x) trén khoang (0;a)

a
x 0 § a

') + 0 -

3v3a?

4
f) / \
a? 0

2
Tir bang bién thién suy ra max f (x) = f{%) _ 3x/§a

. ) . 33’
Vay bac nong dan cé thé rao dugc manh vuon c6 dién tich 16n nhat 1a \/; m’.

Cau7: C6 hai xi 4,B cing & mdt bén bd song. Khoang cach tir hai xa d6 dén bo song lan luogt 1a
AA'=550m, BB’ =600 m. Nguoi ta do dugc A'B’=2200 m nhu hinh vé dudi day. Cac k¥ su
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Cau 8:

/ J L

mubn xay duyng mot tram cung cip nudc sach nim canh bén bd séng cho ngudi dan cua hai xa
su dung. Pé tiét kiém chi phi, cac k¥ su phai chon mét vi tri M cua tram cung c?ip nudce sach do
trén doan A'B’ sao cho tong khoang cach tir hai xa dén vi tri M 1a nho nhat. Hay tim gié tri nho
nhat cta tong khoang cach do.

500(m) 600(m)

2200(m)

A’ M B'
Loi giai

Pt A'M =x (0<x<2200), B'M =2200-x

Taco AM =~x* +500°, BM =4J(2200 - x)’ +600°
Khi d6 tong khoang cach tir hai xa dén vi tri M 1a:
AM + BM =[x +5007 +,)(2200 - x)’ + 600’

Xétham s f(x) =\x> +5007 +(2200—x)’ +600° trén khodng (0;2200)
X 2200 —x

Dao ham f'(x)= - =— - =0< x=1000
VA +500° /(2200 - x)’ +600°
Bang bién thién:
x 0 1000 2200
f(x) - 0 +
2780 2856
f) \ /
2460

Vay gia tri nho nhat ctia tong khoang cach tir hai xa d6 dén bo song 13 khoang 2460 m, tai vi tri
M cich diém 4’ 12 1000m.

T mot manh gidy hinh vudng cho trudc cit thanh hai hinh tron sao cho tong dién tich cua hai
hinh tron 1a 16n nhat. Goi & (k <1) 1a ti s6 ban kinh cua ching khi d6. Hoi gia tri vk bang bao

nhiéu?

Loi giai
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CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl
y J J J 202020

a

1+2°

Tim max ctia R +7°. Khao sat ham, ta tim dugc R = % Tir d6 ta tim duge k =~/2 —1.

Goi duong chéo hinh chit nhatla a. Tacé: R+r=

Cau9: Gia sir ty 16 sinh cta tinh 4 tuan theo quy luat logistic dwoc mé hinh hoa bang ham sb sau day
2 . . , M A . J4 \ ]
f(t)= 1 30, ;t>0,t € N, trong do thoi gian ¢ duoc tinh bang thang. Khi d6 dao ham f'(¢)
+4e
s& biéu thi téc d6 ting dan sb cua tinh 4 . Hoi sau bao nhiéu thang tbc do ting trudng cua dan sb
tinh 4 13 16n nhat?

Loi giai
, t 800¢! (4 — ¢
Taco f(1)=—o0 - 290¢ ;0 f'(t):&ez:f”(z)=M=0ct=ln4.
l1+4e”" €' +4 (e’+4) (ef+4)
Dua vao bang bién thién:
t |0 In4 +oo
7 (@) + 0 -

(1)

800e™* 8004 25 . .
> =——— =— tai thoi
(eln4 +4) 16 2

Vay toc d6 ting trudng cla dan s6 tinh 4 16nnhatla f'(In4)=

diém t=1n4~1,39

Ciu 10: Gia sir doanh sd (tinh bang s san pham) ctia mot san pham méi (trong vong mot sé nim nhat
5000

dinh) tuan theo quy luét logistic dugc mo hinh hoa bang ham sé 1 (t) =1 g
+ e

t >0 trong do

thoi gian 7 dwoc tinh bang ndm, ké tir khi phat hanh san pham méi. Khi d6, dao ham f7(¢) s&

biéu thi tbc d6 ban hang. Hoi sau khi phat hanh thi téc d6 ban hang dat 16n nhat bang bao nhiéu?
Loi giai

t
Taco f(1) =000 _ 50006 )

~ 5000¢ (€' +5)—5000e™  25000.¢"
C1+5¢7 e +5 - )

(et +5)2 (e’ +5)2

>0,Vt>0

25000 (¢ + 5) ~50000.¢'.(¢' +5).¢
- (et + 5)4

=/"(t)

B 25000.ef.(ef + 5).(6’ +5— 2e‘) B 25000.ef.(5 - ef)

r 5 =05-¢ =0<¢=In5.
(et+5) (e’+5)

Ta c6 bang bién thién:
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Cau 11:

Cau 12:

TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO
y J J J

t [0 Inb +0o0

f"(t) + 0 —
1250
!
t
Fe) 6250
9 0

Dua vao bang bién thién ta c6 toc do ban hang 16n nhat 1a 1250.

Sau khi phat hién ra dich bénh vi rat Dau mua Khi, cac chuyén gia y té wéc tinh s6 ngudi nhiém

bénh ké tir khi xuat hién bénh nhan dau tién dén ngay thir x 1a f(x)=—-x"+18x". Taxem f"(x)

1a tbc d6 truyén bénh tai thoi diém x . Tdc d6 truyén bénh s& 16n nhit vao ngdy thir bao nhiéu?
Loi giai

Taco. f'(x)=-3x"+36x= f"(x)=—6x+36. Xét f"(x)=0=x=6

Bang bién thién:
x (0 6 400
(=) + 0 —
108
f'(z)
0 0

Nhu vay tde do truyén bénh 16n nhét vao ngay thu 6.

Anh Nam c¢6 mdt cai ao dién tich 50 m? dé nudi ca diéu héng. Vu vira qua, anh nu6i véi mat do
40 con/m? va thu dugc 3 tn ca thanh pham. Theo kinh nghiém nuéi c4 cia minh anh thay ct tha
giam di 8 con/m? thi mdi con ca thanh pham ting thém 0,5 (kg). Pé tong ning suit cao nhat thi
vu t6i anh Nam nén mua bao nhiéu ca giéng dé tha? (Gia str khong co hao hut trong qué trinh
nuoi)

Loi gidi
S6 c4 anh Nam nudi vu vira qua 1a: 2000 (con)

3000

Khdi lwgng trung binh mdi con c thanh pham 1a 00 =1,5 (kg/con)

Goi x (x > 0) (con/m?) 1a s6 c4 ma anh Nam tha it di trong vu tdi, ta théy:
Giam 8 (con/m?) khéi luong ca thanh pham tang 0,5kg/con

Giam x (con/m?) khéi lugng c4 thanh pham tang 0,0625x kg/con

Vay tdng san luong c4 thu duoc 1a: f/(x) = (2000 —50x)(1,5+0,0625x)
Khi d6, ta di khao sat su bién thién cia ham s6 f (x)

f(x) =3000+125x — 75x — 3,125x" = —3,125x> + 50x + 3000
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V- J J J

N 5 B x=28
f(x)— 6,25x" +50=0 :{x=—8(l)

Bang bién thién:

T |0 8 +o0o
f'(z) + 0 —

7 (8)
f(z) / \

Vay dé san luong ca thu dugc 16n nhat thi s6 ¢4 can tha ciia anh Nam 1a 2000 — 50.8 = 1600 (con)

Cau 13: Mot duong 6ng dan dau bi ro ri hinh thanh nén mot mang dau loang hinh tron trén mit bién. Thc

d6 tang ctia ban kinh mang dau loang theo thoi gian 1a 2 (m/h). Khi d6 tdc do tang cta dién tich

(tinh theo m?) ctia mang dau loang ciing phu thudc theo thdi gian 7 (gid). Hoi tai thoi diém ban

kinh mang dau loang 14 25 m thi téc d6 ting dién tich mang dau loang theo thoi gian 13 bao nhiéu

(m*/h)? (Péap sb 1am tron dén hang don vi)
R~

Bén kinh ciia mang dau loang ting theo thoi gian, do véy ta c6 thé coi ban kinh 7 (m) ctia méang
dau 1a mot ham so phu thudc theo thoi gian 7 (h), tac 1a = f(¢).

Tir gia thiét vé téc do dau loang ta co f(t)=2

Dién tich mang dau dau loang hinh tron 1a S = z.7%, coi ddy 1a ham sé theo bién r ta dugc
S ’(r) =2rr.

Str dung cong thirc tinh dao ham ham hop, ta co: S'(¢)=S'(r).f"(t) = 4.7r

Khi 7 =25m thi S’(t) =100.7 =314.

Ttc 1a dién tich mang dau loang ting véi tbe d6 314m? mdi gio.

26t +10

t+5
1a mot ham sé xac dinh trén nira khoang [0;+00). D6 thi ham sb y = £(f) c6 duong tiém can

Cau 14: S6 dan cta mot thi trdn sau ¢ nam ké tir nam 1970 dugc ude tinh boi cong thie f(7) =

ngang la y =a. Gia tri cua a 1a bao nhiéu?

Loi giai

26+—
Tacor lim f(r) = lim 2210 _ iy L =26=TON: y=26.

t—t0 t>+o  f 4§ t—+0

t
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V J/ J

Ciu 15: Dé loai bo x% chat gay 6 nhidm moi trudng tir khi thai cia mot nha may, ngudi ta wdc tinh chi
ax+b
—x+d
(0<x<100). Tinh chi phi chénh lé&ch (ti dong) phai bo ra dé loai bo 90% va loai bd 99% chat

phi (tri¢u dong) can bé ra duge md hinh héa boi ham s6 ¢6 dang C(x) = (nhu hinh v§),

gy 6 nhiém tir khi thai clia nha may.

Léi gidi
Tir @6 thi ham s6 ta thay: Do thi di qua gdc toa dd nén b=0.
Do thi c6 duong tiém can ding x =100 =>d =100.
D6 thi ¢6 dudng tiém can ngang y =200 = —a = 200 => a = 200.

200x

Vé.y ta co C(.X) = —100 .
—X+

Suy ra chi phi chénh léch (ti d6ng) phai bo ra dé loai bd 90% va loai bd 99% chat gay 6 nhiém
tur khi thai cia nha may la:
200.99  200.90

C(99)—C(90) = — —=18000 (triéu ddng) =18 ti ddng.
(99)=C(90)= 55" 700 " Z90+100 (tri¢u dong) 8

Cau 16: Néng d6 C ciia mot loai hoa chat trong mau sau ¢ gio tiém vao co thé duge cho boi cong thirc

4t . , A eaea v A A . A £o1a
C (t) = T v6i ¢ 2 0. Sau khoang bao nhiéu gi¢ tiém thi nong d cta hoa chat trong mau 1a

4+ ¢
cao nhat? (két qua lam tron téi hang phan tram)
Loi giai
—81° +256
Tacod C'(t)=——— c6 C'(t) =0 -8 +256=0 <1 =3/32.

(64+17)

Bang bién thién:

t |0 v 32 +oo
C'(t) + 0 —
c C(/32)

Dua vao bang bién thién thi nong d6 hoa chat trong méu cao nhat khi 7 =3/32 = 3,17 (gio).
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/ 2 L

Cau 17: Trong khoang thoi gian tir ngay 01/01/2024 dén hét ngay 30/12/2024 nhom nghién ciru da quan
st sy phat trién cia mot quan thé sinh vat X. Két qua nghién ciru chi ra rang, tai ngay thir t cua
nam 2024 (tinh tir ngdy 01/01/2024) s6 c4 thé sinh vat X trong quan thé dugc wdc lwong boi ham

s6 f(t)= —3—(1)01‘3 +b> + ¢t +12000 (con), 0<t<365 va ngay 26/09/2024 1a ngay c6 sb luong

c4 thé sinh vat X nhiéu nhit v6i 55740 con. Ngay 25/11/2014 s luong ca thé sinh vat X duoc
wéc lwong khoang bao nhiéu nghin con? ( Két qua 1am tron dén hang phan chuc).

Loi gidi
Nam 2024, thang mot ¢6 31 ngay, thang hai c6 29 ngay, thang ba c6 31 ngay, thang tu c6 30 ngay,
thang nam c6 31 ngay, thang sau c6 30 ngay, thang bay c6 31 ngay, thang tam co6 31 ngay, thang
chin ¢6 30 ngay, thang muoi c6 31 ngay, thang mudi mot c6 30 ngay.

Ta c6 f(t)=—3—(l)ot3+bt2+ct+l2000 c6 f'(t)=—$12+2bt+c

Ngay 26/09/2024 tng voi t =270 1a ngay co6 s6 luong ca thé sinh vat X nhiéu nhit véi 55740
con nén ham sé dat cuc dai tai ¢ =270.

£(270)=0 = —ﬁzm2 +540b + ¢ =0 < 5400+ =729 (1)

f(270)=55740 < —3—(1)0 270° +b 270 +270¢ +12000 = 55740 <> 72900 b +270¢ =109350 (2)

Tt (1),(2) suyra b:g, ¢ =81 vay ham sé di cho 1a f(t):—3—(1)0t3 +gt2 +81¢+12000

=270
Thir lai f"(¢) :_Ltz +%t+81, f'(1)=0 c{t

100 t=-30()
Bang bién thién:
t |o 270 365
F(@) + 0 -
f(t)

Ham s6 dat cuc dai tai ¢ =270.

Ngay 25/11/2024 Gng v6i t =330, khi d6 s6 luong ca thé sinh vat X duoc udc luong khoang

bing: f(330)= —3—(1)03303 +g.33o2 +81. 330 +12000 = 49620 (con).

26t +10
t+5
f (t) dugc tinh bang nghin nguoi). Pao ham ciia ham sb y = f (t) biéu thi tbc d6 tang dan sd

Chu 18: S6 dan cua mot thi tran sau ¢ nam ké tir ndm 2002 duoc tinh boi cong thie f(7)=

(

ctia thi trin (tinh bang nghin nguoi/nam). Hoi vao nam nao thi toc d6 tang dan sd 1a 0,075 nghin

nguoi/nam?
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Cau 19:

Cau 20:

TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO
Loi giai
Ta co: f(t)=26[+10 vavi ¢t lasdnamnén £ >0.
r+5
ST iy . \ , 120
Ham s6 xac dinh véi V>0 c6 dao ham f (t)z >
(1+5)
, 120 2 2 2
:>f(t):0,075<:>(—5)2:0,075<:>(t+5) =1600 < (7+5)" =40 suy ra t =35.
t+

Vay sau 35 nidm ké tir nam 2002, ttrc 1a vao ndm 2037 thi téc d6 ting dan sb cua thi tran d6 1a
0,075 nghin ngudi/nam.

Mot bé chira 3000 1it nude tinh khiét. Ngudi ta bom vao bé d6 nude mudi c6 ndong do 25 gam/1
lit nuGe vai toe do 20 lit/phit. Gia sir ndng d6 mudi trong nude bé sau ¢ phit duge xac dinh boi
mot ham s6 f(¢) trén ¢ €[0;+00) (gam/lit). Khi ¢ cang 16n thi ndng d6 mudi trong bé tién gan
dén bao nhiéu gam/lit.

Loi giai
Sau ¢ phut khoi lugng mudi trong bé 1a 25.20.¢ = 500¢ (gam).
Thé tich ctia bé sau ¢ phut 1a 3000 + 20.¢ (lit).

5006 25t
3000+20¢  150+¢

Khi d6 ndng do mubi co trong nude bé la: f (z‘) (gam/lit).

. ) 25t ) 25
tlil};lof(t) - tlilfolo 150 +¢ - tlirg@ +

t

=25.
1

Vay hi ¢ cang 16n thi ndng d6 mudi trong bé tién gan dén 25 gam/lit.

S6 luong ca thé ctia mot loai sinh vat phy thudc nhiét do méi truong sdng va dugc sap xi boi ham
t 32
s0 f(1)=300.e5 ', trong d6 ¢ 1a nhiét @0 moi trudng xét tir 0° dén 60° . Hoi s6 ca thé loai sinh
vét trén nhiéu nhat 1 bao nhiéu?
Loi giai
t 37

Xéthamsd f(¢)=300.e° ' c6 tap xac dinh D=R, [0;60] = D.

1 3 L% 1 3 L% 10
"(£)=300. = =2 |5 1™, £(£)=0300. = — 2= |5 10 =0 >t =— (0;60).
() (5 50]6 s (5 soje 3 €(0:60)
10_3.100 60 3.60°

1
f(O) = 300;f(%j =300 109 =300.> ~ 419, f(60)=300.5 ' ~6,09.10.

Vay max f'(¢) =f(?j ~419.

[0;60]

GV. Phan Nhat Linh - @& SDT: 0817 098 716 -



*

CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl

/ £

Céu 21: Sau khi phat hién mot bénh dich, cac chuyén gia y té wéc tinh s6 ngudi nhiém bénh ké tir ngay
xuat hién bénh nhan déu tién dén ngay thtr ¢ 1a f(¢) =45 -+, 1=0,1,2,...,25. Néu coi f(¢)

1a ham sb xac dinh trén doan [0;25] thi dao ham f ’(t) duoc xem 1a téc do truyén bénh

(ngudi/ngay) tai thoi diém ¢ . Gia st khoang thoi gian ma tdc d6 truyén bénh giam 1a tir ngay tha
m dén ngay tha n. Khi d6 n—m bang bao nhiéu?
Loi giai

Téc d¢ truyén bénh (nguoi/ngay) tai thoi diém ¢ dugc xac dinh béi ham f"(7) =907 - 3¢°.

Tacod f"(1)=90—-61=0<1=15.

Bang bién thién:
t |0 15 25
F7(¢) + 0 —
675
F(#)
0 375

Duya vao bang bién thién, toc do truyén bénh giam tir ngay 15 dén ngay 25.
Vay m—n=25-15=10.

Céu 22: Mot bé ban dau chia 160 lit nude. Sau d6, cr mdi phut ngudi ta bom thém 10 it nude vao bé,
ddng thoi cho vao bé 21 gam chit khir tring (hoa tan). it f (t) gam/lit 1a ndng d6 chat khir
trung trong bé sau ¢ phut (t > O) , biét rang sau khi khao sat sy bién thién cua ham s f (t) ,ta
thdy gié tri £(¢) ting theo ¢ nhung khong vuot ngudng p gam/lit. Timsé p.

Loi giai

Sau ¢ phut khdi lvong chat khir trung 13 21f gam va thé tich nude 1a 160 +10¢. Do d6 ndng do

. 2 21t 3360
chat khir trongbéla f(t)=———— f'(t)=——————>0 nén f(¢) tang theo ¢.
gbela 1(1)=15, 160 ') (106 +160Y S (1) tang
Bang bién thién ctia ham so f(¢)
t |0 +00
I'(t) +
21
F(t) 10
0

T bang bién thién ta thdy f(¢) khong vuot qua % =21
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TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO

Céu 23: Gia sir chiéu cao (tinh bang ¢cm) ctia mot giéng cdy trong (trong vong mot so thang nhat dinh)
200
1+3e™’
gian ¢ duoc tinh bang thang ké tir khi hat bat dau ndy mam. Khi d6 dao ham /"() s& biu thi

tuan theo quy ludt logistic dugc mé hinh ho bang ham s6 f/(¢)= t >0, trong do6 thoi

toc do tang chiéu cao cua gidng cdy d6. Biét rang ké tir khi hat gidng bat dau nay mam thi sau ¢
thang, tc do tang chidu cao ciia cay 1a 16n nhat. Tinh ¢ (1am tron két qua dén dén chir sé thap

phan thir nhat).
Loi giai
Xéthamsd f(¢)= 1fgg—f trén [0;+0)
-t 600e™" (3¢ —1
Ta c6 f’(t)=60Lez; "(1)= (2 3 ) f()=0=¢" “iom3
(1+3¢7) (1+3¢7) 3
Bang bién thién:
t 10 in3 +o0
fll(t _|_ 0 _
50
4
7@
2 0

Dua vao bang bién thién, suy ra sau £ =In3 ~1,1 (thang) thi tbc d6 ting chiéu cao cia cdy la 16n

nhat.

Cau 24: Mot con ca hoi boi nguoc dong (tir noi sinh song) vugt khoang cach 300 km dé téi noi sinh san.
Van tdc dong nude 1a 6 (km/h). Gia sir van toc hoi cia ca khi mude diung yén 1a v (km/h) thi
ning lugng tidu hao cta cé trong ¢ gio cho boi cong thitc E(v)=cv’t trong d6 ¢ 1a hang sd cho
truéc. E tinh hang Jun. Tinh van tc boi cta ca khi nudce dimg yén, dé ning luong cua ca tiéu
hao it nhét?

Loi giai
Theo dé bai, van toc cta ca khi boi trén song 1a v — 6, khi d6 thoi gian dé ca boi dén noi sinh san
300

la ¢t = .
v—6

voi v>6.Dat x=v—-6.

Khi do, E(v):cv3 300
y—

Bai ndng luong tiéu hao cua ca dugce tinh bdi ham so:

+6)
f(x)= 3000 0) 3000()62 +18x + 108+ﬁJ v6i x> 0.
X X

Ta c6: f'()c)=3OOC(2)C+18—2—126)=O<::>2x3 +18x* —216=0=x=3.
x

Bang bién thién:
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CHUONG I. HAM SO VA U'NG DUNG CUA DAO HAM TOAN 12 CHUONG TRINH MOl
y J J S 000
z o In3 +oo
f'(x) — 0 +
+0Q 00
f(x)
J (3
Viy min ) f(x)=£(3) hay khi van tbc cua ca khi nuéc dimg yén 1a v=9 (km/h) thi c4 it ton

xe(0;+00

nang luong nhat.

Cau 25: Huyét ap la dai luong dé do dd 16n cua lyc tac dung 1&€n thanh mach mau. N6 dugc do béng 2 chi
s0; huyét 4p tam thu (12 4p luc ciia mau 1én dong mach khi tim co bop) va huyét ap tdm truong
(1a 4p lyc cia méau 1én thanh dong mach khi tim gidn ra). Huyét 4p khac nhau dang ké giita nguoi
nay va ngudi khac, nhung huyét ap tiéu chuan 1a 120/80, nd c6 nghia 1a huyét ap tam thu 1a
120mmHg va huyét ap tam trwong 1a 80mmHg. Gia st rang trai tim ctia mot nguoi dap 70 lan

mot phut, huyét p riéng P sau t gidy c6 thé dugc mo ta bang ham sé P(1) =100+ 20sin (7?” tj
. Trong thai gian tir 0 gidy dén 1 gidy, thoi diém 7 = % (a,be N*,% t8i gian) ma tai d6 huyét ap
bang 80 mmHg. Tinh 2a—b
Loi gidi
. . (T . (T . (T
Xét P(1)=80 <100+ 20sin ?t =80 <> 20sin ?t =-20 < sin ?t =-1

T T 3 6k

o—t=—"+k2rn(keZ)t=——+—(keZ)
3 2 14 7
Ma 0<¢<1 nén Oﬁ—i+@§1<:>l§k§1—7
14 7 4 12

Mait khic ke Z= k=1 thi t=%

Vay 2a-b=29-14=4

Ciu 26: Mot bé chtra ban dau c6 250 lit nude. Sau d6, cir mdi phit nguoi ta bom thém 25 lit nude, dong
thoi cho vao bé 8 gam chét khir khuan (CIOZ) duoc hoa tan. Gia sut C (t) la néng d6 chat khur

) , t 1 2
khuan trong bé sau ¢ phat (véi C(r)= %, don vi gam/lit, trong d6 m(¢) la khoi lugng chat
4
khtr khuan trong bé va 7 (¢) 1a thé tich nudc trong bé). Goi ¢ 1a s6 duong nhé nhat ma ndng do
chat khir khuan 1a C (t) tang theo thoi gian t nhung khong vugt qua ngudng ¢ gam/lit. Tim ¢
Loi giai
Nong d6 chat khir khuan trong bé sau ¢ phut 1a C (t) = L,t >0
25t + 250

Ta can tim gi4 tri 16n nhat cua C(¢) trén khoang xéc dinh
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TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO
2000
Tacod: C'(t)=————— >0,Vt>0.Dod6 C(r) dong bién trén (0;+c0)
(25¢ +250)
Ta co: limL 8 =0,32

w2250 +250 25
Vay ndng d6 chat khir khuan tang theo thoi gian va khong vuot qua 0,32

Céu 27: Khi loai thubc A duogc tiém vao bénh nhan, ndng do (don vi: mg/l) cia thudc trong mau sau x
30x

X +2

va cach xtur 1i phtt hop cho bénh nhan, ta can tim khoang thdi gian ma ndng do cta thude trong

phut (ké tir khi bat dau tiém) dwgc xac dinh béi cong thiue C(x) = . Dé dua ra 16i khuyén

mau dang ting. Trong khoang thoi gian 6 phut sau khi tiém, ndng do thude trong mau dat gia tri
16n nhat bang bao nhiéu mg/l (két qua dwoc lam tron dén hang phan muoi)?
Loi gidi
-30x” + 60
Ta co C'(x) =x—2 nén C'(x)=0<:>x:\/§.
(x2 + 2)
15V2

2

Suy ra 18;36))<C(x)=C(x/§): ~10,6.

Ciu 28: Trong Vit Iy, mot dao dong diéu hoa 13 dao dong c6 phuong trinh chuyén dong dugc cho boi
cong thirc x(t) = Acos(a)t + go) , trong 40 A 1a bién d6 cta dao dong, @ (rad/s) 1a tin sd goc va

@ (rad) 1a pha ban dau. Trong Vit ly, dong niang (Tiéng Anh: kinetic energy) cia mot vat 1a ning
lugng ma nd ¢6 duge tir chuyén dong cua nd. Puoc xac dinh boi cong thire W = %m.v2 (¢) trong

d6 m (kg) 1a khoi lugng cia vat va v(¢)(m/s) 1 van toc cla vat tai thoi diém (s). Gia sir mot

vat c¢6 khéi luong m=100(gam) dao dong diéu hoa v&i phuong trinh chuyén dong:
x= 40cos(20072't —%j(cm) Khi 6 dong ning vat do dat gia tri 10n nhat bang bao nhiéu (J)?

(Lam tron dén hang phan chuc)
Loi gidi

Tur cong thirc W = %m.vz (t), dé dong ning vt d6 dat gié tri 16n nhét thi v()(m/s)dat gia tri

16m nht.

Khi d6 ta c6 v(r)=(x(¢)) = [40005(2007[ - %D = —SOOOﬂsin(2OO7r - %j(cm /s).
Ta ¢ —80007 <v(t)= —80007Z'Sin(2007Z't - %) <80007

Vay v(t)(m/s)dat gia tri 16n nht bang 807z (m/s).

Khi d6 dong nang 16n nhat cua vat la: W = %mf = %.0,1.(&:)2 ~316(J)

Cau 29: Biét rang tbc d6 danh may trung trinh S (tinh bang tir trén phiit) ciia mot hoc vién 16n tudi
sau ¢ tudn (ké tir khi chua biét ddanh may) duoc cho bai mot trong hai cong thic sau:
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CHUONG I. HAM SO VA (’NG DUNG CUA BAO HAM TOAN 12 CHUONG TRINH MO
) ) yV J J J/
" +b " +b
S(t)_a va S(f)=a (a,b,c,d e R;ac #0).

ot +d ct+d

Ong A (m6t ngudi 16n tudi chua biét danh may) sau 4 tuan di hoc thi tbc d6 danh may trung binh
dat 20 tir trén phut, sau 6 tuan dat 30 tir trén phut. Em hay du doan xem, sau khoéa hoc 15 tudn
thi tdc d6 danh may trung binh ctia 6ng A 14 bao nhiéu tir trén phit.

Loi giai
2 2 2
Do lim %0 — o nén S(1) =0 10gi. Tacs: $(0)=0=b=0=5(1)= .
x>t cf +d ct+d ct”+d
S(4)=20 [16a=20(16c+d)  [4a=80c+5d (1)
Mat khac co s &
S(6)=30  |36a=30(36c+d)  |6a=180c+5d (2)

Lay (2) trir (1) ta duge a=50c thay vao (1) ta duoc d =24c.

2 2 2
fOCt _ 250t do dé S(15)= 5(2).15 N
ct"+24c t"+24 15°+24

Vay S(t) =

Cau 30: Mot bé ban dau chtra 150 1it nude. Sau d6, cir mdi phut ngudi ta bom thém 50 lit nude, dong
thoi cho vao bé 20 gam chét khir tring (hoa tan). Goi f (1) (gam/lit) 1a ndng d¢ chat khir tring
trong bé sau ¢ phut (¢ > 0), biét rang sau khi khao sat su bién thién ctia ham sé f (t) , ta thiy gia
tri f(¢) tang theo thoi gian ¢ nhung khong vuot ngudng p gam/lit. Tims6 p (két qud viét dudi
dang s thap phan).

Léi gidi
Thé tich nudc trong bé sau ¢ phuat 1a 150 +50¢ (lit).
Khdi luong chat khir tring trong bé sau ¢ phit 1a 20¢ (gam).

Nong d6 chét khir tring trong bé sau ¢ phut 1a 1 (t) = % (gam/lit).
t+

3000, viz0va 1imL=§=o,4.

Tacé 'l‘ =
1) (507 +150) 1>+ 50¢ +150

Vay gid tri ham () ludn tdng nhung khong vuot ngudng 0,4 gamy/lit.
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TU DUY GIAI TOAN VAN DUNG CAO 2026 CHUONG I: HAM SO

y J J J

DE REN LUYEN 07A: UUNG DUNG DAO HAM GIAI TOAN THU'C TIEN
Chuyén d& tinh don diéu cua ham sé gdm 1y thuyét va vi du minh hoa
Swu tam va bién soan: Phan Nhat Linh KET NOI TRI THU'C
Tai liéu khéa hoc luyén thi THPT Quéc Gia theo chuong trinh méi

PHAN I. Cau tric nghiém nhiéu phwong an lya chon. Thi sinh tra 10i tir cdu 1 dén cau 12. Mdi cau hoi
thi sinh chi chon mgt phuong an.

Cau 1: Mot chat diém chuyén dong theo quy luat s(t) =t - gt3 (m). Tim thoi diém ¢ (gidy) ma tao d6

van toc v (m/s) cua chuyén dong dat gia tri lon nhét.
A.1=2. B.t=0,5. C.t=2,5. D. t=1.

Loi giai
Ta co v(t)=s'(t)=2t—%t2. Suy ra v'(t)=2—t va v'(t)=0<:>t=2.

Bang bién thién

t 2
v'(f) + 0 -
2

Vay chat diém dat van toc 16n nhat tai thoi diém 7 =2 (gidy).

Cau2: Cong sudt P (don vi ') ctia mdt mach dién dugc cung cép béi mot nguén pin 12} dugc cho béi
cong thiee P=121-0,51° véi I (don vi A) 1a cuong d6 dong dién. Tim cong suat tdi da cia
mach dién.

c.-—4. D. 2.
192 2

Loi giai

A. 72, B. 12.

Xét ham s6 P=127—0,51% véi I >0 codaoham P'=12—1; P'=0<1=12.

Bang bién thién:

I |0 12 +o0
P'(I) + 0 -
72
P(I)

Cong suét tbi da cua mach dién la 72(W) dat duoc khi cudng do dong dién 1a 12(4).
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Cau 3:

Cau 4:

yV J/ J /4

Mot vat chuyén dong theo quy luat s =—2¢> +24¢* +9¢ —3 véi ¢ 1a khoang thoi gian tinh tir lic
bt dau chuyén dong va s 13 quing duong vét di duoc trong khoang thoi gian d6. Hoi trong
khoang thoi gian 10 gidy, ké tir luc bit dau chuyén dong, van tdc 16n nhit cua vat dat duoc bang
bao nhiéu?
A. 289(m/s) . B. 105(m/s) . C. 111(m/s) . D. 487(m/s) .

Loi giai

Taco v(t)=s"=—6¢"+48¢+9. Xét ham s6 v(¢) =—61" +48+9, t €[0;10].

V(O =9
Taco v'(r)=—12¢/+48=0 < ¢ =4 (Nhén). Ta co ES))ZI?? :tre%%]v(z)zv@):los.
v(10) = —

Do giam huyét ap ciia mdt bénh nhan dugc do bdi cong thirc G(x) =0,25x> (30 - x) trong d6 x

(mg) va x > 0 1a luong thudc can tiém cho bénh nhan. Dé huyét ap giam nhiéu nhat thi can tiém
cho bénh nhan mdt liéu lugng bang bao nhiéu:

A. 15mg B. 30mg C. 40mg D. 20mg
Loi giai
, 2 15, 15

Ta co: G(x) =0,25x (30—x)=?x —Zx

3, 3, x=0(loai)
Pao ham G'(x)=15x-=x*; G'(x)=0=15x—=x’ =0 <

4 4 x =20 (thoa man)
Bang bién thién:

z |0 20 +00
G'(x)

+ 0 -
100
G () / \

Dua vao bang bién thién thi bénh nhan can tiém mot luong thude 20 mg

Hang ngay myc nudc ciia con kénh 1én xudng theo thiy triéu. do sau 4 (m) clia myc nudc trong
. . t .
kénh tinh theo thoi gian #(4) trong ngay cho boi cong thic A= 3cos(% +%)+12. Khi nao

muc nudc cua kénh 1a cao nhat vdi thoi gian ngan nhat?

A. 1=10(h) B. t =14(h) C. 1=15(h) D. 1 =22(h)
Loi giai
Ta co: h':—3(£+zjsin(ﬂ+£):—zsin(z+zj.
6 3 6 3 2 6 3

h'=0<:>—£sin(£t+zj=0<:>t=—2+6k,(keZ(+))
2 6 3
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y J J J

O day ta chi can xét mot sb gia tri
k 1 2 3 4
t 4 10 16 22

Ta suy ra dugc h dat gid tri 1on nhéat khi ¢ =10 (4)

Luru y: Ngoai cach trén ta c6 thé 1am nhu sau

Vi —1<cos| Z+Z |<1=9<3cos| L+ 7 | +12<15.
6 3 6 3

Vay dé h 1on nhét thi cos(lt +f) =let=-2+12k(keZ,))
6 3
Véy h dat gia tri 16n nhat khi 1 =10 (/)

Cau 6:  Sau khi phat hién mot bénh dich, cac chuyén gia y t& wéc tinh s6 ngudi nhiém bénh ké tir ngay
xuat hién bénh nhén dau tién dén ngay thir t1a G(¢)=45:> -, (két qua khéo sat dugc trong 10
thang vira qua). Néu xem G'(¢) 1a toc @0 truyén bénh (ngudi / ngdy) tai thoi diém t thi toc do
truyén bénh 16n nhét s& vao ngay thi:

A.25 B. 30 C.20 D. 15
Loi giai

Ta co: G'(¢)=90t—3t*;,G"(1)=90-6t=0=90-6t =0 <> =15

Bang bién thién:
t |0 15 +00
G"(t) + 0 —
675
G(t)

Viy tdc d6 truyén bénh 16n nhat s& vao ngay thir 15.

4
Céu7: Thé tich nuéc ciia mot bé boi sau t phut bom tinh theo cong thic V' (r) :ﬁ[%f —tzj

(0<7<90). Téc d6 bom nude tai thoi diém t duge tinh béi v(¢) =V"(¢). Trong cac khang dinh
sau, khang dinh nao dung.

A. Tbc @6 bom giam tir phat 60 dén phut thir 90.

B. Tc d6 bom ludn giam.

C. Tc d6 bom ting tir phut 0 dén phut thi 75.

D. Ca ba dép an déu sai

Loi giai
4 A ! 9 2 1 3 " 9 3 2 " .
Xétham V'=—r'——¢ (0<¢<90); V'=—t———+t'=V"=0khi =0,/ =60
10 100 5 100

Dua vao bang bién thién ta c6 ham sb 7’ dong bién trén (0;60) va nghich bién trén (60,90)

Cau 8: Khi nuoi ca thi nghiém trong ho, mgt nha khoa hoc da nhan thay rang: néu trén moi don vi dién
tich cuia mat hdo c6 n con cd thi trung binh mdéi con cd sau mdt vy can ning la
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Cau 9:

Cau 10:

y J J 4

P(n)=480—-20n(g). Hoi phai tha bao nhiéu con ca trén mét don vi dién tich ciia mat ho dé sau
mot vu thu hoach duoc nhiéu c4 nhét?
A. 14 B. 13 C. 12 D. 11

Loi giai
Goi F(n) 1a ham can ning ctia n con c4 sau vu thu hoach trén mot don vi dién tich
Ta co: F(n) = (480 - 20n).n = 480n —20n°
Dé sau mot vu thu hoach duogc nhiéu ca nhat thi can nang cua n con ca trén mot don vi dién tich
cua mat ho 1a 16n nhat.
Bai toan tr¢ thanh tim ne N sao cho F (x) dat gia tri lon nhét.
F'(n)=480—40n; F'(n)=0<480-40n=0<n=12
Hoc sinh tu 1ap bang bién thién.
Vay phai tha 12 con ca trén mot don vi dién tich ctia mat ho dé sau mot vu thu hoach dugc nhiéu
ca nhat.
Dé giam nhiét do trong phong tir 28°C, mot hé thong 1am mat duoc phép hoat dong trong 10
phat. Goi T (don vi °C) la nhiét d6 phong o phat thit ¢ dugc cho bdi cong thic
T =-0,008¢° —0,16¢ +28 v6i t €[1;10]. Tim nhiét d6 thip nhat trong phong dat duoc trong thoi
gian 10 phat ké tir khi hé thong lam mat bit dau hoat dong.
A. 27,832°C. B. 18,4°C. C. 26,2°C. D. 25,312°C.

Loi giai
Xét ham s6 T =—0,008 —0,16¢ + 28 véi ¢ €[1;10].
T'=-0,024r —0,16 < 0,V¢ €[1;10] suy ra ham s6 T nghich bién trén doan [1;10].

Nhiét d¢ thip nhat trong phong dat dugc 1a 7, =7(10)=18,4°C.

Mot cong ty bat dong san co 50 cin ho cho thué. Biét ring néu cho thué mdi can ho véi gia
2.000.000 dong mdi thang thi moi can hd déu c6 ngudi thué va cir mdi lan ting gia cho thué mdi
can ho 100.000 déng moi thang thi c6 thém 2 cén ho bi bd tréng. Muén c6 thu nhép cao nhét,
cong ty d6 phai cho thué véi gia mdi cin ho 1a bao nhiéu?
A. 2.250.000 B. 2.350.000 C. 2.450.000 D. 2.550.000

Loi gidi

Goi x 1a gia thué thuc té cia mdi can ho, (x : dong; x >2000.000 ddng)
Ta c6 thé 1ap luan nhu sau:

Tang gia 100.000 dong thi c6 2 cin ho bi bo tréng.

Tang gia x —2.000.000 ddng thi c6 bao nhiéu can ho bi bo tréng.

, . . . 2(x—2.000.000 —2.000.000
Theo quy tac tam xuat ta c6 sO can hd bi bé trong la: (x ) =X

100.000 50.000
Do d6 khi cho thué véi gia x dong thi s can ho cho thué la:
_x-2000000 _  x oo
50.000 50.000

Goi F(x) 1a ham lgi nhuan thu dugce khi cho thué cc cin ho, (F(x): dong).
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1 . .
Ta co6: F(x) | ——% 490 |x=- x> +90x ( bang sb cin ho cho thué nhan véi gia cho
50.000

50.000

thué moi can ho).

Cau toén tré thanh tim gia trj 16n nhét cua F(x)= x> +90x, x >2.000.000

50,000

F'(x):—zs1 x+90; F'(x)=0<:>—25 toox+90=0<:>x=2.250.000

000
Bang bién thién:

@ | 2000000 2250 000 +00
F'(x)

+ 0 -
F(max)
F(x)

Suy ra F'(x) dat gia tri 16n nhat khi x = 2.250.000

Vay cong ty phai cho thué véi gia 2.250.000 dong mdi can ho thi dwoc 13i 16n nhat.
Nhan xét:

Sau khi tim dugc ham F (x) =— x” +90x . Ta khong can phai di khao sat va v& bang bién

50.000
thién nhur trén. Dé da cho bon dap an x, ta diung phim CALC ctia MTCT dé thay 1an lugt cac gia

tri vao, cai nao lam cho F (x) 16n nhat chinh 1a gia tri can tim.

Cau 11: Mot cira hang ban budi Doan Hung cta Phi Tho véi gid ban mdi qua 1a 50.000 dong. Vi gia
ban nay thi ctra hang chi ban dugc khoang 40 qua budi. Cura hang nay du dinh giam gid ban, uéc
tinh néu cira hang ¢ giam mdi qua 5000 dong thi s6 budi ban dugc tang thém 1a 50 qua. Xac
dinh gia ban dé cira hang d6 thu duoc loi nhuan 16n nhat, biét rang gia nhap vé ban dau mdi qua
13 30.000 dong.

A. 44.000d B. 43.000d C. 42.000d D. 41.000d

Loi giai

Goi x la gia ban thyc té cia mdi qua budi Poan Hung, (x : déng; 30.000 < x < 50.000 dong).
Ta c6 thé 1ap luan nhu sau:
Gia 50.000 dong thi ban dugc 40 qua budi
Giam gia 5.000 dong thi ban dugc thém 50 qua.
Giam gid 50.000 — x thi ban dugc thém bao nhiéu qua?
Theo quy tic tam xuat s6 qua ban thém dugc 1a: (SOOOO - x)S—O = L(SOOOO - x) .
5000 100
. 1 1
Do d6 SO qua buai ban dugce twong ng voi gia ban x : 40+ E(SOOOO — x) = —ﬁx +540
Goi F(x) 1a ham lgi nhuan thu duge (F(x) : dong).
1 1

Ta co: F(x) =| ———x+540 .(x —30.000) =———x" +840x —16.200.000

100 100

Bai toan tr¢ thanh tim gia tri 10n nhat ciia ham s6:
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F(x)= —ﬁx2 +840x —16.200.000, diéu kién: 30.000 < x <50.000.

F'(x)= —%x+840; F'(x)=0& —%x+840 =0 < x=42.000

F(30.000) = 0; F(42.000) =1.440.000; F'(50.000) = 800.000
Vay véi x =42.000 thi F(x) dat gia trj 16n nhat.

Viy dé cira hang d6 thu duogc loi nhuan 16n nhét thi gia ban thuce té ctia mdi qua budi Poan Hing
13 42.000 dong.

Céu 12: Mot xe khach di tir Viét Tri vé Ha Noi ché tdi da duoc 13 60 hanh khach mot chuyén. Néu mot
2
. L x. 5 5
chuyén chd dugc m hanh khach thi gia tién cho moi hanh khach duogc tinh 1a (300 — ij dong.

Tinh s6 hanh khéch trén mdi chuyén xe dé nha xe thu dugc loi nhuén mdi chuyén xe 12 16n nhét.?
A. 30 B. 40 C. 50 D. 60
Loi giai

Goi x 1a s6 hanh khéch trén mdi chuyén xe d¢ s tién thu duge 1 16n nhat (0 < x <60)
Goi F(x) 1a ham lgi nhuan thu duoc (F(x): dong)

A LA Sx : 2 25 3
So tién thu duoc: F(x) =|300— > X =90.000x —1500x" + ?x
Bai toan tro thanh tim gia tri 16n nhat cta ham sb:

x =120(loai)

F7(x) =90000 — 3000x + 2 x* F*(x) = 0 < 90000 ~3000x + = x> =0 >
4 4 x = 40(t/ m)

Bang bién thién

x |0 40 60
F'(x) + 0

F(mazx)
F(z)

Vay dé thu dugc sd tién 16n nhét thi trén mdi chuyén xe khach d6 phai ché 40 nguoi.

PHAN II. Cau tric nghiém ding sai. Thi sinh tra 10 tir cdu 1 dén céu 4. Trong mdi ¥ a), b), ¢), d) & mdi
cau, thi sinh chon dung hodc sai.

: . Z U . e a , 26t +10
Cau 1: SO dan cia mdt thi tran sau ¢ nam ke tir nam 1970 dugc udce tinh bdi cong thue f (t) = 5
+

(f(t) dugc tinh bang nghin nguoi).
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a) SO dén cua thi tran vao ddu nam 1980 13 18 nghin nguoi.
b) S6 dan cua thi tran vao ddu nam 1995 1a 23 nghin ngudi.
¢) Xem f 1a mot ham s6 xac dinh trén nira khoang [0;+00) vy ham s6 dong bién trén [0;+00)

d) Pao ham cua ham sé £ biéu thi tbe d6 ting dan sb cua thi trin (tinh bang nghin ngudi/ndm).
Vao nam 1998 thi téc d6 ting dan s 14 0,125 nghin ngudi/nim.

Loi giai
a) Dung: Vao dau nam 1980, ta c6 ¢ =10; £ (10) =18 V4y s0 dan cua thi tran vao dau nam 1980
la 18 nghin nguoi.
Vao dau ndm 1995 ta c6 t =25; £(25)=22.

Sb dan cua thi trdn vao dau nam 1995 1a 22 nghin ngudi.

b) Sai: f'(t) = (li)z v6imoi ¢ >0; f(¢) lién tuc trén [0;+00) vi lién tyc trén khoang (—5;+o0)
t+5

Vay ham sb dong bién trén [0;+0) .

¢) Blng: Téc d6 tang dan sb vao dau nam 1990 1a:

£'(20)= 122—0 =0,192 do 1 =1990—-1970 =20

5
Tbc do tang dan s6 duoc du kién vao nam 2008 cua thi tran la:

1'(38) :% ~ 0,065 do ¢ =2008—1970 =38

Ta ¢6: f’(t):0,125©%=0,125<:>1+5: lolfgs ~31=>1~26.
r+ >

d) Sai: Vay vao nam 1996, toc do tang dan sb cta thi tran 1a 0,125.
Cau2: Dan sd ctia mot qudc gia sau 7 (nam) ké tir naim 2023 duogc woc tinh boi cong thire:
N(1)=100e"""", N(¢)duoc tinh bang triéu ngudi va 0 <7 <50
a) Dén s6 cua qubc gia vao nam 2030 1a: 108,763 (triéu nguoi)
b) Dén s6 ctia quoc gia vao nam 2035 1a: 125,488 (triéu nguoi)
c) Xem N(¢) 1a ham so ctia bién s ¢ xac dinh trén doan [0;50]. Khi d6 ham sé N (¢) dong bién
trén doan [0; 50].
d) Pao ham cta ham s N (t)biéu thi tdc d6 ting dan sb cia qudc gia d6 (tinh bang triéu
ngudi/nam). Vay vao ndm 2040 thi tbe d6 ting dan sb cua qudc gia d6 1a 1,6 triéu ngudi/ nam.
Loi giai
a) Dling: Dan s ciia qudc gia vao nim 2030 1a: N(7)=100¢""">7 =100 =108,763 (triéu
nguoi)

b) Sai: Dan sb ctia quoc gia vao nim 2035 la: N(12)=100e"""> =100 =115,488 (triéu

nguoi)
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¢) bung: Trén doan [0; 50] ta co: N'(7)=0,012.100e>""* =1,2¢*"* > 0,Vr €[0;50]

Do d6 ham s N (¢) ddng bién trén doan [0; 50].
d) Ta co: N’(t) —1,2e"0

Vi toe do tang dan so cuia quoc gia do 1a 1,6 triéu ngudi/ nam ta co:

2501nﬂ
1,6 =1,26"012 5 0012 — 3 = 3L 23,97

Viy vao nam 2046 thi tbc do tang dan sb cia qudc gia d6 1a 1,6 triéu ngudi/ nim.

Cau3: Sy phan huy cia rac thai hitu co c6 trong nudc s& lam tiéu hao oxygen hoa tan trong nudc. Nong
d6 oxygen (mg/1) trong mot hd nude sau ¢ gid (t > 0) khi mot lugng rac thai hiru co bi xa vao

hé dugc xap xi boi ham sb y(t) =5- 5 (c6 dd thi nhu dudng mau do & hinh bén)

VA
5

~Y

0 1’ > 3
a) Vao thoi diém 7 =1 thi ndng d6 oxygen trong nudc 1a 3,5 (mg/1)

b) Nong do oxygen (mg/1) trong mot hd nudc khong vuot qua 5 (mg/l)
¢) Vao thoi diém 7= 0 thi ndng do oxygen trong nudc cao nhat

d) Nong d6 oxygen (mg/1) trong mot hd nude thap nhat 13 3,5 (mg/l)

Loi giai
e 1
) 2
Xét y(1)=5- oF 11 trén nira doan [0;+w0) ¢6 /()= 1355—125 =0 3 .
o (9r* +1) x =~ (loai)
Bang bién thién:
t |o 1/3 +o0
v’ - 0 +
5 5
y
5
2
N L a £ . 1y 5 |
Ttr bang bién thién ta thay [romn)y(t) =y|3)=5 v max y(t)=y(0)=5
i +0 [0:430)
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A \ r R TYA 1 A A r A \ 1 [N 1 A A
Vay vao cac thoi diém ¢ =0 thi ndng d oxygen trong nudc cao nhat va ¢ = 3 gi0 thi nong do

oxygen trong nudc thap nhat.

a) Bung: Vao thoi diém 7 =1 thi ndng d6 oxygen trong nudc 1a 3,5 (mg/l)

b) Pung: Nong d6 oxygen (mg/l) trong mot hd nudc khong vuot qua 5 (mg/l)
¢) Pung: Vao thoi diém 7 =0 thi ndng d6 oxygen trong nudc cao nhat

d) Sai: Nong d6 oxygen (mg/l) trong mot hd nude thap nhét 1a 2,5 (mg/l)

Cau4: Xét mot chat diém chuyén dong doc theo truc Ox . Toa d cua chit diém tai thoi diém ¢ duoc
xéc dinh boi ham s6 x(¢) =# — 61 +9¢ véi ¢ > 0. Khi d6 x'(¢) 1a van toc clia chat diém tai thoi
diém ¢, ki hiéu v(z); v/(¢) 1a gia téc chuyén dong cua chét diém tai thoi diém ¢, ki hiéu a(t).
a) Ham van toc 1a v(¢) =3¢ —12¢+9
b) Ham gia toc la a(¢)=61-12
¢) Trong khoang tir # =0 dén ¢ =2 thi van toc cua chét diém ting
d) Tir £ =2 trd di thi van tc ctia chat diém giam

Loi giai
a) bing: Ham v(r)=x"(r) =3¢ —12t +9
b) Bung: Ham a(t)=V'(z) =6t —12
c¢) Sai: Tap xac dinh: D = [O;+oo) va a(t) =0c=t=2

Bang bién thién:

a(t) — 0 +

v(t)

-3

Vay trong khoang tir # =0 dén ¢ =2 thi van toc cua chat diém giam,
d) Sai: Tir £ =2 trd di thi van tc ctia chat diém ting

PHAN III. Cau tric nghié¢m tra 1oi ngin. Thi sinh tra 10i tir cau 1 dén céu 6.

Cau 1:  Cho biét dién luong truyén trong diy dan theo thoi gian biéu thi boi ham sb Q(t) =2t +1¢, trong
d6 t dugc tinh bang gidy (s) va O duoc tinh theo Culong (C). Tinh cudng do dong dién tai thoi

diém ¢t =4 giay
Tra loi:
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Cau 2:

Cau 3:

Cau 4:

yr J J/ J/
Loi giai
Cuong do dong dién tai thoi diém t=4s1a Q'(¢)=1(t)=4t+1=1(4)=17.

Trong 5 gidy dau tién, mot chat diém chuyén dong theo phuong trinh s(7)=— +6¢* +¢+5

trong d6 ¢ tinh bang gidy va s tinh bang mét. Chat diém c6 van tdc tirc thoi 10n nhat bang bao
nhiéu trong 5 gidy dau tién do?
Tra loi:

Loi giai
Taco: v(1)=s"(t)=-3+12¢+1.
Nhan xét: v(t) ¢ d6 thi 1a mot parabol nén trong 5s dau tién van tdc tire thoi caa chat diém dat
gia tri 16n nhat bang 13 tai 1 =2s.
Mot tén Itra bay vao khong trung véi quang duong di duoc la s(t) (km) 1a ham phu thudc theo
bién ¢ (gidy) tudn theo biéu thirc sau: s(¢) = ¢ 4 21! (km). Vén toc cua tén lira sau 1 gidy

1a m.e” (km/s). Tinh 7 =m +n (Biét ham biéu thi van tdc 1a dao ham cip mot ctia ham biéu thi
quang duong theo thoi gian)?
Tra loi:

Loi giai

Ta c6: v(1)=s'(1)= 21e° 7 + 26" + 6™ = v(1)=2¢" +2¢" +6¢* =10¢* (km/s)

n=

m=10
Vefly{ 4 =>T=m+n=10+4=14

Mot vat duoc phong thang dimg 1én trén tir d6 cao 2 m v6i van toc ban dau 1a 24,5 (m/s). Trong
Vit 1y, ta biét rang khi b qua sirc can cua khong khi thi d6 cao & (mét) cia vat sau ¢ (gidy)
duoc cho boi cong thire /(r) =2+ 24,5t —4,9¢>. Hoi sau bao nhiéu gidy thi vat dat do cao 16n
nhat?

Tra loi:

Loi giai

Xét ham sb: h(t)=2+24,5¢—4,9¢. Tap xéac dinh cia ham s6 1a R .
Ta co: I'(1)=-9,8/+24,5 1'(t)=0<-9,8+24,5=0 1 =§

Bang bién thién:
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t |—oo 2 +o0

2

h'(t) + 0 -
261

8

h(t)

Tur bang bien thién ta thay ham s6 dat cuc dai tai ¢ = > =2,5(gidy)

Cau 5: Mot cong ty duoc pham dang trong giai doan cudi ctia viéc phan tich mot loai thue khang sinh
moi. Tir cac thir nghiém 1am sang, ndng do thude trong méau cua bénh nhan tai thoi diém ¢ gio

o R U A A P at . , . \ s
ké tir khi bat dau uéng thudc tuan theo md hinh C (t) =2—b (microgam/lit), vé1 a,b 1a cac
r+

hang s6 duong. Nong do thude trong mau ctia bénh nhan 16n nhat bang 12 (microgamy/lit) tai thoi
diém chinh xac 14 4 gio ké tir khi bat diu ung thude. Biét rang dé thudc phat huy tic dung khang
khuan thi ndng d6 ctia né trong mau phai duge duy tri & ngudng t6i thiéu 1a 10 (microgam/lit).
Hay xac dinh khoang thoi gian thude phat huy tic dung khang khuan ké tir khi bénh nhén bat dau
ubng thudc? (Két qua lam tron dén hang phan chyc)

0l . /.5;_~~~
/’/’7' Q G " \
7 N N
00'6 000*0’_s ooov' N {:'::& % i‘g ,"'
OA oo 000 O_\\\@o SR
Tra loi:
51,13
Loi giai
\ A 1R 4% A n £ 1a t - .
Ham s6 bi€u dién nong d6 thuoc la: C(t) = 2a 5 (voi t>20 va a,b>0).
1+
) a(t® +b)—at(2t) a(b-t
Tinh dao ham ctia ham so: C'(t) = ( ) > ( ) = ( 2)
(t2 +b) (t2 +b)

Theo gia thiét, ndng do thudc dat gia tri 16n nhét tai thoi diém ¢ =4 gio. Didu ndy ¢ nghia la
t =4 1a diém cuc dai caa ham sb.
bh-16
Suyra C'(4)=0 suyra ‘P10 02 p16—0=b-16
(16+b)
a(16-1*)

( - )2 . Rd rang C'(¢) d6i déu tir dwong sang am khi di qua t =4,
t"+16

Véi b=16 thi C'(r)=

nén day chic chin la diém cuc dai)
Dong thoi, gié tri 16n nhat nay bang 12, tirc 1a C(4) =12. Thay ¢ =4,h =16 vao ham s ban dau:
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47 peXinelo12=a=%
4’ +16 32 8
~ A 1 A ~ £ , ;o 1a 96¢
Vay mo6 hinh nong d¢ thuoc chinh xac la: C(¢) = 716
+
Dé thudc phat huy tac dung, ndng do phai dat ngudng tdi thiéu 1a 10
Ta c6 bt phuong trinh: C(¢) 210 < tz%tl 210
+

Vi 2 +16 >0 v6i moi ¢ nén 96t210(t2 +16) <102 —961 +160<0 <> 5> — 48 +80 <0

24 +411
5
Vihésé a=5>0, tam thitc <0 khi ¢ nam trong khoang hai nghiém nén

t{24—4\/ﬁ,24+4\/ﬁ}

Giai phuong trinh bac hai 5¢* —48¢+80 =0, ta duoc hai nghiém: t, =

5 5

Thudc phat huy tac dung khang khuén trong khoang thoi gian tir

) M—T‘k/ﬁ gi0 (khoang 2,15

24+ 4411
5

gio) dén gio (khoang 7,45 gid) ké tir khi bat ddu udng thude.

Vay khoang thoi gian thudc phat huy tac dung 1a Az =7,45—2,15 =~ 5,3 (gio)

Cong ty X can van chuyén hang dén mét dia diém cach cong ty 100 dim. Chi phi trén mdi
chuyén hang ma cong ty phai tra bao gdm chi phi nhién liéu va chi phi thué tai xé. Khi xe ché
hang di chuyén véi téc do x dam/gio thi chi phi nhién liéu (tinh bang USD) trén mdi dam dudng
dugc cho boi cong thire C(x) = l(ﬁ + ixj Ngoai ra, gia thué tai xé 1a 16 USD mbdi gio i
xe. Biét rang tc do di chuyén cia xe chd hang khong duoc phép vuot qua 50 dam/gio. Hoi chi
phi nhé nhat ma cong ty d6 phai tra trén mdi chuyén hang 1a bao nhiéu USD?

[T
(1) 1) W
A g 1

Tra loi:

Loi giai
Goi x (dam/gid) 1a tdc d6 di chuyén ciia xe ché hang. Theo luat, diéu kién ctia x 14 0<x <50,

Tong quing duong 13 100 dam. Thoi gian di chuyén ctia mot chuyén hang la: ¢ = 100 (gio).
X

Téng chi phi nhién liéu la: F, (x)=1001 © 4+ 7 1|20 &4 2 | 1280, 9% (qp)
S5 Ux 100 x 100 X 5
Tong chi phi thué tai xé la: F, (x)=16.= 16,120 _ 1600 (USD)
X X
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Ham tong chi phi cho mdi chuyén hang 1a C,,(x)=F,(x)+F,(x):

1280 9x ) 1600 2880 9x
SCpu(x)=| —+= |+—="—"+—=
total X 5 X x 5

Ta can tim gid tri nh6 nhat cia C,,,(x)= 2880 | 9% i én nita khoang (0;50].
x

Bai nay c6 thé dung dao ham hoic dung Bét déng thirc Cauchy (AM-GM) cho nhanh:
Céch dung BPT Cauchy (Khuyén dung vi rat gon):

2880 . 9x .
va — , ta co:

Vi x>0, ap dung BPT Cauchy cho hai s6 duong
X

Crorat (¥) = 22T T=2\/5184=2.72:144

2880 9x \/2880 9x _5 25920

2880 _ 9x
X

Déu “=" xday ra khi < 9x* =14400 < x* =1600 = x = 40

Gia tri x =40 hoan toan thoa mén diéu kién tdc do tdi da x <50.

Chi phi nhé nhat ma cong ty phai tra cho mdi chuyén hang 14 144 USD (khi tai xé chay véi toc
do 40 dam/gio)
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DE REN LUYEN 07B: TOI UU HOA HINH HOC

Chuyen d@ tinh don diéu cua ham s6 goém ly thuyet va vi dy minh hoa

............................................................................................................................

Cau 1: MOt manh gidy hinh chit nhat c6 chiéu dai 27 cm va chiéu rong 13 cm. Ngudi ta thuc hién thao
tac gip goc trén bén phai cta to gidy xudng sao cho né cham vao canh day dudi (minh hoa nhu
hinh v&). Tinh dién tich nho nhit nhit cta phan tam giac bi gap (Két qua lam tron dén hang don

vi)
Nép gép .
Nép gép
Dap an:
B
C Q P’ D
Ta ¢6 hinh minh hoa va d& dang nhan thiy P 1a diém d6i xting véi 4 qua MN .
AN =NP =x ) .
3 = ND =13 —x va xét tam giac vudng NDP vuong tai D
AM = MP
Ap dung Pytago:

NP* = ND? + DP* < x* =(15—x)’ + DP* = DP = x> — (13- x)’ =26x— 169

Dé dang chtmg minh dugc: MPQ = DNP nén

APMO ~ ANPD = EM. MO _ pyp 13¢
‘NP PD J26x-169
, 1 13x°
Dién tich tam giac bi gap la: S =—.PN.PM = ————-—= f(x) xéttrén (6,5;13
C g 1 gap A = 2426x—-169 f() ( )

d 13x% .
Str dung Casio véi chue nang —( j =0 hién thi nhu sau:

2426x—169

X=x
o O &
l 13x Jl " 13x
2126x—16 X=X 2126x—169
. 666666564
L—R— 0 65. 04813033
Khi do: min f'(x)=65,04....~ 65 dat tai x=8,66666....

(7.5;13)
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Cau2: Mot manh gidy hinh chit nhét c6 chiéu dai 28 cm va chiéu rong 15 cm. Ngudi ta thuc hién thao
tac gip goc trén bén phai cta to gidy xudng sao cho né cham vao canh day dudi (minh hoa nhu
hinh v&). Tinh chiéu dai ngan nhat c6 thé ctia nép gap duoc tao thanh (Két qua 1am tron dén hang
phan chuc)

Nép gap

Dap an:

19,15

Cau 3: [PNL] Trén mot khu dat hinh vudng ABCD c6 d6 dai canh bang 4 m dang dién ra mot cudc thi.
MJi ddi choi s& diéu khién mdt con robot xuat phat tir vi tri chinh giita canh 4B di chuyén theo
mot dudng thiang va dén dich 1a mot diém nam trén canh CD . O chinh giita khu dat c6 mot bai
cat hinh tron c6 ban kinh bang 0,5m. Biét van tdc cua robot khi di chuyén trén dét 1 10 (m/pht)

con van toc di chuyén trén cat 1a 9 (m/phut) va robot ludn phai di chuyén qua bai cat. Hoi thoi
gian 16n nhat robot di chuyén dén dich bang bao nhiéu giay? (Két quda lam tron dén hang phan
tram)

D —C
[
‘,' /

Pap an:

Ciu 4: Hinh v& bén dudi mo ta doan duong di vao GARA O TO nha c6 Hién. Poan dudng dau tién co
chiéu rong bang x (m), doan duong thang vao cong GARA cé chiéu rong 2,6 (m). Biét kich
thude xe 6 t6 14 Smx1,9m. Dé tinh toan va thiét ké duong di cho 6 t6 ngudi ta coi 6 td nhu mot
khéi hop chit nhat co kich thudce chiéu dai 5 (m), chiéu rong 1,9 (m). Hoi chiéu rong nho nhét
ctia doan dudng dau tién gan nhat vai gia tri ndo trong cac gia tri bén dudi dé 6 t6 co thé di vao
GARA dugc? (Két qua lam tron dén hang phan chuc)

GARA O TO

2,6(m)

N K
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y J J J

Dap an:

Cau 5: Mot chiéc dén dugc dat trén dinh ciia mot cot dén cao 4 (m) dé chiéu sang mot vong xuyén giao
thong dong diic c6 ban kinh 12 m. Cudng do anh sang I tai mot diém P trén vong xuyén ti 18
thuan voi cosin ctia goc @ va ti 1& nghich voi binh phuong khoang cach a (m) tir ngudn sang dén
diém P (xem hinh duéi day). Tinh chiéu cao cot dén dé cuong d6 anh sang / 13 16n nhat (Két
qua 1am tron dén hang phéan chuc)

Pap an:

Cau 6: Cho mot manh gidy mau hinh ban nguyét co duong kinh 1a doan 4B =2. Trén cung AB lay
mot diém P . Ta thuc hién gip manh gidy theo nép gip 1a doan thing AP sao cho hai phan gidy

khit 1én nhau. Khi goc PAB =0 thi goi S(0) la dién tich phan gidy bi chong 1én nhau (minh hoa
nhu hinh v& duéi day). Gia st S(6) dat gid tri 16n nhét véi 0<6 < % tai 0=« thi gia tri cla

cos2a bang bao nhiéu? (Két qua lam tron dén hang phan tram)

P

Pap an:

Cau7: [PNL] Cho mot t& gidy hinh chit nhat ABCD ¢ AB =18cm, AD =12cm. Goi P,Q lan luot 1a
trung diém ctia AB va CD.Tu P tao hai nép gip PR(R e AD) va PS(S € BC) sao cho néu
gap phang thi hai doan P4 va PB cung triung khit 1én doan PQ. Tién hanh gap hai AAPR va
ABPS 1én khong gian sao cho mit phiang (APR) va (BPS) cung tao v6i mit phang phan gidy
c6 dinh (PROS) mot goc 6 < (0°180°). Khdi tir dién Q.PAB dugc tao thanh co thé tich dat gid

tri 16n nhat bang bao nhiéu cm®? (Két qua 1am tron dén hang don vi)?
- GV. Phan Nhat Linh - & SDT: 0817 098 716 I_I-l_“
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Tra loi:

y J J/ J
c

S
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DE REN LUYEN 07C: TOI U'U HOA TRONG SAN XUAT KINH DOANH

Chuyen d@ tinh don diéu cua ham s6 goém ly thuyet va vi dy minh hoa

............................................................................................................................

Caul: [Dé chinh thirc 2026] Mot cong ty ndng san ¢ cong suit ché bién khong qua 200 tan nguyén
liéu mot thang. Néu cong ty ché bién x tin nguyén liéu trong mot thang (1 <x< 200) thi chi phi
san xuat va doanh thu 1an lugt 1a C(x)=0,001x> +30x+10 (triéu dong) va R(x)=60x (triéu

ddng). Loi nhuan 16n nhit ma cong ty dat duoc trong mot thang 13 bao nhiéu triéu déng?
Tra loi:

Loi giai
Ham loi nhugn 1a: L(x) = R(x)—C(x)=60x—(0,001x* +30x +10) = -0,001x" + 30x - 10.
Pao ham L'(x)=-0,003x" +30 véi 1< x <200
Cho L'(x) =0 < -0,003x* +30=0 < x=100 vi x>0
Tinh 191 nhuén tai x =100 L(IOO) =-0,001.100" +30.100-10 =1990.
Vay lgi nhuan 16n nhét 1a 1990 triéu déng.

Cau2: Bac An c6 mdt cira hang chuyén ban budn budi Poan Hung, bac nhan thay rang: Néu ban mdi
kilogram budi voi gia 30 nghin ddng thi mdi tuan c6 60 don hang va mdi don hang mua 100
kilogram. Néu ctr ting gia mdi kilogram budi thém 2 nghin dong thi hang tuan sé don hang giam
4 don, déng thoi s6 lugng budi ma mdi don hang diat mua ciing giam di 2 kilogram. Hoi bac
can ban mdi kilogram budi véi gia bao nhiéu nghin dong dé lgi nhuan hang tuan thu duoc 13 16n
nhat, biét gia nhap mdi kilogram budi 1a 24 nghin dong va gia ban khong vuot qua 50 nghin
dong/ 1 kilogram. (Két qua 1am tron dén hang don vi)

Tra loi:

Loi giai

Goi s6 tién mot kg budi 1a 30+ 2x (nghin dong)

Tacod: 24<30+2x<50&=-3<x<10.

Khi d6, lugng budi ban s& 1a (60 —4x)(100—2x) kg va tién 16i khi ban mdi kg budi la
30+2x—24=6+2x.

Doanh thu s& 1a £ (x)=(6+2x)(60—4x)(100—2x)=16(x+3)(15-x)(50—x)

Taco: f'(x)=16] (15— x)(50—x) - (x+3)(50—x) - (x +3)(15-x) | =16(3x* —124x + 555)
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yV J/ J /4

x~5,107 (n)
Taco: f'(x)=
ac: f'(x) Lz36,227 (1)
£(-3)=0
Tacé: 1 /(5.107)~ 57609 = max /(x)=(5.107)
7£(10) = 41600

Vay khi ban mot kg budi véi gid 30+2-5,107 ~ 40 nghin dong/ kg thi loi nhun thu duogc 13 16n
nhat.

Cau 3: Néu mot doanh nghiép san xudt x san phim trong mot thang (x eN,1<x< 5000) thi doanh
thu nhan dwoc khi ban hét s san pham d6 1a F (x) =—0,03x” +800x (nghin ddng), trong khi chi

phi san xuat binh quan cho mot san pham la G(x)= 50000 +450 (nghin dong). Gia st s san
X

pham san xuat ra luén ban hét. Trong mot thang, doanh nghiép d6 can san xuét it nhat bao nhiéu

san pham dé loi nhuan thu dugc 16n hon 100 triéu dong?

Tra loi:

Loi giai
Goi L(x) 1a ham loi nhuan cta doanh nghiép.

50000
X

P(x) = F(x) — xG(x) =—-0,03x* +800x — x( + 450) =—-0,03x” +350x — 50000

Dé loi nhuan thu dugc 16n hon 100 triéu dong tirc 1a L(x)>100000 hay
—0,03x” +350x — 50000 > 100000

Suy ra —0,03x” +350x —150000 >0 va bim may ta duoc 445,59 < x <11221,08

Do xe N nén x=446.

Cau 4: Cong ty cong nghé chuyén san xut chip dién t. Chi phi dé san xuat x don vi san pham dugc
xéc dinh boi ham s6: C(x)=0,1x* +100x +20000(USD) . Mét tap doan vién thong ky hop dong

mua san pham véi mire gia nhu sau: 1000 san pham dau tién dugc bao tiéu véi gia 650 USD/san
pham. Tir san pham thi 1001 tro di, gia thu mua giam xudng con 450 USD/san pham. Do viéc
san xuat quéa nhiéu chip c6 thé giy qua tai cho hé thong xir 1y chét thai cua khu cong nghiép. Vi
viy, co quan thué nha nude da ap dung mot mie thué phu thu ¢ (USD) trén mdi don vi san pham,
nhung chi tinh tir san pham thtr 1001 trg di. Pé co quan thué thu duogc s6 tién thué phu 16n nhat
thi cong ty cong nghé can san xuit bao nhiéu san pham dé loi nhuan 16n nhat?

Tra loi:

Loi giai

Ham doanh thu: D(x)=1000.650+(x —1000),450

GV. Phan Nhat Linh - @& SDT: 0817 098 716 _




' TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO

Cau 5:

y J J J

Ham thué T(x) = (x - lOOO)t.
Khi d6 ham loi nhuan 1a: L(x)=D(x)—-C(x)-T(x)
=1000.650+ (x —1000) - 450 — (0, Lx* +100x +20000) - (x ~1000)

=-0,1x" + (350 - t)x +180000 +1000¢ .

Khi loi nhuén cang 16n thi s tién thué s& cang 16n, nén ta can tim diéu kién dé loi nhuén 16n
350 —¢
2(-0,1)

nhit va ta thdy duoc loi nhuan 16n nhit khi x = =1750—5¢.

Khi d6, s6 tién thué phai ndp cho co quan thué la (x—1000)z = (1750 —5¢ —1000)¢ .
Xét ham so g(¢) =(1750—5¢ —1000)7 = (750 — 5¢ )¢ =—5¢* + 750t = max g (¢) = g (75)

Vay gia tri ¢ cAn tim 12 75 va s6 san pham can san xuat 1a x =1375

Trong ké hoach khai thac tuyén ca nd cao téc phuc vu du lich sinh thai trén ving long hd Thiy
dién Son La, tir bén Muong La di Quynh Nhai, co chiéu dai 100 km. Ban quan ly can xac dinh
van toc khai thac v (km/h) cho ca nd, voi 30 <v <70, dé dat loi nhuan kinh té cao nhat. Cac
thong s6 dugc xac dinh nhu sau: Cong sut tiéu thu dién cua dong cocand la P (v) =10V’ (W).
Gia dién kinh doanh tai bén sac 1a 2000 dong/kWh. Chi phi van hanh c6 dinh gdm nhan lyc 14i
tau, khau hao va bén bai, duoc tinh 1a 2500000 déng cho mdi gi0 ca no chay. S6 lugng khéach

. X. £ A~ \ n LA c1s \ £ 1% , \
mua vé cho moi chuyén phu thudc vao van toc khai thac theo ham s6 N (v) = g + 20 khach hang.

Gi4 vé binh quan cho chuyén nay 1a 500000 dong/khach. Hiy xac dinh van tdc khai thac v dé
loi nhudn rong ctia mdi chuyén ca nd trén tuyén nay 1a 16n nhat. Biét cong thic tinh dién luong
tifuthula A= P(v).t

Tra loi:
510
Loi giai
Goi v (km/h) 1a van tdc khai thac ctia ca nd, diéu kién v €[30;70].
Thoi gian ca nd chay cho mot chuyén di 100 km 1a: ¢ = @(giﬁy)
v
Doi don vi cong suat tiéu thu dién nang tir W sang kW:
3
P(v)=10v" (W) =2 (kW) =0,01* (kW)
1000
A “ A X . A . N 3 100 2
bién lugng tiéu thy cho mdi chuyen di la: 4= P(v).r =0,01v’.— =v*(kWh)
v

= A4.2000 = 2000v*(ddng)

Chi phi van hanh cb dinh cho mdi chuyén di la:

Chi phi tién dién cho mdi chuyén di la: C,

ien

100 250000000
v

C., s =2500000.¢ = 2500000. (ddng)
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250000000
Téng chi phi cho mdi chuyén di la: C(v)=Cj,, +C,q g = 20001” + =———— (ddng)

Téng s6 khach hang cho mdi chuyén la: N(v)= g +20.
Téng doanh thu thu duoc tir tién ban vé cho mdi chuyén di la:

R(v)=N(v).500000 = G + 20).500000 =100000v +10000000 (ddng)

Ham lgi nhudn rong thu duge cho mdi chuyén di la L(v)=R(v)-C(v):

250.000.000)
\%
250000000

v2

L(v) =100000v +10000000 — (2000\/2 +

Pao ham L'(v)=-4000v+100000 +

250.000.000

2
v

< —4000v° +100000v” + 250000000 = 0 <>v* —25v° —62500 =0 <> v =50 véi v €[30;70]
Ta c6: L(30)~ 2866666 (dong)

Giai phuong trinh L'(v) = 0 <> —4000v +100.000 + 0

250000000

L(50) =-2000(2500) +100000(50) +10000000 — =5000000 (ddng)

L(70) ~3628571 (dong)
Tu qua trinh tinh toén trén, ta théy loi nhuan dat gia tri 16n nhét 1 5.000.000 d@)ng khi ca nd chay
voi véan toe v =50 km/h.
Néu mot doanh nghiép san xuat x san pham trong mot thang (x € N ; 1< x <300) thi doanh thu
nhan dugc khi ban hét s6 san pham 1a F (x) =x" —1999x* +1001000x + 250000 (d6ng). Trong
d6, chi phi van hiang may moc binh quan cho mdi san pham khi san xuit x san pham la

G(x)=300+% (nghin d6ng), chi phi mua nguyén vat liu dé san xuit x san pham la

H (x) =2x +100000x — 50000 (dong). Doanh nghiép can san xuat bao nhiéu san pham dé loi

nhuén thu duoc 13 16m nhat?

Tra loi:
13 ]6
Loi gidi
Ta ¢6 lgi nhuan duoc tinh nhu sau
L(x) =x’ —1999x* +1001000x + 250000 — x(SOO + @j -1000 — (2x3 +100000x — 50000)
X

=—x" —1999x” + 601000x + 200000

Dao ham L'(x)=-3x" —3998x + 601000
Cho L'(x)=0< x~136,37 (vi 1<x<300)

Tacé L(0)=200000; L(300)=-26410000; L(136)=42447040; L(137)=42446416
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Cau 7:

Vi s0 san pham san xuat dugc la so tu nhién, nén 1gi nhuén thu dugc 16n nhat khi san xuat 136
san pham.

Mot doanh nghiép chuyén san xuit 6 t6 hang sang, biét nhu cau cua thi truong va chi phi cta loai
5 A B A \ P r N A, A
san pham nay lan lugt 1a O =5000 —3 C(Q) =% +22000 + 500, trong d6 O 1a s6 san pham
va P la gia ban cua mot san pham. Gia sir nha nude danh thué dic biét ¢ triéu dong trén mdi don
Vi san phém. Vi mdi muc thué 7, doanh nghiép lya chon san luong QO dé 1oi nhuan dat 16n nhéat.
Hay xé4c dinh mirc san lugng O ma doanh nghiép s& san xuét néu nha nudc chon mic thué ¢ sao
cho s tién thué thu dwoc 1 16n nhat

Tra loi:

Loi giai
Ham gia ban (ham cau ngugc) theo san luong Q la: g =5000—-Q = P=15000-30

Doanh thu cia doanh nghiép la: R(Q) =PQ= (15000 — 3Q)Q =150000 —30*

Chi phi san xuét ban dau la C(Q)=0*+22000Q +500. Khi bi danh thué ¢ trén mdi don vi san
pham, doanh nghiép phai chiu thém mot khoan chi phi thué 1a 7.0

Téng chi phi thuc té ciia doanh nghiép 1a: T ( Q) = Q% +22000 + 500 +tQ

L(Q)=R(0)-T(Q)=(150000-3Q")—(Q" +22000+500+1Q)
Pao ham L'(Q)=-80+12800—¢=0=80=12800—1 = O() = 1600—%

Téng s6 tién thué ma nha nudce thu duoc phu thudc vao mirc thué ¢ va san lugng O(¢) ma doanh

nghiép quyét dinh san xuat: H(t)=10(t)= t(1600 —é) =1600¢ —%ﬂ

Pao ham H’(t) = 1600—%t =0=> %t =1600 = ¢ = 6400

Thay mirc thué ¢ = 6400 vao ham phan tmg san lugng ctia doanh nghiép
0=1600— @ =1600 —800 =800 (san pham)

Vay mirc san luong Q ma doanh nghiép s& san xuét 1a 800 (san pham)

Mo hinh £EOQ (Economic Order Quantity) dugc cong bd nam 1913 1a mot cong cu quan tri van
hanh dung dé xac dinh lugng hang nhap kho t6i uu. Gia sir mot cira hang thirc dn cho méo ¢
nhu cau tiéu thy hang héa déu din véi tdc do ban hang d =100 hop/ ngay. Céac thong sb chi phi
duoc xac dinh nhu sau:

K =1.000.000 ddng: chi phi ¢b dinh cho mdi 1an dit hang (phi van chuyén, nhan céng...);

¢ d6ng/ hop: gia nhap mdi hop hang (gia dinh khong doi va khong cé chiét khau);

h =500 dong/hop/ngay: don gia luu kho (chi phi luu giit mot hop hang trong kho trong mot
ngay). , o

Goi Q (hdp) 1a so lugng hang ma ngudi ban nhap vao trong moi lan dit hang. Thoi gian tiéu thu
Q

hét lwong hang la ’l (ngay). Tong chi phi cho mot chu ky dit hang va tiéu thy hét hang 1a
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Cau 9:

yV J/ J /4

. Hoi ctra hang nén nhép bao nhiéu hop trong mdi lan dat hang dé chi phi

2

f:K+cQ+h2%

trung binh mdi ngay 1a nho nhat (khéng 1am tron cac bude trung gian, chi lam tron két qua cudi
cung téi hang don vi)?

Tra loi:
6 |3 |2
Loi giai
Téc d6 ban hang (nhu ciu) 1a d =100 hop/ngay.
Chi phi c¢b dinh mbi lan dat hang: K =1.000.000 dong.
Gia nhap mdi hop: ¢ ddéng/hop (hing sb).
Chi phi luu kho: /=500 ddng/hdp/ngay.
Sé lugng hang mdi lan nhéap: O (don vi: hop, 0>0)
A . It A ) N 1 A A /. A \ hQ2
Tong chi phi cho mdt chu ky (ttr lac nhap dén luc hét hang): f (Q) =K+cQO+ 4
Thoi gian tiéu thu hét lugng hang Q 1a: T :% (ngay).
2
N f Q) K+cQO+ hQ
Goi C (Q) 1a chi phi trung binh moi ngay nén ta c6 cong thie: C (Q) == - 0 2d
d
Kd hQ Kd h , 2Kd 0 2Kd
Suyra C(Q)=—+cd +—==C(Q)=——+=-=0=0" = 20 50= ;
v C(Q) =5 +ed+ L = C(0) =g+ =000 = HE 2150 |2

Véi K =1.000.000; d =100va 4 =500 ta dugc O =632,4555 = 632 (hdp)

Vay clra hang nén nhap khoang 632 hop trong mdi 1an dit hang dé chi phi trung binh mdi ngay
la nhé nhat.

Mot doanh nghiép du dinh san xuat khong qua 500 san phadm. Néu doanh nghiép san xuat x san
pham (xeZ,1<x<500) thi doanh thu nhan duoc khi ban hét sb san pham d6 la
R(x) = x> —396x” +800001n x +38800x + 500 (nghin dong). Trong khi chi phi san xuit binh
2500

quan cho mot san pham la G(x) =x+400+ (nghin d6ng). Gia st san pham 1am ra luon

duoc ban hét, 1oi nhuén 16n nhét khi doanh nghi¢p san xuét bao nhiéu san phém?
Tra loi:

Loi giai
Ham tong chi phi san xuat: C(x) = x.G(x) = x” +400x + 2500

Ham loi nhuan: P(x) = R(x) - C(x) = x> —397x” +800001n x + 38400x — 2000 .
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Cau 10:

Cau 11:

y J J J

Léy dao ham P'(x) va giai phuong trinh P'(x) =0 bdng mdy tinh, ta tim dugc nghiém nguyén

t61 wu dé tdi da hoa loi nhuan 1a x = 67 san pham.

Mot doanh nghiép du dinh san xuat khong qua 500 san pham. Néu doanh nghiép san xuit x san
pham (1< x <500) thi doanh thu nhin duoc khi ban hét sé san pham do 1a

F(x)=x"=1999x> +1001000x + 250000 (déng)
250000

Trong khi chi phi san xuat binh quén cho mét san pham 1a G(x)=x+1000+ (d6ng).

Doanh nghiép can san xuit bao nhiéu san pham dé lgi nhuan thu dwoc 14 16n nhat?

Tra loi:
3/13|3
Loi giai
Loi nhuan ctia doanh nghiép khi san xuat x san pham la:
L(x) = F(x)— xG(x) = x> ~1999x" + 1001000 + 250000—x(x+ 1000+ 250000),
X

L(x) =x" —2000x> +1000000x c6 dao ham L’(x) =3x" —4000x +1000000

x=1000
L'(x) =3x* —4000x +1000000 = 0 < 1000 , x =1000 ¢[0;500], loai
X=—-
3

Lap bang bién thién ctia ham s L(x) trén doan [0;500]:

1000
z (o — 500

3
y'(x)

+ 0 —
y(z) / \

Do s0 san pham 1a s6 nguyén nén ta xét gia tri cua ham so tai hai diém nguyén trudc va sau gia

1000 13 333 va 334. Ta co £(333) =148148037; £ (334) = 148147704 = £(333) > £(334)

tri

Do d6 doanh nghiép nén san xuét 333 san phém dé 1oi nhuan thu duge 1a 16n nhét.

Mot doanh nghiép du dinh san xuét khong qua 400 san pham. Néu doanh nghiép san xuét x san
phém (1< x<400) thi doanh thu nhan dugc khi ban hét s6 san pham d6 dugc bicu dién boi cong
thie 12 F(x)=x" —1999x” +1001000x + 250000 (dong). Trong d6 chi phi van hanh may méc

cho mdi san pham 1a G(x) = 1(;()()00x (d6ng). Tong chi phi mua nguyén vat liéu dugc biéu dién

GV. Phan Nhat Linh - & SDT: 0817 098 716

“x+1




b <

TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO

yV J/ J J/J

bdi ham H (x) = 2x’ +100000x — 50000 (d6ng) nhung do doanh nghiép dé mua nguyén vat lidu

v6i sb lugng 16n nén dugc giam 1% cho 200 san phdm dau tién doanh nghiép san xuét va giam
2% cho san pham tiép theo. Doanh nghiép can san xuat bao nhiéu san pham dé loi nhudn thu
duoc 1a 16n nhat?

Tra loi:

Loi giai
Loi nhuan P(x) dugc tinh bing doanh thu trir di téng chi phi: P(x)=F(x)—xG(x)—H(x).
Khi x <200 thi chi phi mua nguyeén li¢u 1a: H, () =0,99(2x +100000x — 50000) (dong)

Khi x >200 thi chi phi mua nguyén liéu Ia:

H,(x)=0, 99(2.(2003 ) +100000.200 - 50000) + 0,98(2(x ~200)" +100000.(x —200) — 50000)
(ddng)

Xét dong thoi 2 trudng hop:

Trudng hgp 1: V6i 1 <x <200 thi ta c6 loi nhuan thu duge la: B(x) = F(x)—-xG(x)-H,(x)

2
= x> —=1999x% +1001000x + 250000 — M - 0,99(2)63 +100000x — 50000)
“x+1
2
2
Ta co: E’ (x) _ —14—7x2 3098 — 600000x +8(20000x + 902000
50 (3x + 2)

Phuong trinh B’ (x) =0 c6 nghiém x=184,03 € (1; 200) .

Ta thdy max B (x)=80037062,09 tai x =184,03.
[1:200]

Truwong hop 2: Voi 201 < x <400 ta c6 loi nhuan thu duoc 1a: P, (x) = F(x) - xG(x) -H, (x)

2
= x> —1999x* +1001000x + 250000 — 100000x~

=x+1
2

~0,99(2.(200)" +100000.200 — 50000) — 0,98 2.(x — 200)" +100000.(x — 200) ~ 50000)

2
= —ﬁ)f —823x% +667800x —11500 — M
25 3x+2
Taco: B (x) =2 2% _ 1646 — 900000 +800000x | (0o
25 (3x+2)

Phuong trinh A(x)=0 c6 nghiém x =253,1(201;400).
Tathdy max B (x)=83893667,52 tai x=253,1.

[201;400]

Iml GV. Phan Nhat Linh - @& SDT: 0817 098 716 _




' TAI LIEU LUYEN THI THPT QUOC GIA 2027 CHUONG I: HAM SO

V J J J

Vay doanh nghiép can san xuat 253 san pham thi loi nhuan thu dwoc 1a 16n nhét.

Céu 12: Anh An thanh lap mot cong ty san xuét in 4n Sach Gido Khoa chuong trinh "Chan trdi sang tao".
Nhim tao diéu kién cho cac nha sach tiéu thy gia hop li, don gia mdi bo sach ban dau dugc biéu

dién theo ham p(x) =200-3x (nghin dong) véi ¥ 1a s6 lugng timg bd sach ban ra va tong chi
phi san xuat dugc biéu dién theo ham C (x) =75+ (80 +T )x —x* (nghin ddng) véi moi ¥ théa

0<x<40, trong d6 7" (nghin dong) 1a mirc thué gia tri gia ting VAT phai dong trén timg sb
luong bo sach san xuit ra ma cong ty anh An phai chi tra. Xem nhu cong ty anh An san xuat déu
dan trong diéu kién 1i tudng, khi loi nhuan ctia cong ty dat gia tri cao nhét thi téng muc thué phai
chi tra ciing dong thoi cao nhat. Khi d6 murc thué ciia mdi bd sach ma cong ty phai tra 1a bao
nhiéu (Pon vi: nghin ddng)?

Tra loi:

Loi giai
Trude hét ta ¢6 ham chi phi san xuat 1a: C(x)=75+(80+T)x—x’

Doanh thu ctia céng ty anh An biéu didn theo ham R(x)=x.p(x)=x(200-3x)

Loi nhuan ma cong ty anh An c6 dugc 1a: P(x) = R(x)—C(x)=-2x* +(120-T)x—75

Do can xéc dinh so lugng bd sach ban ra dé€ loi nhudn 1a cao nhat nén ta co:

P/(x)=0 - —4x* +(120-T) =0 <> x =30 =
4

. x . . T
Khi d6 voi thué moi bd sach la 7' thi tong murc thué cong ty phai tra 1a G(T ) =T (30 - Zj

Khi lgi nhuén ctia cong ty dat gid tri cao nhat thi tong mirc thué phai chi tra ciing dong thoi cao
T

nhat nén ta suy ra G'(T)=0= > 30=0<> T =60 (nghin dong).

Cau 13: Trudc sy phat trién cua nganh vat liéu ban dan, anh Khoa mé nha may san xuét vi mach véi thiét
ké cita vi mach c6 dang hinh chit nhat c6 kich thuse a(pm)xb(pm) voi Ipm=10"" m. Biét
rang chi phi dé san xuat vi mach bao gdm 50 (triéu dong) chi phi cho nguyén vat liéu ban dau,
15 (triéu dong) /1pm chi phi gia cong lap mang Silic xung quanh thanh vi mach (xem nhu d6 day
khi gia cong 1a khong dang k&) va 32 (triéu ddng)/ Ipm’ tidn gia cong phu chit 1am mat bao
quanh ca 2 bé mat vi mach (xem nhu ca bé mat 1a hinh chit nhat c6 kich thudc nhu trén). Biét
rang don gia ban ra mdi chiéc vi mach 1a 428 (triéu dong / pmz) va néu ca 2 kich thudc thanh
phan ciia vi mach giam di 15 pm thi loi nhuan thu duoc mdi chiéc bang chi phi san xuit ciia mdi
chiéc vi mach d6. Khi loi nhuan dat gia tri nho nhat thi chu vi cta vi mach 1a bao nhiéu pm. (Két
qua 1am tron dén s thap phan thir nhat)

Tra loi:

Loi giai

Tir gia thiét ta ¢6 ham chi phi san xuat vi mach la: C(a,b) =50+ 15.2(a + b) + 32.(2ab)
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Cau 14:

Sau khi giam di 15 pm ctia mdi kich thuéc cua vi mach thi chi phi san xuat duge biéu dién lai

theo ham mai la: C(a -15,b- 15) =50+ 15.2(a +b- 30) + 64(a - 15)(b - 15) (triéu dong)
Pon gia ban ra mdi chiéc vi mach la: R(a —-15,b— 15) = 428(a — 15)(b - 15) (tridu dong)
Loi nhuén = Doanh thu - Chi phi nén khi ca 2 kich thuéc thanh phan cua vi mach giam di 15 pm

thi logi nhuan thu dugc moi chiéc bang chi phi san xuat cua moi chiéc vi mach do6 sé twong ung
voi don gia ban ra s€ gap 2 1an chi phi san xuat.

Tir d6 ta c6 thé suy ra duoc: R(a —15,b—15) = ZC(a —15,b—15)

Khi d6 ta c6 phuong trinh: 5+3(a+b—30) :15(a—15)(b—15) =>b :M (1)
3(5a—76)

Loi nhuén ban dau luc nay duoc biéu dién theo ham so sau:

_ 82542a° —1260190a +115200
3(5a—76)

,a>15 (triéu dong)

T(a) = R(a)—C(a)

27514 7703923
5 5(15a-228)

, 76 2 [7
xét T'(a) =0©a:a0=?+g\g>15 (théa man).
4(57a, —865)

Suyra T (ao) 1a gié tri loi nhuén nho nhat, thé vao (1) suy ra b, = 3(5a, —76)
a, —

Tuc 2.(a + b) ~ 63,2(pm) .

Mot doanh nghiép kinh doanh san xuat dong ho c6 do thi ham tong chi phi theo sb san pham 1a
ax’ +bx+c

mot phan d thi ctia ham sd bac hai trén bac nhat f(x)= ——— nhuhinh v& (mdi don vi
Xre

trén truc hoanh twong tmg 100 san pham va mdi don vi trén truc tung twong tmg 1000USD). Biét
. . . . 2 .

ring tAm doi xtimg cta d6 thi ham s6 f (X) la A(—l;g) va dudng tiém can xién cua do thi ham

s6 di qua diém B (3; 2) . Theo khao sat, tong doanh thu ciia doanh nghiép nay dugc mé ta boi ham

s6 R(x)=x"+2x valgi nhuan thu vé khi ban 200 san phdm bang 5250 USD. Khi chi phi theo

s6 san pham dat gia tri nho nhat thi sé san pham san xudt duoc 13 bao nhiéu? (Két qua 1am tron
dén hang don vi)
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Q
B

Tra loi:

Loi giai
Dé dang suy ra dugc e=1 va do thi c6 duong tiém can dimg 1a x =—1
Goi duong tiém cén xién cua do thi ham sb f (x) la y=ax+b

2 1
iy ek —a+b=— =— . .
Theo gia thiét ta co: “ 3 & 4 3 nén duong tiém can xién la y:% x+1
=1

3a+b=2 b

. ax’ +bx+c o , 1 d
Ham so f(x)=— dugc viet lai dudi dang f(x)=§x+l+—

xX+e x+1

Loi nhuén = Doanh thu - Chi phi < P(x)=R(x)- f(x) < x* + 2x—%x—1—i1
X+
Theo gia thiét loi nhuan thu vé khi ban 200 san pham bang 5250 USD.

Khi dé P(2)=5,25<:>?—%=5,25<:>d=$=3,25

, 1
Vay f(x):%x+l+3’25 c6 dao ham f(x):——

x+1 3 (x+1)2: . \/@
2

Bang bién thién:

f'(x) —

+oo
17
f(x) 4\ /
V39

3

Lol

Vay s6 san pham khi chi phi dat gia tri nh6 nhat 13 ( - IJ.IOO ~212 san pham.
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Cau 15: Mot nha hang co téng cong 30 nhan vién va chi tra mirc lvong cb dinh cho moi nhan vién thuong

xuyén ting ca 1a 400 USD/thang. Vi nha hang lién tuc don nhitng doan khach véi sb luong 16n
nhung khong thé thué thém nhan vién nén cht nha hang nay mubn khuyén khich nhan vién cta
minh ting ca. Ong chii quyét dinh ctr mot nhan vién quyét dinh ting ca thi mirc luong cua tit ca
nhan vién ting ca trong nha hang déu duoc ting thém 2% . Tuong tu, néu k nhan vién ting ca
thi luong cho mdi ngudi s& ting 2k% . Bén canh tién luong cho nhan vién thi tién dién nudc va
duy tri co s vat chat 1a ¢b dinh 8000 USD/thang. Doanh thu trung binh tir khach hang 1a 10000
USD/thang va mdi nhén vién ting ca trung binh s& duoc khach hang tip 800 USD/thang (Tién
tip phai dugc ndp lai cho chi cira hang va tinh vao doanh thu). Xéac dinh s nhan vién ting ca
can c6 dé loi nhuan cua nha hang dat 16n nhét

Tra loi:

Loi giai
Goi I 1a s6 nhan vién ting (0 <x< 30) ca thi lvong ctia mdi nhan vién ting ca la:
400(1+0,02x) USD/théng

Khi d6 tong luong ctia nhan vién ting ca la: 400x(1 +0, 02x) USD/thang va tong tién tip ctia X

nhan vién tang ca la: 800x USD/thang
Doanh thu cua ctra hang 1a: 10000 + 800x

Loi nhudn cua cira hang bang doanh thu trir di chi phi nén ta co:
L(x) =10000 +800x — 400x(1 +0, 02x) —8000 = 2000 + 400x — 8x”

Taco: L'(x)=-16x+400=0< x =25
Ham s6 L(x) 1a mot parabol c6 bé 16m huéng xudng nén L(x) dat gia tri 1on nhét tai x =25
Vay s nhan vién ting ca can c6 dé loi nhuan ctia nha hang dat 16n nhét 1a 25 nguoi.

Céu 16: Tir ndm 2004 dén nam 2019 doanh thu R(7) (tinh bing trigu d6 la) cia McDonald’s ¢6 thé dugc
mb hinh héa boi R(1)=—-130,769¢ +2296,47t* —11493,5¢ + 35493 (4<t <19), trong d6 1 1a
dai dién cho nam, v&i ¢ =4 tuong (mg v6i nam 2004. Biét ring R'(¢) 1a ham téc do doanh thu

theo thoi gian. Toc d6 thay ddi doanh thu cia McDonald’s 16n nhét vao nim nao? (Két qua 1am
tron dén hang don vi, tinh theo tri¢u do la mdi nam)
Tra loi:

Loi giai
Ta c6 ham tdc d6 doanh thu 1a R'(¢)=-392,307¢ +4592,94¢ —11493,5.
R"(t)=-784,614t +4592,94=0 < ~6 (nhan).

Ta c6 bang bién thién cua ham so:
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t |4 6 19
R (t) i 0 _
1941
R/(t)
60 —65851

Dua bao bang bién thién ta thiy rang toc do thay ddi doanh thu ciia McDonald’s 16n nhét vao
nam 2006 (twong ung voi t =6).

Cau 17: Theo thong ké tai mot nha may Z , néu ap dung tudn lam viéc 40 gid thi mdi tuan c6 100 t6 cong
nhan di 1am va mdi t6 cong nhan lam dwoc 120 san pham trong mot gid. Néu tang thoi gian lam
viée thém 2 gio mdi tudn thi s& co 1 to cong nhin nghi viéc va ning suat lao dong giam 5 san

3 95x* +120x

pham/1 t&/1 gio. Ngoai ra, sé phé pham mdi tuan woc tinh 1a P (X ) = T , vo1 X 1a thoi

gian lam viéc trong mot tuan. Nha may can ap dung thoi gian 1am viéc moi tuan may gio de so
lugng san pham thu dugc moi tuan 1a 16n nhat?

Tra loi:
316
Loi giai
Goi s gio lam ting thém mdi tuanla ¢, e R.
S to cong nhan bo viée 1a é nén s6 t6 cong nhan lam viéc 1a 100 —é ().
Ning suat cia to cong nhan con 120 —% san pham mot gio.
S6 thoi gian 1am viéc mot tuan 1a 40 +¢ = x (gio).
40+¢>0
Dé nha may hoat dong duoge thi J120 —% > 0=> 1€ (-40;48).
t
100—=>0
2
A A A A \ t St
SO san pham trong mot tuan lam duge: S =|100— > 120 - B (40 + t) )
2
86 san pham thu duoc la: f(¢) = (100 - %j(lzo —~ %)(40 +1)- 95(40+1) Z 120(40 +1¢)

f(t)= _71(120—%j(40+t)—%(IOO—éj(40+t)+(100—%j(120—%) —9—25(40+t)—30

= 1—5t2 —ﬁt —2330
4 2
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t=—4 (thoa man)
Tacod f'(t)=0< 466 va c6 bang bién thién:
t= T(loal)

r | —40 —4 48
y' (z) + 0 —

y(x)

Dua vao bang bién thién ta c6 s6 luong san pham thu dugc 16n nhét thi thoi gian lam viéc trong
mot tudn la 40+—4 =36

Cau 18: Mot nha méy san xuit ¥ san pham trong mdi thang. Chi phi san xuat ¥ san pham dugc cho boi
ham chi phi C(x)=16000+500x —1,6x" +0,004x" (nghin ddng). Biét gia ban ciia mdi san phim
1a mot ham s6 phu thudc vao sé lugng san pham ¥ va duoc cho bai cong thirc p(x) =1700-"7x

(nghin dong). Hoi mbi thang nha may nén san xut bao nhiéu san phdm dé loi nhuan thu dugc 1a
16n nhat? Biét rang két qua khao sat thi truong cho thay san phim san xudt ra sé& tiéu thy hét.
Tra loi:

Loi giai
$6 tién nha may thu dugc khi ban hét I san pham 1a: x.p(x)=1700x —7x* (nghin dong)

Loi nhuén nha may thu dugc khi san xuat va ban hét ¥ san phém la:

x.p(x) — C(x) =-0,004x — 5,4x” +1200x —16000 (véi x> 0).

Xétham s6 f (x) =-0,004x - 5,4x” +1200x — 16000 trén (0;+0)

Ta co f’(x):—0,012x2 _10,8X+1200; f’(x)=0<:>|:x:100

x=-1000
Bang bién thién:
T |0 100 +oco
f'(x) + 0 —
46000
f(x)
—16000 —o0

Tur bang bién thién, suy ra (rnax) f(x)=1(100) = 46000 (nghin déng).
0;+c0

Vay mdi thang nha may nén san xuat 100 san pham thi loi nhuan thu dugc 1a 16n nhat.
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Vay mdi thang nha may nén san xuat 100 san pham thi lgi nhuan thu duoc 14 16n nhat.

Cau 19: Chi phi xuét ban ¥ cudn tap chi (bao gém: lwong can bd, cong nhan vién, gidy in...) duoc cho
boi C(x)=x*—-2000x+10" ddéng. Chi phi phat hanh cho mdi cubn la 4 nghin déng.

T(x , . .
M (X) = EC ) voi T (X) la tong chi phi (xuat ban va phat hanh) cho X cudn tap chi, dugc goi la

chi phi trung binh cho m6t cudn tap chi khi xuat ban ¥ cudn. Khi sé luong cudn tap chi phat hanh
cuc 16n thi chi phi trung binh cho mdi cudn tap chi M (X) s& tiém can voi dudng thing co
phuong trinh dang y =ax +5 . Tinh P =68a +3b +800

Tra loi:

Loi giai

Theo gia thiét, ta co: T (x) =C (x) +4000x = x* +2000x +10° (ddng).

8
M(x):M:x+£+2OOO,
X X

8 8
lim [ M (x) = (x+2000) | = lim {x + 19 42000 (x+ 2000)} = lim {ﬁ} 0.

X X—>+0 X

, , 10°
Khi d6 db thi ham s& M (x)=x+-—+2000 ¢ 1 tiém cén xién 13 y = x+2000.
X

Khi s6 luvgng cubn tap chi phat hanh cyc 16n thi chi phi trung binh cho mdi cudn tap chi M (x)

a=1

s& tiém can voi duong thin =x+ 2000 suy ra .
C d g gry=x y {b 9000

Vay P=68a+3b+800=68-1+3-2000+800 = 6868.

Ciu 20: Mot cong ty kinh doanh dich vu nghi dudng nhan thdy rang: Néu ap dung muc gia 3 triéu
ddng/ngudi/ngdy thi mdi thang co6 140 khach dén nghi va mdi khach s& nghi 12 ngay. Néu cir
tang gia thém 500 nghin dong/ngudi/ngay thi hang thang s6 khach dén nghi s& giam di 6 nguoi
va thoi gian Iuu tra cia mdi nguoi khach cling giam 2 ngay. Nguoc lai, néu cir giam 500 nghin
ddng/ngudi/ngay thi hang thang s khach dén nghi sé ting thém 6 nguoi va thoi gian luu tra cua
mdi nguoi khach ciing ting thém 2 ngay. Hoi cong ty can ap dung mirc gia bao nhiéu triéu
dong/ngudi/ngay dé lgi nhuan hang thang thu dwoc 14 16n nhat, biét tong chi phi cong ty phai chi
cho mét ngay luu tra cia mdi nguoi khach 1a 2 triéu dong va Sé du lich khong cho cong ty thu
vuot qua 10 triéu ddng/ngudi/ngdy. (ldm tron két qua dén hang phdn tram)

Tra loi:

Loi giai

Goi ¥ (triéu/nguoi/ngay, 0 <x<10) la gia dich vu nghi dudng.
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. X —
Truwong hop 1: Tang gid suy ra 3 <x <10 nén so khach giam di khi tang gia la: 0.5 -6
. ) x-3
S6 ngay nghi dudng cia mot khach giam 1a: 05 2.

Vi s6 tién cong ty chi tra cho mot ngay nghi dudng ciia mot khach 1a 2 triéu nén loi nhuén ma

cong ty thu duge 1a L(x) = (140 - x0—53 . 6)(12 - x()—_33 : 2j(x -2)

b b

= (176 —12x)(24x — 48 — 4x” +8x) = (176 — 12x) (—4x’ + 32x — 48)

=—704x" +5632x — 8448+ 48x” —384x” + 576x = 48x” —1088x> + 6208x —8448.

x=3,82

L'(x)=144x" -2176x +6208 = 0 < :
x=11,29

Bang bién thién:

L'(z)

¥ 0 -
e / 358&

Vay L =L(3,82) < x=382.

3—x

6.
0,5

Trwong hop 2: Giam gia suy ra 0 < x <3 nén s6 khach ting thém khi giam gia 1a:

3—x

S6 ngay nghi dudng ctia mot khach ting thém la: 2.

9
Vi s tién cong ty chi tra cho mot ngay nghi dudng ciia mot khach 1a 2 triéu nén lgi nhuan ma
cong ty thu duogc la

2 2

L(x)= [140 +30_—5x : 6)(12 + 30_3x -2j(x—2) — 48x —1088x” +6208x —8448.

I'(x) =144x> ~2176x + 6208 va L'(x)=0 {“3’82 (loai)

x=11,29 (loai) -
Suy ra ham s6 khong cé gia tri nho nhat trén khoang (0;3).
Vay cong ty nén ap dung mirc gia 3,82 (triéu/ngudi/ngay) dé loi nhuan 16n nhét.

Mot cong ty mudn dau tu vao hé théng dién mit troi co cong suat X (don vi tinh: MW). Theo

nghién ctru cho thdy mot sé thong tin sau: Chi phi du tu ban dau 1a C, (x) =1400+55x (ty dong).

Doanh thu hang nam la R(x) =28x—0,15x" (ty ddng/ndm). Chi phi van hanh hang nim la
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G, (x) =12+0,35x+0,012x’ (ty ddng/ndm). Hiy tim cong suat X (lam tron dén hang don vi) dé

t61 da hoa loi nhun trén dau tu, duoc tinh 1a ty 18 loi nhudn hang nim trén chi phi dau tu ban
dau
Tra loi:

Loi gidi
Loi nhuin hang ndm la doanh thu trir chi phi van hanh hang nam: P (x) = R(x) -G, (x)
P(x)=(28x—0,15x*) ~(12+0,35x +0,012x* ) ==0,162x” +27,65x 12

Ty 1¢ lgi nhuan trén déu tu 12 loi nhuan hang nam chia cho chi phi dau tu ban dau:

L(x) = P(x) —0,162x* +27,65x 12
C(x) 1400 + 55x

(—0,324x +27,65)(1400 + 55x) — (0,162 +27,65x —12) (55)
(1400 + 55x)°

L’(x) =

_ —8,91x* —453,6x+39370

- =0< —8,91x* —453,6x+39370 =0 = x = 45,7 = 46
(1400 + 55x)

Vay cong suat dé t6i da hoa loi nhudn trén dau tu 1a khoang 46 MW.

Céu 22: Pé han ché vi pham thoi gian lam viée d6i v6i cong nhan, giam dbe cong ty quyét dinh xtr ly
bang cach phat tién. Nho su giam sat chit ché cia cac quan doc, giam ddc cong ty biét duoc
trong mot thang, gitra ti 1¢ cong nhan vi pham ding k 1an (1 <k< 2) la ¢ = W (trong d6 N, 1a
sO cong nhan vi pham dung k lan, N 1a tong sd cong nhan) va muc phat mdi 1an vi pham c6 mbi
lién hé nhu sau:

Néu mdi céng nhan ndp phat ¥ nghin dong (60 <x< 300) khi vi pham 1an thir nhét va nop phat

x — 20 nghin déng khi vi pham lan thir hai thi t, = vaz, =
‘ . ., x+10 x—30

nao vi pham qua hai lan). Biét rang N khong d6i va bang 2400 . Tong so6 tién ndp phat cia cac
cong nhan vi pham trong mot thang it nhat 1a bao nhiéu triéu dong? (1am tron két qua dén hang

don vi)

(khong c6 cong nhan

Tra loi:

Loi giai
Taco: ¢, :%<:>Nk =Nt,.

36N
x+10°
36 Nx

S0 cong nhéan vi pham ding motlan1a N, = Nz, =

Suy ra sd tién nop phat tir Nl cong nhan nay la: N,.x=
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Sb cong nhan vi pham dung hai 1an 13 N,=Nt, = 4—N30 .
x_

. 4N(2x - 20) .

Suy ra s6 tién nop phat tir N, cong nhan nay 1a: N. 2.()6 +x- 20) = T (nghin dong).
x p—

Vay tong sb tién ndp phat ciia cac cong nhan vi pham trong mét thang 1a:

36Nx 4N (2x-20 _
f(x): x . ( )<:>f(x)=4N Ox +2x 20 .

x+10 x-30 x+10 x-30

. 90 40
Xétham s§ f(x) voi x €[60;300], ta co: f'(x)=4N. > - 7 1.
(x+10) (x—30)
90 40 x=110 (thoa man
Cho f'(x)=0< S — -=0& ( ' )
(x+10)" (x—30) x=14  (loai)
T 160 50 300

f'(=)

— 0 +
928N 35352 N
f(z)| 21 837
43N

Tir bang bién thién ta thiy tong s tién ndp phat ciia cac cong nhan vi pham trong mot thang it
nhat [a: 43N =43.2400=103200 (nghin déng) ~103 (triéu dong).

Céu 23: Mot doanh nghiép kinh doanh mét loai san pham 7" duoc san xuit trong nudc. Qua nghién ctru
thdy rang néu chi phi san xuit mdi san pham 7" 1a X(USD) thi sé san pham 7 cac nha may san
xuét s& 1a R(x ) =x—200 va s6 san pham 7" ma doanh nghiép ban dugc trén thi truong trong

nude sé 1a Q(x) =4200 — x . S6 san pham con du doanh nghiép xuat khau ra thi truong quéc té

véi gia ban mdi san phém on dinh trén thi truong quéc té 1a Xy = 3200 (USD). Nha nuéc danh
thué trén mdi san pham xuat khau 1a ¢ (USD) va luén dam bao ti 18 gitra 14i xuat khau cia doanh
nghiép va thué thu duge ciia nha nude tuong ung 1a 4 :1. Hiy xéac dinh gia tri ctia ¢ biét 1ai ma
doanh nghiép thu duoc do xuit khau 1 nhiéu nhat

Tra loi:

Loi gidi
Didu kign: R(x)=2x—-200>0;0(x)=4200-x>0=>200 < x <4200
S6 san phim suét khau 1a: R(x)—Q(x)=x—200— (4200 - x)=2x—4400

Lai xudt khau cua doanh nghiép la:
L(x)=(R(x)-0(x))(3200— x — a) =(2x - 4400)(3200~ x —a) .
Thué thu duoc ctia nha nudc 1la: T (x) = (2x — 4400)61 )

Tacéd L(x):T(x)=4:1, suy ra (2x—4400)(3200 — x —a) = 4(2x —4400)a = a = —3202_x
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Khi o L(x)= (2x—44oo)(3zoo _x_%J

= (2x-— 4400)% _ %(_sz + 43200 — 56320000)

Bai toan dua vé tim ¥ dé L(X) dat gia tri 16n nht.
Taco L'(x)= %(—1636 +43200) = 0 <> x = 2700 € (200;4200).

Lap bang bién thién ta théy L(X) dat gid tri 16n nhatkhi x =2700, suyra g = %;2700 =100.

Céu 24: Doanh s6 (tinh bang sé san phdm) cua mot san pham méi (trong vong mot sé nam nhéit dinh)

24000

duoc mo hinh héa bang ham sé f (t) =7 >0 trong d6 thoi gian ¢ dugc tinh bang nam,

—t 2

ké tir khi phat hanh san phim méi. Khi d6, dao ham f(¢) s& biéu thi tbc do ban hang. Tc do
ban hang 16n nhat dat duoc khi £ =Ina . Tim d

Tra loi:
6
Loi giai
Ta c6 f’(t)z% biéu thi toc do ban hang. Dat g(t)zf‘(t)z%,tzo
(1+6¢7) (1+6¢7)

144000, (1+6¢ ) —144000¢ 2(1+ 6¢ )(—6.¢

_ g(t): e (+ e ) OO?e (+6e )( 6.e )
(1+6e")

_ —14400.¢” (1+6e” )[1 +6e" —12¢" | 14400¢” (1-6e7)
- (1+6¢)’ o (1+6e)

Taco g'(1)=0=1-6e"=0e =6<1=In6
Vay tdc do ban hang 16n nhat khi £ =1In6 suyra a =6.

Cau 25: Mot cong ty dang trién khai chién dich quang cdo san pham méi. SO tién dau tw quang cao la A
(triéu dong). Theo két qua nghién ctru thi trudng, s lwong san pham béan ra (don vi: san pham)
phu thudc vao chi phi quang céo theo ham: ¢(4)=1000+ %m(l + A). Biét ring, chi phi san
xuat mdi san phém la 10 triéu déng va gié ban mdi san phém la 20 triéu déng. Gia tri loi nhuan
t6i da ma cong ty co thé dat duoc 1a bao nhiéu ti dong (1am tron két qua dén hang phan muoi)?
Tra loi:

Loi giai

Téng chi phi san suat: C(A) = q(A). 10+ 4 (triéu dong).
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In(1+4)— 4 (triéu dong).

Tong loi nhufn: £( 4) =20g(4)—C(4)=10000+ 10130

10130 1 10127 -34
Tap xic dinh: D =[0120) i dgo ham L'(d) ===+ -1 =377

10127
L’(A):O@A:% VéCéL[ 3 Jz34059.

Bang bién thién:
z |o 10127 too
3
f'(x) + 0 -
34059
f(z)
10000 —o0

Tir bang bién thién ta duoc gia tri lgi nhuan t6i da ma coéng ty c6 thé dat duoc 1a L (10;27j ~34,1
ty dong.

Ciu 26: Mot cong ty xac dinh rang tong chi phi cta ho, tinh theo nghin db - la, dé san xuat x mat hang 13
C(x)= m , va cong ty 1én ké hoach nang san luong trong t thang ké tir nay theo ham
x(t) =20¢ +40 . Tinh tdc d6 ting cua chi phi sau 4 thang ké tir nay? (Lam tron két qua dén hang
phan chuyc, don vi nghin do-la/thang)

Tra loi:
4 | 4|, |7
Loi giai
Sx
Taco: C' =, "(1)=20
aco (x) m X ( )
Khi d6 x(4)=120=>C'(x(4))=C'(120)
Tdc d6 ting cua chi phi sau 1a (C(x(t))) = x'(t).C'(x(t))
Vay tdc do ting cia chi phi sau 4 thang 1a X'(4)-C'(X(4)) =20. 600 ~ 44,7

\ 72060

Cau 27: MJdi tuan, mot cira hang ban dién thoai di dong trung binh ban dugc 1000 dién thoai A véi gid 14
triéu dong mot cai. Biét rang, néu cr giam gia ban 500 nghin ddng/1 cai, sé lwong dién thoai A
ban ra s& ting thém khoang 100 cai mdi tuan. Biét rang néu ban I cai dién thoai A thi gid mdi cai
1a p(x) (triéu dong) va ham chi phi hang tudn C(x)=12000—3x (triéu dong). D¢ lgi nhuan 1a

16m nhat, ctra hang nén ban mdi cai dién thoai A voi gia bao nhiéu (tri¢u dong)?

Tra loi:
GV. Phan Nhat Linh - @& SDT: 0817 098 716 “
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T

Do d6, phuong trinh dudng thing P(x)=ax+b di qua hai diém (1000;14) va (1100;13,5).

Loi giai

Theo gia thiét P(x)=ax+b .

-1

" 200 (thoa man) = P(x) = ———x +19.
1o 200

14=1000a + b a

J A 1 <:>
Ta ¢6 h¢ phuong trinh 13,5=1100a + b

2

, 1
Doanh thu ban hang ctia ¥ san pham la R(x) =x.p(x) = x.(—z—oox + 19) = _Zx_()() +19x (triéu

ddng)
Do d6, ham s6 thé hién loi nhuén thu dugc khi ban ¥ san pham la
2

2
P(x) = R(x)=C(x) = =—=+19x~12000+ 3x = —— +22x 12000 (tri¢u ddng).
200 200 '
Dé loi nhugn 1a 16n nhat thi P(x) 1a 16n nhét,
Ta co: P'(x)= % +22;P'(x)=0<>x=2200. Lap bang bién thién, ta két luan ban 2200 cai
dién thoai A4 thi loi nhuén 13 cao nhét.
Vay cilra hang nén dat gia ban la p(2200) =8 (triéu dong).
Céu 28: Tai mot nha méy, khi san xuit va ban ra ¥ san pham A (0 < x <250) trong mot thang thi tong chi
phi ma nha may phai trala C (x) =0,00024x> —0,03x” + 5x +30 (triéu ddng) va doanh thu twong

ung la D(x) =—0,01x" +16x—25 (tridu dong). Hoi trong mot thang, 1oi nhuan 16n nhit ma nha
may d6 co thé thu dugc nhd vao san xuat va ban san phiam A bang bao nhiéu tridu dong? (Lam
tron két qua dén hang don vi)

Tra loi:

Loi giai
Loi nhuén trong mot thang ctia doanh nghiép khi san xuat va ban ra ¥ san pham A 1a
R(x)=D(x)~ C(x) =(~0,01x" +16x—25) - (0,00024x> ~ 0,03x" + 5x + 30
=-0,00024x" +0,02x” +11x—55
Xét ham s R(x) =-0,00024x" +0,02x” +11x—55 véi x € [0;250], ta co

R'(x)=-0,00072> +0,04x +11;

o 100+/130 + 250
9
o —100~+/130 + 250
9

R'(x) =0 —0,00072x% +0,04x +11=0 <
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Voi x [0;250] ta duge x =120 “1390 20 _154,463...

Ham R(x) lién tuc trén [0;250] vatacod R(O) =-55

R(100\/13o +250J
9

=1236,79...~1237 ~ R(154) = R(155); R(250)=195

Suy ra lgi nhuén 16n nhit ma nha may thu duoc vao khoang 1237 (triéu dong) khi x =154 hoic
x=155.
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DE REN LUYEN 07D: TOC DO THAY POI CUA CAC PAI LUONG

Cau 1:

Cau 2:

Cau 3:

Mot may bay dang bay ¢ do cao 10km so voi mit dat va thu phat tin hiéu qua mot dng-ten ra da
nhu hinh vé.

10km

Ve

Khi méy bay cach ra da 16km thi ra da phat hién khoang cach giita may bay ra da thay d6i voi
tbc d6 546 (km/h). Tim van tdc cia may bay (Pon vi: km/h va két qua lam tron dén hang don vi)
Dap an:

Mot chiéc thang dai 9m tya vao mot birc tudng thang dimg trén mot mat dat bang phang. Khi
dau dudi cia thang di chuyén trén mit dat ra xa birc tudng véi van toc khong doi 1a 2 (m/s) thi
dau trén cung cla thang ciing s& trugt xudéng doc theo birc tudng. Khi diém dau thang cach mit
dat 3m thi tbc do di chuyén cua n6 bang bao nhiéu? (Pon vi: m/s va két qua lam tron dén hang
phan trim)

9m

3m
2m/sf J -—

Pap an:

Trong hinh v€, mdt tram quan sat 4 (dat tai mat dét) c6 radar dé theo ddi cac may bay. O mot
thoi diém, mot may bay dang & B ¢6 do cao 4 =9 (km), chuyén dong véi tdc do khong ddi trén
mot hudng bay cét duong thing ding vudéng goc voi mit dit tai 4 nhu hinh v&. O thoi diém f
do duogc khodng cach tir may bay té1 tram quan sat 1a 36 km va khoang cach nay dang giam véi
téc do bang 360 (km/h). O thoi diém t, dugc khoang cach tir may bay t61 tram quan sat 1a 24 km
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thi khoang cach nay dang giam véi tbc d6 bang bao nhiéu km/h? (Két qua lam tron dén hang don

vi)?
B‘l BZ
e —= "H
oy :
tl \“\\ tz i
T S2dkm
36km ~. 19km
£
Pap an:

Cau4: Ngay nay, dé giup xac dinh nhanh hang that hay gia 1 chiéc dong hd Rolex, ta dua vao toc do
goc thay ddi giita cac kim ctia dong hd (rad/phut). Chiée dong hd Rolex dugc thim dinh c6 kich
thudc chuan (loai cho nam) & kim gio va kim phut 1an lugt 1a 10mm va 15 mm. Biét ring goc
giita hai kim va khoang cach giita hai dau cta hai kim 1an luot 1a cac ham 6’(t) va d (t) theo
thoi gian ¢ v6i ¢ 1a sd phut thé hién sau 12 gid chiéu (tirc thoi diém hai kim tring nhau chi vao
s6 12). Khi 6(¢) (d0) thay doi theo thoi gian ¢ thi d () (mm) ciing thay ddi theo thoi gian twong
tmg. Tinh toc do thay d6i cua d (t) khi dong ho chi 12 gio 30 phit chiéu (sau 30 phut ké tir luc
12 gior chiéu) (Két qua 1am tron dén chit s6 thap phan thir hai)

Pap an:

Cau 5: Mot manh dat hinh chir nhat c6 kich thude 40 mx 50 m dang dugce ngudi cha trong ¢o ty nhién.
Vao budi sang, khi mat tro1 vira 1én, manh dat nay bi mQt mai nha xudng gﬁn d6 chin anh sang.
Khi mit trdi 1én cao hon, anh sang da chiéu tir tir 1én manh dat. Ta xem ranh gidi giita phan dugc
chiéu sang va phan ti 13 cic dudng thing song song thay ddi.

B 50m A.-"
20m -
1\_,1,-”" Phén séng ciia manh dét

20m

Méi nha chén 4nh sang
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C6 thoi diém duong ranh gidi nay di qua hai diém A,M nhu hinh v& (M 13 trung diém mot

canh hinh chir nhat).Khi dién tich phan t6i cia manh dat bang 75m? nguoi ta do duoc téc do
giam canh theo phuong 4D bang 2 cm/s. Hoi tc d6 giam dién tich phan téi cia manh dat 1a bao
nhiéu cm?/s? Két qua duoc lam tron dén hang phan chuc

Pap an:

Ciu 6: Co6 mot thanh cimg (chiéc thang nhu hinh v&) 4B c6 do dai 4 mét, ddu A di chuyén trén san
nha theo phuong vudng goc voi birc tudng, ddu B di chuyén trén tuong theo phuong vudng goc
v6i san nha. Biét rang birc twong va san nha vudng goéc voi nhau. O mot thdi diém, khi ma dau
A dang cach chan tuong mot doan bang 2,4 m thi né di chuyén véi toc do bang v, = 4,8 (cm/s)

thi ddu B s& di chuyén véi téc d6 bang bao nhiéu (cm/s)? (Két qua 1am tron dén hang phan

muoi)?
B
Birc twong
4m
Ve =4,8(cm/s) 2, 4m
“T A sannm 0
Pap an:

Cau7: Trén ban hoc c¢6 2 manh kinh hinh vudng dong tim déu cé canh 1a 4cm . Trong d6 ¢6 1 manh
kinh bi léch di 45° so voi manh kinh & dudi. Do dinh mura nén 2 manh kinh bi dinh lai véi nhau
nén ban Tuan tach manh kinh phia trén v6i tdc do 1em/s theo huéng BA . Hay tinh tdc do thay

doi tire thoi dién tich ciia phan bi tring giita 2 kinh tai thoi diém ¢ =1s .

AI
/\ lem/s
B A
BI ‘O DI
C D
Cl

Dap an:

Cau 8: Trén mit ban c6 mot 14 bai hinh tam giac déu ABC d6 dai canh bang 10cm. Ngudi ta xép 1én
trén 14 bai nay boi mot 14 bai tam giac déu DEF c6 cung kich thude sao cho tim ctia chiing tring
nhau nhu hinh vé duéi day. Khi d6 sau dinh 4,B,C,D,E,F cua hai 14 bai nay la cac dinh cua

mot hinh lyc giac ¢6 dién tich 16n nhit bang bao nhiéu centimét vudéng (lam tron két qua cudi

cling dén hang phan chyc)
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Dap an:

Cau 9: Cho hai thanh cung gén vO1 nhau béng mot ban 1& B, mdt thanh c6 dau con lai duoc g:fm ¢ dinh
véi san nha tai diém A, mot thanh c¢6 dau con lai C ¢ thé chuyén dong ty do trén san doc theo
giao tuyén cua mit phang (ABC ) v6i san nha. Biét 4B =60 cm, BC =80 cm va mit phang
(ABC) ludn vudng géc voi san nha. Tai mot thoi diém khi tam gide ABC vudng tai B thi thay
tbc do di chuyén cua diém C 1a 7,2 (cm/s). Hay xac dinh toc d6 thay d6i khoang cach tir diém

B dn san nha & thoi diém nay theo don vi cm/s (Két qua lam tron dén hang phan mudi)?

ve="T7,2(cm/s)

1
]
L)
1
1
! Sannha
C A

Pap an:

Céu 10: Tuin c6 hai tim nhya mong (bo qua do day), trong sudt, hinh tron va ¢ ciing ban kinh. Mot tim
mau d6 va mot tim mau xanh. Ban dau Tuén dit hai tim chéng 1én nhau tao thanh mot tim hinh
tron déng tim mau tim. Sau d6 Tuén tach hai tAm ra bang cach kéo nhe tim mau xanh truot theo
phuong ngang v&i dudng ndi tAm cta hai dudng tron voi tbe d6 1(cm/s) sao cho hai tdm véin
cing nam trén mot mat phang. Khi 6 Tudn nhan thay dién tich phin mau tim giam theo mot quy
luat nhét dinh. Tinh toc d6 giam dién tich phan mau tim khi khoang cach tdm cia hai tim nhua
ban dau 13 52 (cm). Biét ring ban dAu dién tich phAn mau tim 1a 257 (cm2) (Két qua 1am tron
dén hang phan tram)

5v2

Pap an:
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Céu 11: Mot khéi gb hinh lang tru tam giac c6 thiét dién 1a mot tam giac vuong ABC c6 do dai cac canh
AB =260cm, BC =100cm va AC=240cm. Pinh A4 di chuyén trén san nha theo phuong
vudng goc véi birc tudng, dinh B di chuyén trén buic tudng theo phuong vudng véi san nha. Bire
tudng va san nha vudng goc voi nhau. O thoi diém ma dinh 4 dang cach chan tuong 150 cm thi

no dich chuyén ra xa véi tbe do 3,9 (cm/s). Hoi toe do thay ddi khoang cach cuia diém C so véi

san nha bang bao nhiéu? (Pon vi: cm/s va két qua lam tron dén hang phan tram)

» 4
Twong .
.
k4
d
4 7
. ”
.

Pap an:

Cau 12: Mot khdi lang try tam giac c6 thiét dién 1a mot tam giac vuong ABC c6 d¢ dai cac canh 4B =25
dm, BC =7dm va AC =24dm. Pinh 4 di chuyén trén san nha theo phuong vudng goc vai birc
tuong, dinh B di chuyén trén birc tuong theo phuong vudng véi san nha. Birc tudng va san nha
vudng goc véi nhau. Nguoi ta bat dau tac dung luc sao cho dau 4 chuyén dong déu vé O va B
chuyén dong thang ding 1én. O thoi diém ma dinh 4 dang cach chan tuong 20 dm thi né dich
chuyén vé phia birc tuong véi tbe do 3 (dm/s). Hoi toe do thay doi khoang cach cua diém C so
v6i san nha (Pon vi: dm/s) bang bao nhiéu? (Két qua lam tron dén hang phan tram)

Pap an:

Cau 13: Mot khoi gd hinh lang try tam giac co thiét dién 1a mot tam giac vuong ABC c6 d dai cac canh
AB=10dm va BC =6dm. Dinh 4 di chuyén trén san nha theo phuong tao véi birc tuong mot
goc 120°, dinh B di chuyén trén buc tudong di xudng san nha. Bic tudng va san nha tao véi
nhau mét goc 120° nhy hinh vé& dudi day. O thoi diém ma dinh 4 dang cach chan tudng O mot
khoang 4 dm thi n6 dich chuyén ra xa véi toc d6 1,5 (dm/s). Hoi téc d6 thay ddi khoang cach cuia

diém C so voi san nha bang bao nhiéu? (Pon vi: dm/s va két qua lam tron dén hang phan tram)
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Pap an:

Ciu 14: Hinh v& duéi 1a so d6 cua mot dong co pittdong, bao gdm truc khuyu (Crankshaft), pittong
(Piston), thanh truyén (Connecting rod) va bugi (Spark plug). C6 mot goc @ duoc danh diu tai
truc khuyu. Khoang cach tir tm truc khuyu dén diém gin thanh truyén 1a 3 inch (ban kinh tay
quay). Chiéu dai thanh truyén 13 7 inch. Khoang cach tir tim truc khuyu dén dau pittong theo
phuong ngang 1a x . Truc khuyu quay nguoc chiéu kim ddng hd véi toc d6 khong ddi 1a 200 vong

mdi phat. Tim tdc d6 cua pittdng (inch/phit) khi goc @ =§ radian (két qua dugc 1am tron dén

hang don vi)

Batang Penghubung

Pap an:
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Cau 1: Trong mdt toa chung cw, nhim dap tmg nhu ciu giai tri ciia cu din, chu dau tu xay 1 cai bé boi
hinh chit nhat ¢ chiéu dai 25m, chiéu rong 8m, mot dau co d6 sau 1a 1,2m va dau kia 1a 2,2m
(46 sau 1a chiéu cao tinh tir ddy bé dén mép trén cua bé), day bé duoc lat phing (tham khao hinh
v&). P& bom nudc vao bé ngudi ta ldp 1 may bom cé cong sudt 1m?/phut. Trong thdi gian bom
tir 45 phat dén 120 phat tinh tir lac bat diu dau bom (bom tir lac bé khong co nude), thi muc
nude dang 1én dugc mdt do cao 1a bao nhi€u? (Két qua lam tron dén hang phén tram, don vi la
mét).

25m

Tra loi:

Cau2: Mot cai bé nudce c6 dang khdi chép tir gide ddu nguoc véi canh day bang 3/2 (dm) va chidu cao
bang 6 (dm) (tham khao hinh v& - cac kich thudc dugc néu ra 1a phan bén trong hinh). Nudc
duoc bom vao bé voi toc d6 khong dbi 1a 2 lit/phut va ban dau bé khong chira nude. Hoi toe do

A A 5 r . R or r A 1x 1 Ror 5 A 1 A A 5 1N
dang 1én cua nudc khi thé tich nudc trong bé bang 3 thé tich ctuia bé 1a bao nhiéu? (két qua lam

tron dén hai chir s6 thap phan sau dau phay)

Tra loi:
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Cau 3: Mot cai chau dung nude c¢6 dang hinh chop cut déu day la céc tam giac canh bang 1 dm va 3 dm.
Chiéu cao chau nudc bang 4 dm. Ngudi ta bom nudc vao chau véi luu lwong khong déi 0,5
lit/phat. Bén phut thir 10 thi tdc dd dang 1én cta nude trong chau 1a bao nhiéu dm/phut? (Két qua
dugc 1am tron dén hang phan tram).

Tra loi:

Cau4: Mot bé nude co dang hinh chop cut tir giac déu co day dudi nho hon 1a hinh vudng c6 canh bang
40 cm, day trén c6 do dai canh bang 80 cm va chidu cao bé nudc bang 120 cm. Ban diu bé khong
¢ nude, ngudi ta bom nude vao bé véi toe do 1800 cm?®/phut. Hoi & thoi diém 25 phut ké tir luc
bat dau bom thi tdc do dang 1én ciia myc nudc 1a bao nhidu? (Két qua lam tron dén hang phan

chuc)

e

d -

Tra loi:

Cau 5: Mot thap nudc cd dang hinh nén dit nguoc, voi ban kinh day 1a 2m va chiéu cao 1a 4m. Nude
duoc bom vao thap véi toe dd 2m?/phat. Hoi tée dd muc nudc dang dang 18n 1a bao nhiéu (tinh
bang mét/phut) tai thoi diém muc nudc trong thap cao 3m?

Tra loi:

Ciu 6: Mot bé nudce c6 dang hinh chép cut tir gidc déu c6 day dudi nho hon 14 hinh vudng cé canh bang
40 cm, day trén c6 do dai canh béng 80 cm va chiéu cao bé nudc béng 120 cm. Ban dau bé khong
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¢6 nudc, ngudi ta bom nudc vao bé véi toc 46 2008 cm’/phit. Hoi & thoi diém phut thi 18 ké
tir luc bat dau bom thi téc d6 dang 1én ctia myc nudc theo canh bén 1a bao nhiéu? (Két qua lam
tron dén hang phan tram)

Tra loi:

v, 38

~0,931.— = 0,96 (cm/phut)
cosa 6

Cau7: Mot bé nuée co dang hinh noén cut ngugc cé chiéu cao béng 2,75m. Bén kinh day trén béng 2
m va ban kinh day duéi bang 0,75m. Ban dau bé khong chira nuéce, sau d6 ngudi ta bom nude
vao bé vai toe do 2 m?>/phut. Tai thoi diém chiéu cao muc nude trong bé 1a 85 cm thi tde d dang
1én ciia myc nudc trong bé bang bao nhiéu? (Két qua lam tron dén hang phan chuc)

Suyra: v, =v.cosa =V, =

Tra 10i:

Cau 8: Mot bé nudce c6 dang hinh nén cut nguoc cé chiéu cao bang 2,75m. Ban kinh day trén bang 2
m va ban kinh day dudi bang 0,75m. Ban dau bé khong chira nudc, sau d6 nguoi ta bom nudc
vao bé voi tbe dd 2 m/phuat. Tai thoi diém phut thtr 6 ké tir Iac bat dau bom nude thi téc d6 ting
ctia dién tich mat nudc trong binh 13 bao nhiéu m*/phut? (Két qua 1am tron dén hang phan chuc)

Tra loi:
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Cau9: Mit bé boi cia mot du an chung cu cao cép c6 dang hinh hop chit nhat, véi chicu dai la 25 m va

chiéu rong 1a 8 m. Bé boi sdu 1 m & bén ddu nong va sdu 2 m bén dau sau. Biét hai diu ndng, sau
thudc hai bén theo chiéu dai ciia bé boi (tham khao hinh v& minh hoa). Ban dau bé khong ¢
nuée, nude bit dau duoc bom vao bé luc 7 gid sang voi toe do 1m?/phat. Vao luc 8 gio 4 phut

’ 1 7 A A re LA A 1 ; (4 L) M [N
sang thi muc nudc dang lén vdi toc do — m/phut. Gid tri cua a bang bao nhiéu?

Tra loi:

Cau 10: Mot bé nudce thiét ké phia dudi 1a hinh hdp chit nhat day 1a hinh vuong canh béng 10 mét, chiéu
cao 1 mét. Phia trén 1a hinh chop cut tir gidc déu co day trén 1a hinh vudng canh 15 mét. Téng
chiéu cao ctia bé 12 4 mét. Liic dau bé khong c6 nudce, ngudi ta bom vao bé véi toc do khong doi
13 5 mét khéi trén phut. Hoi sau mot gio bom thi tbe do dang 1én ciia nude trong bé 1a bao nhiéu
mét trén phat? (két qua lam tron dén hang phan trim)

Tra loi:

CAu 11: Cho mdt bé chira nuée c¢6 hinh dang 1a mdt lang tru dong AEFB.DHGC . Mat day cua lang tru
14 hinh thang vuong AEFB (vudng tai A va B). Biét rang chiéu dai cia bé 4D =12m va chiéu
rong ctia mit bé 4B = 6m, chiéu rong cua ddy bé EF =3 m va chiéu cao ctia bé AE =4m. Bé
duge bom nude vao véi luu lugng khong déi P =4m?/ gio. Gid sir mit nuée (ZKJL) ludn song
song voi mat day (HGFE ) ctia bé (tham khao hinh v&). Tinh tdc d6 ting chiéu cao cia muc nuée

tai thoi diém ¢ =18 gio (don vi tinh theo mét trén gid, két qua lam tron dén hang phéan tram).
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Tra loi:

Cau 12: MGt cai chau dung nude hinh ban cAu c6 ban kinh bﬁng 2 dm. Nguoi ta dat mot 6ng nhua va cho
nudce vao chau véi luu lugng nude khong doi bang 0,3 lit/phut. Dén phut tha 6, toc do dang 1én
ctia nude trong chau bang bao nhiéu dm/phit (1am tron dén hang phan tram)?

R=2dm

oo ————

Tra loi:

Cau 13: Mot chiéc thing nhién lidu dugce gin vao hai bén canh cua chiéc may bay nhu hinh vé bén trai
dudi dai 5 mét va c6 mat cit 1a mot hinh phang nhu hinh v& bén phai dudi dy. Biét rang nhién
lidu duoc bom vao thung khién cho muyc chat 16ng cao 1én theo phuong miii tén véi tbe do luu
luong khong d6i 1a 1(dm?/s). Khi 4y tai thoi diém do sau cia chét long 1a £ =10 (cm) thi téc do
thay ddi do cao cia myc chét 16ng nay bang bao nhiéu mm/s? (Két qua 1am tron két qua dén hang

phan trim)
sm
Tra loi:
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